PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série tome 42 (56), 1987, pp. 29-34

THE FORMULAS OF THE GENERAL REPRODUCTIVE SOLUTION
OF AN EQUATION IN BOOLEAN RING WITH UNIT

Dragic¢ Bankovié

Abstract. We explicitly give the formulas of the general reproductive solution of an
equation in Boolean ring with unit. In accordance with the equivalence between Boolean algebras
and Boolean rings with unit (Theorem 1) we use Vaught’s theorem 2 and solve the equation in
{0,1}. We allso use Presi¢’s formula of the general reproductive solution of the equation in the
finite set.

We use in this paper the operations + and x, where + is the operation of
Boolean ring and is the addition in the set of natural numbers.

THEOREM 1. [4] Let (B,U,-,,0,1) be a Boolean algebra and n a natural
number. A mapping f : B®™ — B is a Boolean function if and only if it is a
polinomial of the ring (B,+,-,0,1).

Definition 1. Let f : B® — B be a Boolean function. The system ¢ =
(¥1,-..,%s) of Boolean functions 1y, ...,%, : B™ — B defines the general repro-
ductive solution of the consistent equation f(X) =0, (X = (z1,...,2,) € B") if
and only if

(1) (VX)f (X)) =0 A (VX)(f(X) = 0= X = ¢(X)).

Definition 2. Horn formulas over language L are defined as follows:

— elementary Horn formulas are defined as the atomic formulas of L and the
formulas of the form Fy A --- A F,, = G, where F,...F,,G are atomic;

— every Horn formula is built from elementary Horn formulas using A, V, 3.

THEOREM 2. (Vaught, see e.g. [2]) Let H be a Horn sentence in the language
Lg of Boolean algebras. If Bo = H then BF H.

COROLLARY. Let T' = (t1,...,tn) € B™. If X = ¢(T) is the general repro-
ductive solution of the Boolean equation f(X) = 0 in By, then x = (T is the
general reproductive solution of f(X) =0 in B.
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Proof. Using Vaught’s theorem, because the sentence ” X = ¢(T) is the gen-
eral reproductive solution of f(X) = 0" can be written as Horn sentence

(VX)f($(X)) = 0A (VX)(f(X) = 0 = ¢(X)).

THEOREM 3 (Presié [3]). Let 0 € E and J : S — E, where S = {s1,...,5k}.
Let J(z) = 0 be the consistent equation and C, be a cycle of ¢ € S, i.e.
{¢.C4(0),C2(q),---,CE (@)} = S. Let * and o be binary operations on SUE
satisfying
Qoe=€e00=000=0,e0e=¢e,00qg=0,e0qg=¢q,qg*x0=0xq=¢q,0x0=0
(g€ S, e € E) and let ~ and ~ be functions from E into E defined by

g=e for y=0, §=0 for y=0,
y=0 for y#0, y=e for y#0.

Then the general reproductive solution of J(x) = 0 is defined by the following
formula

z=J(g)0q*J(g) 0 J(Cy(q)) o Cylg) * ...
o0 J(C¥=3(g)) o J(CE2(g)) 0 C¥~2(g)x
o0 J(CF2(g) 0 CF1(g).
Definition 3. Let ky, ..., k, be the binary digits of the number
ke {0,1,2,...,2" — 1}
in the binary numeration, i.e.

(k1... k)2 = (k)10 € {0,1,2,...,2"—1}.

If T = (t,...,t,) € B™ then

Tok% (ty + k... tn+ kn).

Ezample 1. For n = 4 we have
T®3=(t1 +0,t2+0,t3 + 1,84 + 1) = (t1,t2,t3 + 1,84 + 1),
since (3)10 = (0011)a.
{ Deﬁinition 4. Let (k1...kn)2 = (k)10 € {0,1,2,...,2" — 1} and N =
1,...,n}.

ko dzefkql ...kg,, where Q={q,...,¢:} CN

D(k) € {i|k;=1Ai€eN}.

Note that kg = 1, because [[, .42 = 1.
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PROPOSITION. Let f : B" — B be a Boolean function and ) gy as[[;cs ti
be the canonical polinomial form of the function f, where N = {1,...,n}.

Then
fTok) =) (Zas 1I kh) 114

RCN \SCR heS/R JER
where (k1 ... kn)2 = (k)10 € {0,1,2,...,2" — 1}.

Proof.
fTek) = as[[t:i+k)=
SCN €S
=2 as| > [t II *n )=
SCN RCS jeER heS/R
= Z ZGS H kn, Htj. O
RCN \SCR  heS/R jER

LEMMA. Let f(T) = Y gcnas]l;csti be the canonical polinomial form of
Boolean function f : B® — B. Then

fMiTef(Te?2)...f(Tep) =

(2) = Z Z as,as; - - . asp Z 1 H tj

VCN \VCUuP_,s; jev

forp € {0,1,2,...,2" — 2}, where Zp means the sum over all (Lo, Ly,...,L,) €
NPXL satisfying the conditions
(a) L; C S;ND(j), j=0,1,...,p
(b) Ulo(Si\Li) = V.
Proof.

fMiTefTe?2)...f(Tep) =

(Z aSHti> (Z aSH(t1+1,~)> (Z asH(tz'eri))

SCN i€S SCN i€S SCN i€S

Z as, H tias, H (ti + 1i) ...ag, H (ti +pi)

S0,51,---,SpCN i€Sp i€S1 i€Sp

Z as,as; .. .asp Z <Z 0L01L1 .. .pr> H tj
pp

So,Sl,...,SPCN VCU?=OSI' JjeVv

(2, means the sum over all (Lo, L1, ...,Ly) € N Px1 gatisfying the conditions
(C) LJ’CSJ', 3=0,1,...,p
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(d) Ui_o(Si\Li) = V)
= EVCN EVCUﬁ;Osi asg - -- asp (pr 0L01L1 .. 'pr) HjEV t]
Orolrp,-..pr, =1 if and only if
(e) LJCD(J)a j:0717"'7p
so we get (2), because the conditions (c) and (e) are equivalent to (a). O

THEOREM 4. Let f(X) = Y gy as [[;cs ®i be the canonical polynomial form
of Boolean function f : B* — B. Let

(3) Z as H T; = 0
SCN i€S

be the consistent equation. The formulas

4) xi:ti+Z(Z_C’Vk(k+kxl )Ht (i=1,...,n)

VCN \ k=0 jev

are the general reproductive solution of the equation (3) where

(5) C(V,k)= > asas,...as, » 1
U’;=OSqDV k
and Y, is the sum over all (Lo, L1,...Ly) € N¥*! satisfing the conditions
() L; CS;UDG) (G =0,1,...,k)
(i) ULo(Si\Li) =V

Proof. In accordance with Theorem 1 and Corollary it is sufficient to prove
the theorem in B;. We form the cycle for all T = (t1,...,t,) € {0,1}" in the
following way

T, Tel, T®2, ..., T (2" -1).

It is obvious that
I, Te1,T®2,...,. Te (2" -1} ={0,1}"

for arbitrary T' € {0,1}".
Introducing
=y and F=y+1

we get, by Theorem 2, the general reproductive solutions of the equation (3) in the
form

X=(DMO+1D)T+fD)Y(fTeol)+ )T o)+
+f(MfTe)(fTe2)+ )T d2)+---+
+fMfTel)...f(Te@2"=-3)(fTe@2"-2)+1)(Te(2"-2)
+/MfTel)...fTe@2"=-3)f(Te2"-2))(Te2"-1))
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or in the scalar form
i =(f(T)+ Dt; + f(T)(f(T @ 1) + 1)t + L)+
+f( T e)(fTe2)+ 1)t +2:) +---+

+HMTo1)...[(ToR"=3)(f(Te2"-2)+ 1)+ (2" - 2))+
DT @1)... (T @ (2" —2) f(T & (2" - 2))(t: + (2" — 1),)
(i=1,...,n)
ie.
zi=t(fT)+1+fT)FTe )+ )+ (D To)(f(Te2)+1)+
+/MfTe1)...[(Te 2" =-3)(f(Te2"-2)+1)+
+/MfTel)...f(Te@2"-3)f(Te2"-3)f(Te(2"-2)) =
=T+ DL+ fMfTe)(f(Te2)+1)2i+...+
+/MfTe1)...[(Te 2" =3)(ATe(2"-2)+1)(2" - 2)i+
+/MfTel)...f(Te2"-3)/(Te (2" -2)2"-2),
i=1,...,n).
Multiplying and using the equality a + a = 0 we get
zi=ti+ f(ML+fMfMfFTo)1i+2) +...+

)

+fMfTol)...f(To2"- ))(( )'+(2 —2)i)+

+fMfTel)...[(To@2"-2)((2"-2); + (2" - 1)),
(i=1,...,n).

The last equalities can be written as

k

T =t + Z_ (H f(TGBm)) (ki + (k% 1)),
k=0

m=0
(i=1,...,n).
Using Lemma we can write
k
[Irrem=> cv.k)[[t
m=0 VCN jev

where C(V, k) is given by (5). Hence

x,:tﬁz_ (ZCVk Ht) (ki + (k x 1)),

k=0 \VCN Jjev

i.e.

Ti=ti+ Y (Z <2n220Vk(k+ kx 1) ))Ht

VCN \VCN \ k=0 eV

33
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Ezxample 2. Solve the equation a12T1T2 + a1T1 + asxs + ag = 0.
Performing the necessery procedure on a digital computer we get
C(9,0) = ap,C(®,1) = ag + agaz, C(P,2) = ap + apas + agas + agayas,
C({1},0) = a1,C({1},1) = a1 + a1az + apai2 + arass,

C({1},2) = apai2 + apaiai2,

C({2},0) = a2,C({2},1) = 0,C({2},2) = apai2 + agazai»

C({l, 2}, 0) = ai2, C({]., 2}, ].) =0, C({]., 2}, 2) = QpG12 + G1Q2012.

Using the formulas (3) we have

zi =t; + (C($,0)(0; + 1;) + C(®,1)(1; + 2;) + C(2,2)(2; + 3))
+ (C({1},0)(0; + 15) + C({1}, 1) (L + 2) + C({1},2)(2; + 30))
+(C({2},0)(0; + 1;) + C({2},1)(1; + 2;) + C({2},0)(2; + 3:))
+(C({1,2},0)(0; + L) + C({1,2}, 1)(Li + 2;) + C({1,2},2)(2:

(i=1,2)

t
to
+ 3;))t1to
i.e.
z1 =t +C(P,1) + C({1},1)t1 + C({2}, 1)t2 + C({1,2}, D)tgts =
=t + ap + agaz + (a1 + a1as + araiz + apai2)t =
=ag + agaz + (1 + a1 + a2 + a1a12 + apai2)t
o =t2 + C($,0) + C(P,1) + C(P,2) + (C({1},0) + C({1},1) + C({1},2))ta+
+(C({2},0) + C({2}, 1) + C({2}, 2))t2+
+(C({1,2},0) + C({1,2},1) + C({1,2},2))t1ts =
=1ty + ag + ag + apas + agai + agas + apaias+
+ (a1 + a1 + araz + apai2 + a1a12 + apaiz + apaiai2)ti+
+ (a2 + agaia + agazai12)ts + (a12 + apaia + ajazais)tits =
= ag + agay + agaraz + (araz + arayz + aparara)ti+

+ (14 a2 + agai2 + apa2a12)ta + (a12 + aoai12 + a1a2a12)t1ts.
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