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KOTHE-TOEPLITZ DUALS OF
SOME NEW SEQUENCE SPACES AND THEIR MATRIX MAPS

Z. U. Ahmad and Mursaleen

Abstract. The spaces of sequences obtained by Kizmaz have been extended for a sequence
p = (pg) of strictly positive numbers, and their Kéthe-Toeplitz duals have also been obtained.
Furthermore, we study the matrix transformations of these sequence spaces.

1. Introduction

Let I, ¢ and ¢g, denote the Banach spaces of bounded, convergent, and null
sequences ¢ = (xy) respectively with ||z|| = supg|zk|.

Recently Kizmaz [1] defined the sequence spaces

loo(A) ={z = (2) : Az € l}, ¢(Q) ={z = (z1): Az € ¢},
co(Q) ={z = (zy) : Az € o},

where A = (2 — 2k4+1). These are Banach spaces with the norm ||z||a = |z1| +
||Az||. For convenience we denote these spaces by Al, Ac, and Acy and call the
constituent sequences A-bounded, A-convergent, and A-null sequences respectively.

Let E be any of the spaces [, ¢, ¢o- Then it is easy to see that E C AFE.
For example, let ;, = k, k = 1,2,.... Then the sequence (x) is not convergent
but it is A-convergent

In this paper, we extend these A-sequence spaces to Aly(p), Ac(p), and
Aco(p) for p = (pg) with pr > 0, just like [, ¢, and ¢y were extended to loo(p),
¢(p), and co(p) (Madox [4], Simons [5]). We also investigate their Kothe-Toeplitz
duals and their matrix transformations.
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Let p = (px) denote a sequence of strictly positive numbers (not necessarily
bounded). We define

Alo(p) = {z = (x1) : Az € loo(p)},  Ac(p) =A{z = (x1) : Az € c(p)},
Aco(p) = {z = (wk) : Az € co(p)},

When (pg) is constant with all terms equal to p > 0 we have Al (p) = lo(4),
Ac(p) = ¢(A) and Aco(p) = co(AQ).

Let s be the space of all sequences (real or complex) and E a nonempty subset
of s. Then we denote by E+ the Kothe-Toeplitz dual of E, i. e.

Et ={a = (ax) : 3 ,|arzs| < oo for every z € E}.

Let AE(p) be any of the sets Al (p), Ac(p), Acg(p). Then we write AE(p; 1)
for AE*(p), and AE(p;2) for AET™(p) etc.

Throughout the paper, we shall write

oo
supy := sup , limg:= lim, >, := E .
k=1,2,... k—o0 P

2. Kothe-Toeplitz duals

THEOREM 2.1. For every sequence p = (px), we hawe Alx(p;1) = D1(p),
where

Dy (p) = Nys1{a = (ar) : 3 pklar N/P* < oo}

Proof. Let a € Di(p) and z € Aly(p). Choose N > max (1,sup;, k |zx|)
Then
Selarzr] < 3 iklaxl (oxl/k) < 3pkla NP < co.
Therefore a € Al (p; 1).

Now suppose that a € Al (p;1) but a € D;(p), i. e. there is an integer N > 1
such that y°, k|ax| NY/P» = co. Choose z = (z) with z, = kN'/P*sgnay;. Then
z € Alo(p) but ), |agzy| is divergent. Hence Al (p;1) = D1(p).

Remark. Similarly, we can define, for every p = (py)

Aco(p;1) = Unsi{a: Y pklag| N H/P* < ool
THEOREM 2.2. For every p = (pr), we have Al (p;2) = Da(p), where
Ds(p) = Uns1{a:sup (K *ak|) N~/ < oo}
k
Proof. Let a € Da(p). Therefore, there is N > 1 such that for some constant

sup k™! ag| N~YPr < B < o0,
k
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that is, k1B~ ! |ag|N1/7» < 1 or |ay| < kBN/P*. Now,

Silarzel = Yplarllon] < Sk ag| Y pklzk| < BY klag| NP < oo,

Therefore a € Al (p; 2).

Suppose a € Alx(p;2) and a & D2(p). Then there is a strictly increasing
sequence (ky) of positive integers such that for k = ky, |agx| N~/ > N2. Now,
define z = (zy) by

Tk = { z}v_?Qflféz;sgnak, k=kn. (V'>2)
Then, for every integer N > 1, we have (k = ky)
|z | MY/Pe < kN2
for every N > M. But, for ¥k = kn, agpzr > 1, which contradicts the fact that
a € Aly(p;2).
Remark. Tt is easy to see that, for every p = (pg),

Acy(p; 2) = Nys1{a : sup(k *ag|)N/P* < oo}
k

THEOREM 2.3. Al (p) is perfect if and only if p € lo.
The proof is trivial (see [3]).

3. Some matrix mappings

Let X, Y be two nonempty subsets of the space s of all sequences and A =
(ank) an infinite matrix, n, k = 1,2,.... For every z = (z) € X and every integer
n we write A,(z) = Y, ankzr. The sequence Az = (A,(x)), if it exists, is called
the transformation of z by the matrix A. We say A € (X,Y) if and only if Az € Y,
whenever z € X.

THEOREM 3.1. Let 1 < p < oo. Then, A € (I,,¢(A)) if and only if there
exists all integer N > 1 such that

(i) M =sup, > ;2 y Nlank|? < oo (1/p+1/g=1),
(ii) lim,, Aan, = ay, exists for each fized k, where

Atnk = Gk — Aoy, lp = {(@k) 1 2o |2k]P < 00}

Proof. Sufficiency. Suppose the conditions (i) and (ii) hold and that z € [,
Choose a fixed integer ng > 1 such that

o 1/q
(Z |¢Uk|”) < M'Y7e/4,

k=no+1
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Now,

|An(z) — Apga(z)| = Z(ank - an—i-l,k)wk

k

no o oo
<D lank = ansipllzel + D lankllor] + Y langa k]l
k=1 k=no+1 k=no+1

no l/q no l/p
< (z amt |> (z w) e
k=1 k=1

By virtue of (ii), we have Aa,y € ¢, so there is an integer my, such that

no 1/p
€
|ank = antikl < 5 (Z |5’3k|p> (n0)"/%,  (n > no)

k=1

Hence |A,(z) — Apy1(2)| <

O wlm

Necessity. Condition llows from the fact that e* € I,, where ef =

(0,0,...,0,1 (k-th spot),0,...). Now, let T'(z) = sup,, |A(Az)|- Then T is a con-
tinuous seminorm on [, and bounded too. By uniform boundedness principle, there
is a constant L such that

() T(x) < Lf|z||-
Put z = (zx) with 2 =1 (k > N), 0 (k < N) in (). Therefore (ii) holds true.

THEOREM 3.2. Let 0 < p < 1. Then A € (I,,¢(A)) if and only if
(i) suplank| < 0o (i) ank = ar (n — o0) for each fized k.

n,k
Proof. Omitted.

THEOREM 3.3. Let pr, > 0 for every k. Then A € (Al (p),lxo) if and only
if, for every integer N > 1,

/-\Mlm

+
ii) f

sup X:kk|ank|N1/p’c < oo0.
n

Proof. Sufficiency. Let the condition hold and z € Al (p). Then

|[An(z)] = 2 pankxr| < D oplank] [Tkl
S Zkk|ank|Nl/pk S supzkklanklNl/pk < 00

for an integer N > max (1,supgk~1|zj|P*). Therefore A € (Al (p),loo)-
Necessity. Suppose for an integer N > 1

sup Zkk‘|ank|N1/”’“ = o0,
n
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i. e. (kankeNV/P*) & (1oo(A),lso). Therefore, there exists x € lo(A) with supy, |z —
Zgs1| = 1 such that

sup Zkk|ank||$k — IL'k+1|N1/pk - 0.
n

Therefore, although y = (N'/Px Azy) € oo (p), the sequence (A, (y)) & lo which
contradicts the fact that A € (Al (p),ls). This completes the proof.

THEOREM 3.4. Let pr, > 0 for every k. Then A(Alx(p),c) if and only if
i) >k k|ans|N'/P% converges uniformly in n, for all integers N > 1, and
(ii) ank = ax (n — o0) for each k.

Proof. Omitted (see Lascarides and Maddox [2]).
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