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L,~APPROXIMATION BY ITERATIVE COMBINATION
OF PHILLIPS OPERATORS

Vijay Gupta and P. N. Agrawal

Abstract. An estimate of error in L,-approximation in terms of higher order integral
modulus of smoothness is obtained using the device of Steklov means for an iterative combination,
due to Micchelli, of Phillips operators.

1. Introduction. Phillips [7] introduced the following linear positive oper-
ators

S\ = [ WO, S € L,0,)
0
where p > 1, t € [0, 00) and

W\, t,u) = e~ At (i 7(2'2(2”_“1)'1 + 6(u)> ,

d(u) being the Dirac—delta function.

It turns out that the order of approximation by the Phillips operator Sy(f,t)
is at best O(A~!). With the aim of improving the order of approximation by the
Phillips operators, May [5] applied the technique of linear combinations to Sj.
These combinations were introduced by Butzer [2] in order to improve the order
of approximation by Bernstein polynomials. Micchelli [6] offered yet another ap-
proach for improving the order of approximation by Bernstein polynomials B,, by
considering the iterative combinations T, y = I — (I — B,)* and proved some direct
and saturation results. Agrawal and Kasana [1] improved a result of Micchelli [6]
and obtained a Voronovskaja type asymptotic formula for these operators.

In this paper, we consider Micchelli combination for the Phillips operator S
and prove some direct results in L,-approximation. For f € Ly[0,00), we define
the operator

k b r+1 k '
(1.1) Sa(fw),t) = [T = (I = S)*I(f,t) =) _(-1) - ) SA(f (), 1)

r=1
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where S{ denotes the r-th iterative (superposition) of the operator S.
In what follows, we suppose that

0<a1 <az <az <by <bg <b <o0, I =Ja;,b;], i=1,2,3.
and that [a] denotes the integral part of a.

2. Degree of approximation. We denote by wa (f,p, 1), ¥k =0,1,2,...,
1 < p < oo, the 2k-th order integral modulus of smoothness of f on ;.

THEOREM 2.1. If f € L,[0,00), p > 1, then for all X sufficiently large

ISxk(f5-) = fllp, () < M {u&k(f, A2 p L)+ Ak ”f”Lp[O,oo)}
where My, is a constant independent of f and A.

The method of proof is first to approximate in a smooth subspace of L, [0, c0)
(Lemma 2.6 below) and then use Steklov means to obtain the degree of approxima-
tion in Lp[0,00). The use of Steklov means has been a powerfull tool in the devel-
opment of results as against the usual procedures exploiting Peetre’s K-functional
technique of Wood in [9].

First we define the Steklov means and then mention some results in the form
of lemmas which will be used in the sequel. Let f € L,[0,00),1 < p < oo. Then for
sufficiently small > 0, the Steklov mean f;, ,,, of m-th order corresponding to f is
defined by

n/2 n/2 m
Fo.m( —n‘m/ / (=)™ AR, f(u) du;, wu€ .
" n/2 n/2 Xi }11;[1

It is easy to check [4,8] that

(i) fym has derivatives up to order m, £im=b e AC(Iy) and f{™) exists ae. and
belongs to L,(I1);

) <M n),r=101)m;
@) [, ,, < Menenlnp ), e =1 (1) m:

(iii) ||f = fomllL o(I2) < Myprwm (f,m, 0, In);

(iv) ||fn MHLP(Iz) < Moo ”f”Lp(Il);
Hf(m) " < Mpisn ™ £l (1,)> Where M’s are certain constants de-
Ly(I2 ’

pending on ¢ but independent of f and 7.

LEMMA 2.1, [5] Let the function ,u,\ m(t), m € N° (the set of non-negative
integers) be deﬁned by piam(t fo (A tyu)(uw — &)™du. Then pro(t) = 1,
pa1(t) =0, paa(t) = 2t/A, and the followmg recurrence relation holds

2t
XD(/")\,m(t)) 3 D2(,u)\,m(t))
2tm tm(m—1 2tm
= pxa,m41(t) — Tux,mq(t) - %Mz\,m*Q(t) - 7D2(Mx,m71(t))-
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Consequently,
(1) pa,m(t) is a polynomial in ¢ and 1/ for every t € [0, 00).
(i) prm(t) =0 (A1
Moreover, by using Holder’s inequality we have
(2.1)  Sx(ju—t|",t) = O(A""/?) for each r > 0 and for every fixed ¢ € [0, 0c).

]), for every t € [0, 00).

For every m € N° the m-th moment u{p ! for the operator S} is defined by
W (1) = SY((u— 0)%;1). Let finm(t) denote a2, (1)
LEMMA 2.2. The following recurrence relation holds
m m—j
(2.2 W0 =3 () 0 50 (10, 0) s 0
7=0 =0
where D denotes the operator d/dt.

Proof. By the definition above, we have
P (1) = Sa(SR(n = )™ 2); )

m

- (T]”) Sx((z — )7 S¥((u — 2)™ 75 z); 1)

j=0
m m—j L
= m (@ =" {r} .
; (j>s* (Z P (m,m_,-(t)) it
J=0 i=0
Now, (2.2) follows immediately.
LEMMA 2.3. We have

Proof. For p = 1, the result follows from Lemma 2.1. Suppose the result is
true for p; we shall prove it for p + 1. Now, uf\pr}n i) =0 (ATlm=3+1)/2]) g g
polynomial in ¢ of degree < m — j; it follows that

Di (Mi”fn ,(t)) -0 (,\—[<m—j+1>/2])_

using Lemma 2.2, we obtain

m
—+1
pil (¢ (Z

J

3

L'M

)\~ lm— J+1)/2]+[(Z+J+1)/2]>

3

O

7=0 i=

/\—[(m+i+1)/2])

which implies (2.3), by induction hypothesis. O
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LEMMA 2.4. For l-th moment (I € N) of Sy 1, we have
(2.4) Sy p((w =t t) = 0(A7F).

Proof. For k = 1, the result follows from Lemma 2.1. Now, suppose that (2.4)
holds for some k; then by using Lemma, 2.2 and Lemma, 2.3, we can infer it for k+ 1
(induction argument.) O

LEMMA 2.5 [3] Let 1 < p < 00, f € Ly[a,b], f* € AC[a,d] and f*++V) €

Ly[a,b]; then
£, < (170, W) 321,20

where k;’s are certain constants depending only on j,k,p,a and b.

LEMMA 2.6. Ifp > 1, f € L,[0,00), f has 2k derivatives on I) with f2¢—1) ¢
AC(I) and %) € L,(I,), then for all X sufficiently large

+ )
o g0

If f € L1[0,00), f has (2k — 1) derivatives on I with f*=2) ¢ AC(I,) and
f@R=1 e BV(I,), then for all X sufficiently large

(26) ||S)\,k (fa t) - f(t)HLl(IQ)

< x| 0]
2 { f svay I

where My and My are constants independent of f and A.

23 ISk~ FOll, 0 < 33 {129

15l u 0,000 }

Ll(Iz)

Proof. First assume p > 1; then, by the hypothesis, for t € I, and u € I

2k—1 1 u
Z R CT1] /t (u = w7 fED ).
Hence, we can write
2k—1 ;
27) f =3 S 0w
Jj=0 )

* ok 1_ i /tu(u — ) p(u) £ R (w)dw

+ F(u,t)(1 = ¢(u)),
where ¢(u) is the characteristic function of I; and for all u € [0,00) and t € I,

2k—1 ;
)

Flut) = ) - 3“5 0,
=0 7
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Using (2.7) in (1.1), we have
2k—1 f(])

Sxe(ft) Z

1 “ _
+ )SM( ) [ =0 ), )

+ Sk (F(u,t)(1 — ¢(u)), )
=% +Xy+ X3, say

In view of Lemma 2.4 and [3]

2k—1
< —k 0 < —k (2k) .
1510l 7, 7,y < C1A (]; Hf Lp(12)> < Ca (”f”L,,(IQ) + Hf Lo(1)

To estimate X, let h; be the Hardy-Littlewood majorant [9] of f(2*) on I;. Use
of Holder’s inequality and (2.1) leads to:

5 =[sutetw [ " = )1 OB (w)dw,t)‘

< (cpm) / = w1 O () o ,t)

< Sy (p()(u — ) |hy(w)], 1)

< {8 (Ju— t12*¥9p(u), 6 } 7 - (S (| (w) Pio(u), 1) }77
< O3k (

Fubini’s theorem and [10, Ch. 2] imply that

e((uw—=1)7,1)

b1 1/p
W (A t, u)|hf(u)|pdu)

a1

bo b1
12 1) < CoA™ P/ WO\ £, u)|hy () Pdu dt

b1 ba
< Caahp / ( W(A,t,u)dt) |h s (u)[Pdu

2

< 04)\—1913 |

Lp(Il)
Consequently S|l ;,) < CsA7* ||f(2k)||Lp(Il).
there exists a § > 0 such that |u —¢| > §. Thus
ISx(F(u, £)(1 = ¢ (u)), )]
< 672K S\ (|F (u, t)|(u — t)%F, 1)

For u € [0,00) \ [a1,b1], t € I»

2k—1

=g [S/\(Lf( ) =), 1) Z

=Jy+J3, say.

|f(]) —t|2k+j,t)]
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Holder’s inequality and (2.1) get us:
| Ta] < 6 2F(SA (| f (w) [P, 8) /P (Sx(lu — £, 1))/
< CoX* [Sa(F )P, o).

Again applying Fubini’s theorem, we get [|J2[|, 7,) < Crx* 1£1lz,[0,00)- Moreover,
using (2.1) and [3], we obtain
Lpuz)) '

—k (2k)
o S 7 (171 19

2k—1

sl 1y < CsX™ 32 | #9
§=0

Combining the estimates of Jy and J3, we are led to:

19511, 1) < Cor* [nfan[O,m) +]geo

Hence the result (2.5) follows.

Now assume p = 1; then by the assumption on f for almost all t € I and for
all u € I,

Lpua)] ’

—~ (u—t) i 1 “ 2k—1 7¢(2k—1
= 3 00 + gty [
We can write
2k—1 i u
= 3 00 + gty [ e )

+F(u, 1) (1 — p(u)),
where p(u) denotes the characteristic function on I; and F'(u,t) is defined as earlier
for almost all ¢t € I and for all u € [0,00). Thus

2k—1 (1)
Suelfit) - fiy= 3 L=

i ﬁ&:k ( / - D o), t)

+ Sk (F(u, 1) (1 = ¢(u)), t)
=Ji+J2+ J3, say.

S — t)',1)

Applying Lemma 2.2 and [3], we obtain

il < O [l + 7247

L1 (12)] )
Furthermore

K=

S ([ = wpw.t)

ba b1
s/ / WAt u)u — ¢~

2 a1

Li(I2)

/t ’ ‘df(z’“‘l) (w)‘ du dt.
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For each ) there exists a non-negative integer r = r(A) such that
A2 < max(by — ag, by —ay) < (r + )AL/

Then, we have

t4(I+1)A"1/2
/ P W\, 1, ) — 1]
tHIA—1/2

t4(I+1) A 1/2
. < /t o(w) ‘df(%l)(w)‘) du

t—IA~1/2
+/' (W)W O £, )| — £
t—(14+1)A—1/2

. ( / t o(w) |df<2k—1>(w)D du} dt.
t—(I+1)A=1/2

Let ¢4 q(w) denote the characteristic function of the interval
[t= a2+ ax'7?

where ¢, d are non-negative integers. Now proceeding along the lines of [9, p. 70]
we obtain, after using Lemma, 2.1 and Fubini’s theorem:

T b1 w
K< 02)\_(2k+1)/2 Zl_4 / / dt ‘df(Zk—l) (U))‘
=1 a1 w—(l+1)A—1/2
b1 wH(I+1)A"1/2
+/ / dt ‘df(z’“—l)(w)‘
b1 wHA"1/2
+/ (/ dt) ‘df(zk_l)(w)|}
a1 w—A—1/2

< a7 || @D w)

‘BV(Il) '
Hence, || %2/, (r,) < Car™* || £(2k-1) “BV(Il)’ where Cj is a constant which depends
on k.

For all u € [0,00) \ [a1,b1] and all ¢t € I, we can choose a § > 0 such that
|u — t| > 4. Therefore

23 oo
IS5, = o). Ol < [ [ WO L)l 0)](1 = )

2k—1

ba 0
+E%APLWmewmmmwm—wWMﬁ

)

=Jy+J5, say.
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For sufficiently large u there exist positive constants Ry and Cg such that

(U _ t)Zk

2k 11 >Cg forallu> Ry, te€ .

By Fubini’s theorem

= ( [ /:+ [ /:) WO 0| F@)](L — o)) de da

=Jg+ J7, say.

Next, by using Lemma 2.1, we have

Ro
Jo < CoA—F (/0 |f(u)|du> ,

1 [t (u—1t)* ([
bszgéolzWQJ#%@ﬁ;ﬂﬂWWMUS%Ak(&“ﬂ@ﬁ@

Hence, Ji < CoA " [|fll1, j0,00))- Further, using (2.1) and [3] we get

Ll(IZ)) -

L1(12)) -
The result (2.6) follows.

Proof of Theorem 2.1. Let f, 2 (u) be the Steklov mean of 2k-th order cor-
responding to f(u) where n > 0 is sufficiently small and f(u) is defined to be zero
outside [0, 00). Then we have

||S)\,k(fa ) - f||Lp(I2)
< ”S)\,k(f - fn,2ka ')”LP([Q) + ”S)\,k(fn,?ka ')”LP([Q) + ||f71,2k - f”Lp(IZ)
= El + 22 + 23, say.

Js < CroA~k <I|f||L1(12) + Hf(%_l))

Combining the estimates of Jy and J5 we have

||J3||L1(Iz) < 011/\_k (||f||L1[0,oo) + Hf(Zk—1)|

To estimate X1, let ¢(u) be the characteristic function of I3. Then

SA((f = Fr2k)(w),t) = Sx(e(u)(f = Fron) (), 1) + Sx((1 = p(u))(f — fo,26) (), 1)
=23, + X5, say.

The following is true for p = 1; the truth for p > 1 follows from Holder’s inequality.

b2 b2 b3
/'mmws/ WAt 0)|(f = fz) () Pdudt
a2 az as
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Now, applying Fubini’s theorem, we get

b2 b3 b2
[Cmas [T WO - fra@Pdedn <1 = farll, -
a: as a2

2

Hence, ||Z4]l, 7,y < IIf - f"’%”Lp(Is)' Using Holder’s inequality (2.1) and Fubini’s
theorem we get the following for p > 1:

||E5||LP(I2) < Cl)‘ilc f - fn,i’k”Lp[o,oo) :

Now, using Jensen’s inequality and Fubini’s theorem we obtain || fy 2kl L[0,00) S

Ca[[£llL,[0,00)- Hence [|Zs]lp, 12y < CsA~* l71l,[0,00)- Again by the property of
Steklov means, we get

1 <0y {W2k(fan:pa L)+x7F ”f“LP[O,oo)} .

It is well known that

(2k—1) (2k)
Hf"’% HBV(Is) s Hf"’%

Li(Is)

Therefore by virtue of Lemma 2.6 (for p > 1) and Lemma 2.5 we have

22 S 05)\_k {Hfr(/?Zkk): =+ ||f7772k||Lp[0,oo)}

< G {1 e (£.1.0.1) + Il o }

in view of the properties of Steklov means.

oo

To estimate Y3, we use the Steklov means property (iii) and obtain that
Y3 < Cowar(f,n,p, [1). The result follows. $
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