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FINITE EQUATIONS IN N UNKNOWNS
Dragi¢ Bankovié
Communicated by Zarko Mijajlovié

Abstract. S. Presi¢ determined in [6] all reproductive general solutions of
a finite equation, supposing that particular solutions are known. In [2] all general
solutions (including all reproductive general solutions) of a finite equation were de-
termined, without the above supposition. In this paper we consider finite equations
in n unknowns and we solve them by the method of successive eliminations.

The study of general and reproductive solutions of Boolean equations, initi-
ated by Lowenheim, was continued and generalized to the several subjects. The
first result within a set-theoretical framework was obtained by Presi¢ [5]. We firstly
state the definition of the general solution and reproductive general solution from
[5].

Definition 1. Let E be a given nonempty set and R be a given unary relation
of E. A formula x = ¢(t), where ¢ : E — FE is a given function, represents a general
solution of the z-equation R(z) if and only if

(Ve)R(4(t)) A (V) (R(z) = (3t)(x = 6(1)))-

A formula z = ¢(t), where ¢ : E — E is a given function, represents a
reproductive general solution of the z-equation R(z) if and only if

(VR((8) A (VE)(R(E) = t = (1))

Let @ = {q0,41,--- ,qm} be a given set of m + 1 elements and S = {0,1}.
Define the operations + and o in the following way:

+/0 1 o]0 1 {l,if R(X)

010 1 0(0 O T = .
h

1‘1 1 1‘0 1 0, otherwise
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Assuming that
VzeSUu)(z+0=2A0+z=2Az200=0Az0l=2Alox=ux),
S. Presi¢ considered the following z-equation
spox? +sy02™ 4+---+ 5029 =0 (s; €{0,1}, z € Q).

The latter equation is consistent (has a solution) if and only if [] sx = 0, where
M ={0,1,...,m}. In the sequel o will be omitted. keM

THEOREM 1. [1] Let the equation
(1) Z spTI* (s € {0,1})
keM

be consistent (i.e., [[ sk =0). Then the formula
keM

= Z (shar + sksRoi1rer + -

REM 4 spsp@r - Sge(mfl)%@(m—n + -+ SkSke1 - Skea(m—nq;ceam)tq’“,

where @ is the addition mod(m+1), defines the reproductive general solution of the
equation (1).

Comment. Theorem 1 is a special case of Theorem 2 in [2].

THEOREM 2. Every function f : Q@ — {0,1} satisfies the identity

(2) f@)= 3 f(B)X".

BeQr

Proof. Let the right-hand side of (2) be denoted by h(X). For every X € Q"
there is By € Q™ such that X = By. Hence

hX)= > f(B)Bf = f(B)By° = f(By) = f(X). O

BeQ@n

Remark 1. Any given n-ary relation R on () is equivalent to an equation i.e.,

1, if R(X)

0, otherwise -

RX) & Z f(BYXB =0, where f(B) = {

BeQn
LEMMA 1. Let f : @ — {0,1}. Then, for every i € {1,... ,n}, we have

(3) fl@1,... ,zn) = Z (@1, Tim 1 Qs Tig1 - -+ 5 Ty
keM
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Proof. Let the right-hand side of (3) be denoted by g(zi1,...,x,). If
(Z1,..- ,2,) € Q™, then

g(.’El,... sy Li—13Ljy Lid1 « - ,:L‘n) = Z Z'gkf(ib'l,... sy Li—13qks Li41 - -« ,SL‘n)
keM
:xf’f(;cl, sy Li—13Liy Ljd1 « - ,;L'n)
=f(.’171,... sy Li—13 Ly Lj41 - ,Z’n). O

We consider the following equation:

(4) > f(B)XE =o.

Be@n

Note that (4) is consistent if and only if

(5) II r® =o.

Be@n

THEOREM 3. Let f(z1,...,2,) = 0 (f : Q™" — {0,1} be a consistent
equation. Set

folz, ..., 2n) = H flx1, o 2p,bpyay .., ).

(bp+1a'~' ’b")eQn—p

forp=1,... ,n. Formulas obtained from

gjp = Z (fz())(xl’ e ,xp—laqk)qk+

FEME (@, 1, @) (1, - Tpet, Gkt ) Okt +
+ (@1, T, @) fp (21, T, Q) -
@1, Tpo1, Gk (m—1))Tho (m—1)
+ fp(@1, - Tt @) fp(@1, - Tp—1, Q1)
@1, Tpo1, Qha(m—1)) Tkom ) tL*

by performing the successive substitutions, define the reproductive general solutions
of f(x1,--.,2,) =0.

Proof. We start from the equation fn(21,...,2,) =0 (fn = f). At step
n—p+1 (p=n,n—1,...,1) we consider the equation fy(x1,...,zp) = 0 which
can be written as

Z xgkfp(xla .. 7mp—13qk) = 03

keM
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by Lemma, 1. Solving this equation we get, by Theorem 1, the reproductive general
solution

Ty = Z (fg())(xla s 5$p—laqk)qk+

REM 4 fo(z1,. .. al"pfla%)fg(xl,--- s Tp1, Qke1) k@1 +
+ fo(z1,. e s Tp1,qr) fp(Z1, - o Tpy Q1) - - -
f,(,)(-’l?l, ce- 5 Tp—1, le;(m—n)%ea(m—l)
+ (@1, Tpm1, @) (@1, - - Tp_1, Q1)
F@1, - Tp1, Ghe(m—1)) Thom ) EL

provided the consistency condition
II @i, mp1,bp) =0,
bpEQ

ie.,

1I Fa@1y - @y 1,bp, . by) =0,
(bpeon bn) EQRP

ie.,
fp_l(;vl, . ,:cp_l) =0.

At step n we solve the equation fi(z1) = 0 which can be written in the form

> 2 filar) = 0.

keM
Solving the latter equation we get
w1 =Y (filar)a + frlan) L (qren)aren + - -

REM -t fi(ak) fr(aker) - "f{)(QkEB(mfl))qk@(mfl)
+ filae) fraren) - - f1 (ko (m—1) ) Qkom ) 2

provided the consistency condition

I 7)) =0

b1eQ
ie.,
(6) II  f@u,....b0)=0)=0
(b1y...,bn)EQ™
ie.,

fo=0.
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Note that (6) is the consistency condition (5), which is fulfilled, by assumption
of Theorem. O

Author would very much like to thank to Professor C. Ghilezan for the idea
of this paper.
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