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ON SOME TRANSFORMS OF TRIGONOMETRIC SERIES
F.M. Berisha and M.H. Filipovié

Communicated by Gradimir Milovanovié

Abstract. We give a transform of convergent trigonometric series into equiv-

alent convergent series and sufficient conditions for the transformed series to converge
faster than the original one.

Introduction. Let
o0
Z an cos(an + B)z (1)
n=1

be a convergent real or complex trigonometric series. A method of accelerating the
convergence of (1) is given in [1]. Tt consists of as follows:

Let r # 1 be a real or complex number and A¥ a linear operator defined by

Ar(an) = pg1 — Tan
AR (a,) = A (AF(an) (K =1,2,..).

If lim %2l — ¢ lim M =r(k=1,2,..,p), then

n—oo On» nooo Ak(an)

a1CL(0 +I§ (a1)CH+1(0)
~1—2rcosaz + r? (1= 2r cos ax + r2)k+1

Zan cos(an + B)z

n=1

o0
+ By Z AP(a,)AP cos(an + B)z, (2)
(1—2rcosaa:+r pn:l

where are C*(n) = Af cos(an + B)z (n=0,1,2,...).
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A generalization for number series is given in [2] and for power series in [3].
More detailed approach on these issues is given in [6]. In this paper we obtain a gen-
eralization of transform (2) for cosine and sine series and give sufficient conditions
for the modified transform to converge faster than (1).

o0 .
For a sequence of real or complex numbers {a,},”; and a given sequence
{rn}>2, we define a linear operator L b
nfn=1 Y ri..rp OY

Lr1 (an) = 0p41 —T10n

3)
Lrl...rp+1 (an) = L’I‘l...’l‘p (an—i-l) - rp—i—lLrl...rp (an) (P = ]-a 27 )

In particular, for the sequence {cos(an + 8)z}.. ; we put
Cryory(n) = Ly, cos(an+ Bz (n=0,1,2,..).

For fixed p put

P
EO = 1, El = E Ti, E2 = E TiTj, E3 = E TiTiTk, ---, Ep =Tir2...Tp
i=1 1<i<j<p 1<i<j<k<p

(where the summation for E,, is performed over all combinations of distinct indices
between 1 and p taken m at a time); we note that

/4

Lrl...rp (an) = Z(_l)kEkan+p7k- (4)
k=0

In order to establish the modified transform, we use the following

LEMMA. Suppose that the coefficients tn, (0 < m < n) of the infinite
triangular matriz (tnm) satisfy the following conditions:

a) lim t,m, =0 for each fized m;
n— o0
P
b) there exists a constant K such that Y |tpr| < K for each nonnegative p.
k=0

Let {z,},., be a sequence and define the sequence {z!,} > | by

n
z, = Ztnkmk (n=0,1,2,..).
k=0

Then we have: if lim z, =0, then lim z/, =0.
n—oo n—oo

The proof of the lemma is due to Toeplitz [4, p. 325].

1. A modified transform of trigonometric series. The following theo-
rem gives a generalization of transform (2) for trigonometric series (1).
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THEOREM 1. Let (1) be a convergent real or complexr trigonometric series

(@ #0), r1,...,rp (rjefe® # 1, j = 1,...,p) arbitrary real or complex numbers.
Then
3 @1Cr, (0)
nzz:l an cos(an + @)z = [ orr cosaw 177
p—1
+3 Ly . (a1)Cry..ry 1, (0)
= (1=2rycosaz +r})...(1 = 2rpyy cosaz + i)

p —1 oo
+ ( H(l —2rjcosax + rf)) Z Ly,..op(@n) Ly, .., cos(an + B)z. (5)

=1

Proof. Considering the Euler’s formula for cos(an + 8)x we have

Z an, cos(an + Bz Z ane (an+p)zi | — Z ane —(ant+B)wi_

n=1 n=1 n—l

Let fi(z) = Z an e(an+’6)mz fo(z) = > ane_(o‘""'ﬁ)z". Then

n=1 n=1

fl(x) — ale(a-i-ﬂ)wi + eam'q)l(x),

where ®;(z) = Y apyiel®* 0 So

k=1
oo
(1 - Tleam (1)1 Z Ak+1 — rlak e(ak+ﬁ)m + Tlale(‘”ﬁ)‘“.
k=1
Thus
+ﬁ)m >
riaiel® )
®y(z) = . Z ap41 — T1ak)€ ("k+ﬁ)“
1—riex® 1 - rlea“
k=1
and hence
(a+B)zi et el
_ (a+ﬁ)m’ oxiT101€ Z _ (ak+B)zi
fi(z) = ase +e 1= rreari + T (ag41 —riag)e
k=1
ale(a+ﬁ)zi Pty e

(ak+B)zi
1 e | 1 rpeae > Lri(ag)el >0, (6)
k=1

oo .
Applying a similar technique to 3 Ly, (ag)e(* 9% we get
=1

00
Z Lrl ak+ﬁ)m =L, (al)e(a-i-ﬂ)a:i + eam'(bz(m)
k=1
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> .
(where now ®y(z) = 3. Ly, (ag41)el® 97 ) where from using (3), we get
e

=

(L, (@41) — T2 Ly, (ag)) e KA 4 iy I, (ag)el@ Az

M

(1 — r2e®™%) Py ()
k

1

Ly, (ak)e(o‘k+5)“”i + 7oL, (al)e(‘”ﬁ)“.

M

k=1
Hence
i . . (a+,6’)mL
ak+B)xi _ a+8)xi aziT2€ ( )
;Lﬁ (ak)e( i = LT‘1 (al)e( ) +e ' 1— T.Zeam
eazi et X )
T yogant 2 L (as)ek 02,
2 k=1
Thus, using (6), we obtain
aelatP)zi L,, (ay)e2e+P)zi
filz) = ~ - -
1—riea@t = (1 —rje2®i)(1 — roeai)
eZazi e (k-1B)zi
- . L @ e 7
(1 —r1e2®)(1 — rpe®) ,; rara(4)e @
Repeating this process p times we find that
(a+B)zi P! (a(k+1)+B)zi
ae e
= L : : (1)
hi@) 1 —reasi + 1; i (@1) (1 —r1e®®).. (1 — rq1€2%%) T B @), @)
where

R(l)( ) (a(n+p)+ﬁ)m (9)

1
> Lo
(1 — ,rleazz) ]_ - eazz —~

Notice that (6) and (7) are the p = 1 and p = 2 cases of (8), respectively. Since
fa(x) = fi(—=z), we have

—(at+B)zi  P_L —(a(k+1)+B8)zi
aie e
_ae T N . _ | R

f(@) 1—rieowi + 1; rire(@1) (1—rie—2®%) (1 — rpqpre o) + Ry (),

(8"
where

1 - a(n zi
R(Z)( )= (0 —rre=o71)..(1 = rye=oe) ZL“ rp(Gn)e —(a(n+tp)+B)wi_ (9"

n:l
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Multiplying the equations (8) and (8') by 1/2 and then summing the two together,

using (4) for the sequence {cos(an + @)z}, ,, we obtain

alCT'l( )
1 — 2rq cosazr + rl

LT1 TR (al)cﬁ TRl (0)
ax +713)...(1 = 2rpy1 cosax + 77, )

Z ay, cos(an + B)z

n=1

+ Z (1 — 27 cos + Bpla), (87)
k=1

ey

RM(z) + RY) (a:))

DN | =

—1 oo

p
(H (1 —2rjcosazx +r; )) Z Ly,..r,(an)Ly, .. r, cos(an + B)z. (9")
7j=1

Il

Equalities (8") and (9") complete the proof.

In completely analogous way we obtain the similar transform for sine series

oo
. a15T1 (0)
Z ap sin(an + Bz = 1— 2ry cosaz + r2
n=1
-1
+ pz Lry...r0(01)Sr1..riqs (0)
2 T=Zrconam + 1) {1 Zras cosaz +77,7)

P -1 o©
+ ( H(l —2rjcosax + rf)) Z Ly,..r,(an)Ly, .. r, sin(an + B)z,  (10)
Jj=1
where Sy, . ., (n) = Ly,..r, sin(an + B)z (n=0,1,2,...).

Remark 1. If L,, . ,,(an) = 0 for some p > 1 and for n sufficiently large, then
(5) and (10) transform trigonometric series into finite sums.

Remark 2. In particular, for ry =7y = --- = r, = r, we obtain the transform

(2).

2. Accelerating convergence of trigonometric series. The following
theorem gives a transform of convergent trigonometric series (1) into an equivalent
convergent series.

THEOREM 2. Let (1) be a convergent series on z, n/2 < |ajz < 37/2 and
{rn}.2, a sequence of positive real numbers such that for some real A > 1

ra=0(n"") or 1/r,=0(n"). (11)
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Then
alCT1( )
;ancos an + B)x 1_2” cosom 72
S Lry..r(a1)Cry.rps (0
+> ™ Z( Cr-.rus ) —. (12
= (1—2rycosax +7%)...(1 — 2rp41 cosazx + Tk+1)

Proof. In order to prove (12) we need to show that in (8”), lim R,(z) =

p—00
o0
0. Let r,(x) be the remainder of the convergent series Y. a,e(*"t#)%i  Then

n=1

ILm rn(z) = 0. Thus, using (4) we get

-1 o P
RP@) = ([T rse)) 3 o S () Buani

j=1 n=1 k=0
p ) -1 p )
= (TTa-mee=) Sy e HeiE, (o).
j=1 k=0

In the lemma of Introduction we put
P N\ -! .
o= (TL0 =) (1Pt boiE, 0 <k<p)
=1

We have to show that the conditions of the lemma are satisfied. For each nonneg-
ative integer p we have

V4 —1
|[tpr| = ‘(H (1 —rje®) ) E,_
p —1p—k r
azi &
Z ( H (]‘ —Ti.€ )) H 1— T eazi :

1<i1 <. <ip_x<p “s=p—k+1 Jj=1

Without lost in generality we may assume that @ > 0. Then 7/2 < az < 37/2,
and since r; >0 (j =1,...,p), we have

[1—rje*® | >1, |r;/(1=r;e*)| <1 (j=1,..,p). (13)

< (pp )Mp—k <pkMp—k
—_— _k i )

Hence

|tpk| < Z H

1<61 <. <ip— 1 <p j=1

— 7- eazz
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where M = max Irj/ (1 —r;e**?)| < 1. Thus ILm tpr = 0, so the condition (a) of
<i< p—00
the lemma holds. Notice that

P P
> ltpl < H 1 —r;e™™)

-1 p

L

k=0

-1 p

[Ha+r). (4

k=1

p .
H(l —r;e*™)
j=1

From (11) we derive that one of the two series Z rj or E 1/r; converges, and

Jj=1 Jj=1
o) o)
hence one of the two infinite products [[ (1+ r;) or [] (1 + 1/r;) converges. Put
Jj=1 j=1
] o}
[T +r;), if TT(1+r;) converges
Jj=1 j=1
K=
S )
H (141/r;), if J]T (1 +1/r;) converges,
j=1 j=1

using (14) and (13), we conclude that the condition (b) of the lemma is also satisfied.
Thus lim R(l)( ) = 0. On the other hand, since

p—>0o0

azi| __
1= |

L—rje ™| (j=1,2,..),
the inequalities (13) hold true if we replace x by —z. This however, based on (9)

and (9'), means that hm R( )( ) = 0. Hence, using (9"), 1i_>m Ry(z) = 0. Now
p—o0
(12) follows from (8" )

Obviously, the result of Theorem 2 can be applied for the transform (10) of
sine series. Obtained transform, analogous with (12), is

S a5 _ @5,(0)
ngl ansin(an + fo = 1—2ry cosax + 17
+ i Lr1...r;(al)sr1...rk+1 (0) i ' (15)
= (1 —=2rycosazx +717)...(1 = 2rpq cosax + 13 )

Remark 3. Let r; >0 (j = 1,2,...) and 7/2 < |ajz < 37/2. Suppose for
p=1,2,... that L, (a,) # 0 for n sufficiently large and that Jim Lilrpiw"“)

300 Lrprp(an)
exists. Since, according to (3),

Lr1 (an) — Gp41 —r
an an !

Lrl...rp+1 (an) _ Lrl...rp (an+1)
Ln...rp (an) Ln...Tp (an)

(16)

—Tp+1 (p: 1)25"')a



60 Berisha and Filipovié¢

if we require the additional condition that the sequence {r,} -, is chosen so that

. Gpia . Lr1...rp(an+1)
ry = lim , Tpp1 = lim —E T

n—oo  ap n—o0 Lrl...rp(an)

@ = 1727 "')7

then the sequences (16) are null-sequences. Whence

o Lriera@) _ o Do) s (on) Lo, @)
n—o00 an n—00 G, L,n1 (an) Lrl...rp_1 (an)
Therefore, according to (8"), (9"), (9), (9") and (13), we conclude that the series on

the right-hand side of (5) and (10) converge faster than the ones on the left-hand
side.

=0 (p=1,2,..).

If we require that the sequence {r,} -, from remark 3 satisfies the condition
(11), then the right-hand sides of (12) and (15) converge faster than the left-hand
sides.

Ezample. Let a, = 1/ (a™ +b™) (0 < a <b). Then

. an+41 . Ln...r (an+1) apil
= 1 = — = 1 P = = 1 2 .
T nl—{go an y  Tp+l nl—{r;o Ln...rp (an) P (p 5 4 )

S| =

Obviously, the sequence {r,},-, satisfies the condition (11) of Theorem 2. In
particular, put a = 2, b =3, a = 1, 8 = 0, x = 37/4; then in order to calculate
o0

the approximate sum of the number series 21 ﬁ cos :’f‘T’r with error not greater
n=

than 10~ we must compute the sum of first 12 terms. Applying the transform (5)

of Theorem 1, the same accuracy is obtained by computing the sum of first 7 terms

for p =1, 4 terms for p = 2, and 2 terms for p = 3.
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