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ABSTRACT. In [3] and [4], for some class of nonlinear first order ordinary
differential equations which contain delta distribution limits of solutions are
computed when delta distribution is substituted by a delta net. We find a solu-
tion to the systems and equations of the above form in the sense of Colombeau
generalized function spaces. Beside of the globally Lipschitz case in Theorem
2.1 whish is already solved in [1], the cases when a nonlinearity is not globally
Lipschitz but with “proper” sign are covered by Theorem 3.2.

1. Introduction

We consider a class of systems of nonlinear ordinary differential equations per-
turbed by some singular element, which will be represented by some generalized
function. The considered system is of the form

(1) y'(t) = f(t,y(®) + G(#), y(-1) = yo,

where f : R*! — R is a smooth function, polynomially bounded together with all
its derivatives and G is a generalized function. The main example will be G = §(@).
In order to give a sense to operations on such elements, which are impossible in
the Schwartz distribution space, one can try to solve this equation in some specific
generalized function space. We will use the algebra of global Colombeau generalized
functions, G4, which will be defined below. Elements of this algebra are some
equivalence classes for nets of smooth functions. Solutions to the given system will
also belong to the space of global Colombeau generalized functions.

The question whether there exists a limit of this net in some space of classical
functions is always interesting, but we will not discus it here. We shall only describe
two cases when the system reduces to a single equation in the last section of the
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paper. These results are obtained in [3] and [4]. In the first paper f is globally
Lipschitz with respect to y, and the equation is perturbed with 4, its derivatives
or § multiplied by some additional nonlinearity. In [4], a limit of the generalized
solutions is found for some cases when f is not globally Lipschitz function with
respect to dependent variable. All of these equations are perturbed by derivatives
of the delta function.

In both papers the limits are found by substituting the delta function with
some mollifier, without considering them as elements of some generalized function
space.

In this paper we consider equations in so-called global Colombeau algebra g,
defined in the following way.

Let © be an open or closed interval in R. Ep,4(Q2) is the space of all smooth
functions G¢ : @ —» R, £ € (0,1), such that for every a € Ny there exist N € Ny,
n > 0 and ¢ > 0 such that

2) G | poe () < ce™, e <.

N,(Q) is the space of all functions G € Epr,o() such that for every a € Ny and
a € R there exist n > 0 and ¢ > 0 such that

3) |GL| () < €27, & <.

Then, global Colombeau algebra is defined as the factor algebra

Gy () = Enrg (2)/ Ny ().

- When G, € € (0,1) are real constants then we obtain the spaces Ry, Ry and
R that correspond to Ear,4(Q), Ny () and G, (), respectively.

We shall fix a function ¢ € C°°(R) such that [ ¢(z)dz =1, supp ¢ = [—a,b],
a,b> 0, and ¢(z) > 0, z € R. Let us denote ¢.(z) = 1p(ze™1), z € R

For the sake of the embedding space of distributions in G,(2) we shall use a
function k. € C*°(R) such that supp k. C Q_ max(ac,be), and ke equals one on the
set Q_9max(ac,be) (Where Qg = {z € Q : dist(z,0(2)) > B}). Now, the image of a

distribution g € D' (int(Q)) is defined by its representative G = (g - k) * ¢.. Let

1
us remark that the delta function is represented by ¢.(z) = gcb (g)

2. Globally Lipschitz nonlinearity

Assume (without loss of generality) that Q = [-1,7]. We will use the norm
lyll = max{|yal, ..., [yn|} in R".

The following theorem is a special case of the one from [1], but we are giving
a proof of it because the similar idea is used in the further assertions.

THEOREM 2.1. Let f be a globally Lipschitz function with respect to y uniformly
on compact intervals of Q2. Then there exists a unique generalized solution to the
system (1).

PRrROOF. For every € > 0 equation (1) is of the form
(4) yé(t) = f(ta ys(t)) + Ga(t): ys(_l) = Yo-
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The i-th component of the solution to (4) is given by
¢

y(t) = yo + / (£i(s,y=(s)) + Gi(3)) ds.

—1

Then

t
i < il + [ 17 (5,9600)) = £5,0) + £(5,0) + G2 o) s
t
<llwll+ [ nLyle(s) s

+(t+1)( sup If(s)| + sup ]nGE(s)u),

s€[—1,T] s€[—1,T

where || f(t)|| = sup; <<, |f*(t)| and Ly is Lipschitz’s constant.
By using Gronwall’s type inequality we obtain

lly=(@)]l < (||Z/0|| +(E+1) e?fl_lFT](Ilf(S)IH ||G6(5)||)> eI = o(e™N), e = 0,

for some N € Ny.

One can similarly show that all derivatives of y.(¢) have the same property,
which means that y.(t) € Eap,o([—1,T7).

In order to show that the solution to equation (4) is unique and that it does
not depend on chosen representatives, we consider equation

Y1 (t) = f(t, 91 (1)) + G () + Nic(t), y1:(=1) = you,

and equation

yl25(t) = f(tJyQE(t)) + GE(t) + NQE(t)J yQE(_l) = Yo2,
where Ni.(t), Naoc(t) € Ny([—1,T]) and yo1 — yo2 € Ro. In other words,

(5)
Y1 (t) = vo(t) = f(t,y1:(8) — (£, 92 () + Ne(®), y1e — y2e(—1) = yo1 — Yoo,

where N, (t) = N1 (t) — Noc(2).
The i-th component of a solution to equation (5) is

Yo (8) = Yo (6) = Uiy — vien + / (i ne(e) = £ (6) ds / Ni(s)ds.

which implies

t
910 = 1301 < by = vial + [ NI ds
t | n i
6 K3
[
1

3y, (5+62) (Wl6) — .(9) | ds.

=1
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Gronwall’s type inequality gives

t
mm—%mms@mrww+/ﬂM@wQewwh.

Since [lyo1 — yozll, || N=(t)|| < €P, as e — 0, for every p it follows that [|(yi. —yi.)(#)]]
has the same property.
Further on, we have

i.1)) = (4h.()' = fity1c(t) = fi(ty2: (1),

which means that

oo - -
1640 - 03:0) 1< S 5 650 (10 - 00)
j=1 9Yi
Since supger_1,17| (4 — ¥3.) (t)| = o(e?) as € — 0, for every p, it follows that
i=1,...,n
| (i)' — (yi.)' (t)|| has the same property. All the other derivatives can be esti-
mated in a similar manner. O

3. Some locally Lipschitz nonlinearities

Condition that f is a globally Lipschitz function is not necessary for existence
of limit of generalized solution. This is illustrated by the following results.

LeEMMA 3.1. Let dp_ denote generalized function which obtained by the regular-
isation of d-distribution in the following way

1

F/loge 1

On, = [¢n.], he =

There exists a unique solution to equation

(6) y'(t) = =Cy®)ly®)I” + ady, (1), y(=1) = yo,
where p > 1, C = const > 0 and a > 0.

PROOF. In the terms of the representatives, equation (6) is of the form
(7) Ye(t) = =Cyelyel” + adL(t), y(=1) = yo.
Its solution can be written in the following way
Ye(t) = 1:(t) + ade(t),
where
(8) Y1) = —Cy1(t) + ag: (1)) - [y1c(t) + ag-(H) 7,
Yoe = y(—ae),
and §(t), t € [-1,T] is the classical solution to
y'(t) = =Cy@®ly®), y(=1) = yo.
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Suppose that yo. > 0. Using the comparison theorem it follows that solution to
equation (8) with initial data yi.(—ah:) = yoe is less or equal to the solution to

(9) Ué(t) =-C (Us(t) + gs(t)) |Us(t) + ge(t)|p » Ve (_ahe) = Yoe>
where g (t) < agy, (t) and

0, t<-—a.
9e (t) = gsa te [_asa I_)E]
0, t>b.

for some a. < ahe, b: < bh., & < hZ! and £ — oo, as € — 0.
This means that y1(¢) < v:(t) where

—Cue |ve|?, ve(—ag) = yoe, t € [—ae, —a.]
(10) U::(t) = _C (UE + EE) |Us + §_E|p7 Ve (—ELE) = gOs; t € [—(_IE,I_)E]
—Cue |v|?, e (b:) = Joe, t € [be, be]

and Yoe = yls(_aa) and gOE = UYie (bE)
Solution to the second equation in (10) is given by
0] 3 + 75 ¢
va(t) = [l T
$/(=1)7 + Cp (0. + &)” (t +a)

One can see that
Ee “ae < C¢ < 1;

where Cy is a constant which depend on ¢. Then
Eg (G = EE " e '55_1 <Cy '55_1,

and

&
Ve(t) L —————+
) const - EF~1/P

for € small enough. The term from the right hand side tends to —oo as ¢ tends to
zero (since p > 1). We see that v, (b.) is not bounded when ¢ — 0.

Solutions of the first and third equation in (10) do not change point v.(be)
significantly.

Since |y1c(t)] < |ve(t)| it follows that y1.(t) satisfies relation (2), which implies
that y.(t) also satisfies relation (2).

From (7) it follows that

(11) lyz ()] < Clye "™ + ad),, (2),

which implies that y.(t) satisfies relation (2).
One can show that all the derivatives satisfy relation (2), which means that
function y.(t) is in Epr,4([—1,T]). Thus, solution of equation (7) exists.

_gsa
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Let y1-(t) and y2.(t) be two solutions of equation (7), with initial data yo; and
yo2 respectively and yo1 — yo2 € Ro. Denote y12:(t) = y1:(t) — ya2e(t). Then

Y12:(t) = —Cy1c(O)|y1e ()P — Cyac(t)y2e (1) P + Ne(t)
= =Cy1c()|y1c )" — Cy2e(t)]y2: ()
+ 41 () [y2: (1) [P — y12(8)|y22 (8) |7 + Ne(2)
= =Cy1c(t) [[y1 ()" — [y2:(O)|"] = Cly2e () [y12(t) — y2e(£)] + Ne(?)
= —C[y1(t) = y2: (V)] [y1c ()7 (Y1e, Y2) — |y2:(t)[] + Ne(2)
= —Cyr2e(t) [y1: ()7 (y1e, Y2¢) — |yac (B[] + Ne(2),

where ¥(y1¢, ya2e) is function homogeneous of the degree p—1 with respect to y1c, yae
and N.(t) € Ny([—1,T]). This implies that
¢

[y12¢ (t)| < |yo1 — Yoz +/ | Ve (u)| du
1

t
+C/1m4w%mawa—kaMWM%WNw-

Since |y(z,y)| ~ |max(z,y)| and y1.(t),y2:(¢) < Ci{/loge! Gronwall’s type in-
equality gives

Y12 (t)| < (|y01 — Yoz| +/

-1

i

.0l )
o (0 [ o) ~ sl )

which implies that y;2.(¢) satisfies relation (3).
Further, we have

Y19: ()] < Clyrze (®)] - Y2 ()7 (Y1e, ¥2c) — ly2e ()] + N=(2),

and y12¢(t) satisfies relation (3), which implies that yi,.(t) satisfies the same rela-
tion.

One can similarly show that all derivatives of yi2.(t) satisfy relation (3), and
the uniqueness result follows. O

One can analyse the case yo. < 0 in the same way.

THEOREM 3.2. Let f be monotone and polynomially bounded together with all
its derivatives with respect to y such that the following hold

(1) f(t,0) =0 for everyt € [0, 00).

(2 Ify >0
(12) ft,y) < =Cuyly|P*, t € [—to, 0], for some C1 >0, and py > 1,
and if y <0
(13) f(t,y) > —Cayly|P?, t > 0, for some Cy >0, and ps > 1.

3) 1" &l (o,00n < CA+ [y[™), y € R
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Then there exists a unique solution to

(14) y'(t) = f(t,y(t) + ad'(t), y(=1) = yo,
1

/loge 1

where representative of 0-distribution is of form ¢p_, he =

PRrROOF. For every € > 0 equation (14) is of form
(15) ye(t) = f(t,y:(t)) + ady, (1), y-(—1) = %o.
Denote by 7; the classical solution to equation
y'(t) = f(ty(®), y(=1) = .

The solution y;. to the equation

ylls(t) = f (tayls(t) + a¢h5 (t)) s Yoe = gl (_aha) >0

(one can similarly analyse the case yo. < 0)
is less or equal to the solution v. to

v (t) = f (8, ve(t) + ge (1)) , ve (—ahe) = Yoe,

where g () < adp, (t) and g.(t) is function defined in the proof of Lemma 3.1. This
means that y1(t) < ve(t) where

f (tJUE): UE(_GE) = Y0e> te [—ae, _E‘E]
(16) ve(t) =< f(tve + &), ve(—ac) = Yo, t € [—ac,be]
f(t,’Us), Ve (Bs) =Joe, t € [Es,b{;‘]

where go. = y1c(—a.) and o = y1.(b:). For & small enough, vy + &, is positive.
This means that function v, starts to decrease. It will be decreasing function until
v. = —. Suppose that to is the first point when v, (to) = —&.. Then, unique
solution to

’Ué(t) =f (t,’Us + Es) = f(t,O) =0, 'Us(tO) = _gs
is

v (t) = const = —¢,
in some interval around ¢o. But, that contradicts the fact that v.(t) decreases for
t < to.
Specially, v. + & > 0. Now we know that
f (tavs +€s) S _Cl (UE +EE) |1)5 +£s|p1 , b1 > 17

which means that the solution to equation
ve(t) = f (t,ve + &)
is less or equal to solution
oL(t) = —=Ch (ve + &) |- + &7, pr > 1.
Using Lemma, 3.1, we obtain

- _ £ _
Yy1(be) € (—fs, m -& -

€
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Solutions of the first and third equation in (16) do not change this point signifi-
cantly. For t > be, y1.(t) < y1:(be) (since f is positive for y < 0).

Immediately, by using comparison theorem, it follows that y. () satisfies rela-
tion (2), which implies that y. satisfies the same relation.

Since

ye(t) = f(t,y=(t) + ag),, (1),
it follows that
lye(@)] < |£(t,ye(6)] + aldp, (B)],

from where directly follows that y.(t) satisfies relation (2). One can easily see that
all derivatives of y.(t) satisfy relation (2). Thus, y.(t) € Ear,q([—1,T]).

Let y1.(t) and yo.(t) be two solutions with initial data yg; 1 yo2, respectively
and yo1 — Yoz € Ro. Let y12.(t) = y1.(t) — y2:(t). The rest of the proof of the
uniqueness is the same as in the previous theorem. O

4. Limits

For some generalized functions G it is possible to find a limit of generalized
solution to system (1). We shall give some examples from the papers [3] and [4]
reformulated in the terms of Colombeau generalized functions. Here, (1) is one
equation and G is a derivative of the delta distribution. In all of these cases we
suppose that there exists a classical solution to the equation y'(t) = f(t,y(t)),
y(to) = yo for every pair (to,y0) € [-1,T) x R.

THEOREM 4.1. [3] Let f(t,y) be globally Lipschitz function with respect to y

and
tim TEY) _ 5
Yy—o0 y
t—0
Then, the unique generalized solution to the equation
(17) y'(t) = f(t, () + (1), y(=1) = o

1s associated to
y(t) = 1(t) + ad(t),
as € = 0, where 7:(t) = §(t), for t € [-1,0] and 7:(t) = §(t), for t € [0,T),
function § is classical solution to
y'(t) = f(t.y(t), y(=1) = yo, for t € [-1,0],
and § is a classical solution to

y'(t) = f(t,y(t), y(0) =5(0) + aM, fort € [0, T).

THEOREM 4.2. [3] Let f(t,y) be sub-linear of order r with respect to y uniformly
in compact intervals of [-1,T).
If s <1/r, or s is arbitrary if f is bounded, then solution to equation

(18) y'(t) = f(t,y() + 6 (1), y(—1) = o
18 associated to
y(t) = 5(t) + ad (1),
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where §(t), t € [—1,T] is the classical solution to equation

y'(t) = f(ty(®), y(=1) = yo.

THEOREM 4.3. [4] Let all the assumptions of Theorem 3.2 hold. Then the
unique solution to (14) is bounded by the line y = 0 and the solution to the equation
y' = —Cayly|?2, for t > 0.

If f depends only on y and satisfies all the above assumptions then the solution

ye(t) = f(y:(t)) + «
is associated to §(t) + ad(t), where g(t) =
€ (0,7).
The function § is the solution to

y'(t) = f(y(1), y(=1) =yo, t € [-1,0),

vody _
/_oo () =4 i>0,

and § is the unique solution to
y'(t) = f(y(?)), y(0) = —o0, t € (0,T).
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