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ABSTRACT. We present a sound and strongly complete axiomatization of a
reasoning about linear combinations of conditional probabilities, including
comparative statements. The developed logic is decidable, with a PSPACE
containment for the decision procedure.

1. Introduction

The present paper constitutes an effort to proceed along the lines of the research
presented in [, 2}, [3, [5, [6}, [7], on the formal development of probabilistic logics,
where probability statements are expressed by probabilistic operators expressing
bounds on the probability of a propositional formula. It is an extension of [,
which was presented at the 13*" ESSLLI Student Session in Hamburg, 2008.

This extension consists of introducing multiple conditional probability opera-
tors C'P;, i € Z, where 7 is a finite nonempty set of indices. These operators can be
thought of as agents, with each of them having his own independent assessment of
the conditional probability of an event. For instance, we formally write the state-
ment “The conditional probability of a given § viewed by agent ¢ is at least the
sum of conditional probabilities of « given v viewed by agent j and twice 7y given
a viewed by agent k." as CP;(«, ) > CPj(a,y) +2- CPy(7, a). We also prove that
the developed logic is decidable, and show how it can be used to represent evidence.

In the classical Kolmogorovian sense, the conditional event “« given 3” can be
considered only in the case when P(8) > 0, and for such a conditional event, we
have that

(L.1) P(alp) = P(a A B)P(B)~".
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This may introduce certain difficulties in the formal construction of probabilis-
tic formulas. Tt would be much easier if P(«|3) was a well-defined term, regardless
of the formulas « and (3, and the possible value of P(g).

An elegant solution can be obtained by adopting the convention that ~! is
a total operation, so that we can extend Kolmogorov’s definition of conditional
probability onto all events: P(«|3) = P(a A 8)P(B3)~!. In particular, if P(3) = 0,
then P(a A B) =0, s0 P(a|3) = P(aAB)P(B)"t=0-P(B)"L =0.

From this we observe that the actual value of 07! is irrelevant for the compu-
tation of P(«|3), and that in the case when P(() = 0, the conditional probability
defined as above behaves correctly. For the sake of simplicity, we let 0~ = 1.

The rest of the paper is organized as follows. In Section [2| the syntax of
the logic is given and the class of measurable probabilistic models is described.
Section [3] contains the corresponding axiomatization and introduces the notion of
deduction. A proof of the completeness theorem is presented in Section [ whereas
the decidability of the logic is analyzed in Section [f] Representing evidence in the
developed logic is discussed in Section [6} and concluding remarks are in Section [7}

2. Syntax and semantics

Let Var = {p,, | n < w} be the set of propositional variables. The corresponding
set of all propositional formulas over Var will be denoted by Forg, and is defined
in the usual way. Propositional formulas will be denoted by «, § and =y, possibly
with indices. Let Z be a finite nonempty set of indices.

DEFINITION 2.1. The set Term of all probabilistic terms is recursively defined
as follows:
o Term(0) = {s | s € Q}U{CP;(e, B) | v, B € Forg,i € T}.
o Term(n + 1) = Term(n) U {(f + g), (s- g), (—f) | £,g € Term(n), s € Q}
o Term = J,_, Term(n).

Probabilistic terms will be denoted by f,g and h, possibly with indices. To
simplify notation, we introduce the following convention: f+gis (f+g), f+g+h
is((f+g)+h). Forn>3,>"  fis ((---((f1+£2) +£3) +--+) 4+ £,,). Similarly,
—fis(—f)and £ —gis (f + (—g)).

If « and (8 are propositional formulas, and ¢ € Z, then the probabilistic term
CP;(«a, B) reads “the conditional probability of o given [ viewed by agent ¢". To
simplify notation, we will write P;(«) instead of C'P;(«, T), where T is an arbitrary
tautology instance.

DEFINITION 2.2. A basic probabilistic formula is any formula of the form £ > 0.
Furthermore, we define the following abbreviations:
o f<0is —f >0; o f>0is =(f <0); o f<0is ~(f >0);
ef=0isf<0 A f>0; o f#0is —(f =0); ef>gisf—g>0.
We define f < g, f>g, f<g, f=gandf # gin a similar way.
A probabilistic formula is a Boolean combination of basic probabilistic formulas.

As in the propositional case, = and A are the primitive connectives, while all
of the other connectives are introduced in the usual way. Probabilistic formulas



A LOGIC WITH CONDITIONAL PROBABILITY OPERATORS 87

will be denoted by ¢,v and 6, possibly with indices. The set of all probabilistic
formulas will be denoted by Forp.

By “formula" we mean either a classical formula or a probabilistic formula. We
do not allow for the mixing of those types of formulas, nor for the nesting of the
probability operators C'P;. Formulas will be denoted by ®, ¥ and ©, possibly with
indices. The set of all formulas will be denoted by For.

We define the notion of a model as a special kind of Kripke model. Namely, a
model M is any tuple (W, H, {u;|i € I}, v) such that:

e W is a nonempty set. As usual, its elements will be called worlds.

e H is an algebra of sets over W.

e for each i € 7, yu; : H — [0,1] is a finitely additive probability measure.

e v : Forc xW — {0,1} is a truth assignmcntﬂ compatible with = and A.

That is, v(—a,w) = 1 —v(a,w) and v(a A B, w) = v(a, w) - v(G,w).

For a given model M, let [a]ys be the set of all w € W such that v(a,w) = 1. If
the context is clear, we will write [o] instead of [a]y;. We say that M is measurable
if [a] € H for all a € Fore.

DEFINITION 2.3. Let M = (W, H,{u; | i € Z},v) be any measurable model.
We define the satisfiability relation F recursively as follows:

o MEaifv(a,w)=1forall weW.

e METf>0if £M > 0, where £ is recursively defined as follows:
— M =5,
— CPi(a, )M = pi(Ja A B)) - pi([B]) 71, for any i € T.
- (f+gM =M + g
— (s g =s-g".
()M = (g,

e ME—¢if M.

e MEOANYiIf ME ¢and M E .

A formula ® is satisfiable if there is a measurable model M such that M F ®;
® is walid if it is satisfied in every measurable model. We say that the set T' of
formulas is satisfiable if there is a measurable model M such that M F & for all
deT.

Notice that the last two clauses of Definition provide the validity of each
tautology instance.

3. Axiomatization

In this section we will introduce the axioms and inference rules for our logic.
The set of axioms of our axiomatic system, which we denote AXy pcp, is divided into
three groups: axioms for propositional reasoning, axioms for probabilistic reasoning
and arithmetical axioms.

Axioms for propositional reasoning:

Al. 7(®q,...,9,), where 7(p1,...,p,) € Forc is any tautology and ®; are

either all propositional or all probabilistic.

11 stands for “true", while 0 stands for “false"
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Axioms for probabilistic reasoning (i € Z):

A2. Pi(a) 2 0; A5. Pi(a— B)=1 — Pi(a)=P(p);

A3. PZ(T) :l; A6. Pi(a\/ﬁ) = PZ(OK) +Pl(ﬁ) — Pi(a/\ﬁ);

A4. Py(L) =0; A7. P(B) =0 — CP(a,3) = 0;

A8. (Pi(aNB)=rAPi(B)<s)— CPi(a,3) >r-s"1 s#0;

A9. (Pi(aNB)>rAPi(B)<s)— CPi(a,B) >r-s"1 s#0;
A10. (Pi(aAB) =1 AP(B)<s)— CPi(a,8) >r-s"1 s#£0;
All. (Pi(aAB) <rAP(B)=5) — CPi(a,B) <r-s”! s#0;
A12. (Pi(aAB) <rAPi(B)>38) — CPi(a,3) <r-s"t s#0;
A13. (Pi(aAB) ST AP(B)>s) = CPi(a,8) <r-s”' s#0.

Arithmetical axioms:

Al4. r > s, whenever r > s; A23. s - (f+g)=(s-f)+ (s g);
A15. r > s, whenever r > s; A24. r-(s-f)=r-s-f;

Al6. s-r = sr; A25.1-f =1,

Al7. s+r=s+r; A26. £>2g V g>1;

Al8. f+g=g+1; A27. (f2gANg>h)—f>h

A19. (f+g)+h=f+(g+h); A28.f>g — f+h>g+h;

A20. £+0=1; A29. (£f2g Ns>0) »s-f2>2s-g;
A2l £ —£=0; A30. £ =g — (¢(.. f,..) = b g,...)).

A22. (r-f)+(s- f)=r+s-1;
Inference rules

R1. From ® and & — ¥ infer ¥.
R2. From « infer P;(a) =1, for all i € 7.
R3. From the set of premises {¢ — £ > —n~! |n=1,2,3,... }infer ¢ — £ > 0.

Let us briefly comment on the axioms and inference rules. The axioms A2-
A6 provide the required properties of probability, the axioms A7-A13 capture the
equality using the fact that Q is dense in R, while the axioms A14—-A30 provide
the properties required for computation. In the inference rules, R1 is modus ponens,
R2 resembles necessitation, while R3 enforces that non-Archimedean probabilites
are not permitted.

DEFINITION 3.1. A formula ® is deducible from a set T' of sentences (1" - @) if
there is an at most countable sequence of formulas ®g, P4, ..., P, such that every ®;
is an axiom or a formula from the set T, or it is derived from the preceding formulas
by an inference rule. A formula @ is a theorem (F @) if it is deducible from the
empty set. A set of sentences T is consistent if there is at least one formula from
Fore, and at least one formula from Forp that are not deducible from T'. Otherwise,
T is inconsistent. A consistent set T of sentences is said to be maximally consistent
if for every ¢ € For, either ¢ € T or ~¢ € T. A set T is deductively closed if for
every ® € For, if T+ ®, then ® € T

Observe that the length of the inference may be any successor ordinal lesser
than the first uncountable ordinal wj.
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4. Completeness

In this section we will prove that the proposed axiomatization is sound and
strongly complete with respect to the class of all measurable models.

Using a straightforward induction on the length of the inference, one can eas-
ily show that the above axiomatization is sound with respect to the class of all
measurable models.

THEOREM 4.1 (Deduction theorem). Suppose that T is an arbitrary set of
formulas and that ®,¥ € For. Then, TH® — U ¢ff TU{®} - .

PrROOF. If T F & — U, then clearly T U {®} - & — ¥, so, by modus ponens
(R1), TU{®} F ¥. Conversely, let T U {®} F ¥. As in the classical case, we
will use induction on the length of the inference to prove that T+ ® — W. The
proof differs from the classical one only in the cases when we apply the infinitary
inference rule R3.

Suppose that W is the formula ¢ — £ > 0and T+ ® — (¢ — £ > —n"!) for
all n. Since the formula (pg — (p1 — p2)) < ((po A p1) — p2) is a tautology, we
obtain T+ (PA@) — £ > —n~! foralln (Al). Now, by R3, T+ (®A¢) — £ > 0.
Hence, by the same tautology, T+ ® — V. O

The next technical lemma will be used in the construction of a maximally
consistent extension of a consistent set of formulas.

LEMMA 4.1. Suppose that T is a consistent set of formulas. If TU{¢ — £ > 0}
is inconsistent, then there exists a positive integer n such that TU{¢ — £ < —n~'}
18 consistent.

PROOF. The proof is based on the reductio ad absurdum argument. Thus,
let us suppose that T U {¢p — f < —n "'} is inconsistent for all n. Due to the
Deduction theorem, we can conclude that T - ¢ — £ > —n~!, for all n. By R3,
ThH¢—£f>0,soT is inconsistent; a contradiction. (|

DEFINITION 4.1. Suppose that T is a consistent set of formulas and that Forp =
{¢;11=0,1,2,3,...}. We define a completion 7™ of T" inductively as follows:
(1) To=TU{ae€Forg |TFa}U{P(a)=1|TF a,icT}.
(2) If T; U {¢;} is consistent, then T;41 = T; U {¢;}.
(3) If T; U {¢;} is inconsistent, then:
(a) If ¢; has the form ¢ — £ > 0, then T;,1 = T, U{¢p — £ < —n_1},
where n is a positive integer such that 7;;; is consistent. The exis-
tence of such an n is provided by Lemma [41]
(b) Otherwise, Tj+1 = T;.
(4) T* = Upew Tn-

Obviously, each T; is consistent. In the next theorem we will prove that 7™ is
deductively closed, consistent and maximal with respect to Forp.

THEOREM 4.2. Suppose that T is a consistent set of formulas and that T™ is
constructed as above. Then:
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) T* is deductively closed, id est, T* = ® implies & € T*.
) There is ¢ € Forp such that ¢ ¢ T*.

) There is o € Fore such that o ¢ T™*.

) For each ¢ € Forp, either ¢ € T*, or —¢ € T*.

(1
(2
(3
(4

PRrROOF. We will prove only the first clause, since the remaining clauses can be
proved in the same way as in the classical case. In order to do so, it is sufficient to
prove the following four claims:

(i): Each instance of any axiom is in T*.

(ii): T ® € T* and & — ¥ € T*, then ¥ € T*.

): If @« € T*, then Pi(a) =1 € T*, for all i € .

) If{p—f>-—n"'|n=1,23,...}isasubset of T*, then ¢ — £ >0 & T*.

(i): If ® € Fore, then ® € T. Otherwise, there exists a nonnegative integer i,
such that ® = ¢;. Since F ¢;, T; - ¢; as well, and so ¢; € T;41.

(ii): If ®,& — ¥ € Forc, then ¥ € Ty. Otherwise, let & = ¢;, ¥ = ¢,
and & — U = ¢;. Then, ¥ is a deductive consequence of each T;, where | >
max (i, k) + 1. Let =¥ = ¢,,,. If ¢, € Ti1, then =¥ is a deductive consequence
of each T, where n > m + 1. So, for every n > max(i,k,m)+ 1, T,, F WA =¥, a
contradiction. Thus, =¥ ¢ T™*. On the other hand, if also ¥ ¢ T*, we have that
T,U{¥}F L, and T,, U{-¥} I L, for n > max(j,m)+ 1, a contradiction with the
consistency of T;,. Thus, ¥ € T*.

(iii): If & € T*, then o € Ty, so Pi(a) =1 € T for all i € 7.

(iv): Suppose that {¢ — £ > -n"1|n=0,1,2,...} is a subset of T*. We
want to prove that ¢ — £ > 0 € T*. The proof uses the reductio ad absurdum

argument. So, let ¢ — £ > 0 = ¢; and let us suppose that T; U {¢;} is inconsistent.
By 3.(a) of Definition there is a positive integer n such that

T’i-i-l :TZU{(ZS—>f < —’I’L_l}

and T;41 is consistent. Then, for all sufficiently large k, Tp F ¢ — £ < —n~
and T, F ¢ - £ > —n~' soT, F ¢ — o for all ¥ € Forp. In particular,
T b éd — £ >20,i e Ty F ¢, for all sufficiently large k. But, ¢; ¢ T*, so ¢; is
inconsistent with all Ty, k > 4. It follows that each T}, is inconsistent for sufficiently
large k, a contradiction.

Thus, T; U {¢;} is consistent, so ¢ — £ >0 € T;41. O

(iii
(iv

1

For the given completion T*, we define a canonical model M* as follows:
e W is the set of all functions w : Forc — {0, 1} with the following properties:

— w is compatible with — and A.
— w(a) =1 for each a € T™.
e v:Forg xW — {0,1} is defined by v(a,w) =1 iff w(a) = 1.
e H={[a]]|a € Forc}.
e 1;: H—[0,1] is defined by u;([a]) =sup{s € [0,1]NQ | T* - Pi(«a) > s},
for all i € Z.

LEMMA 4.2. M* is a measurable model.
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PROOF. We need to prove that H is an algebra of sets and that each pu; is a
finitely additive probability measure. It is easy to see that H is an algebra of sets,
since [a] N[B] = [@a A B], [0]U[B] = [V f] and H \ [a] = [-a]. Concerning pu;,
the nonnegativity (u;([e]) > 0) is the consequence of A2 and the definition of p;,
while p;(W) = 1 follows from A3, since W = [T]. We will give the proof of finite
additivity.

Let p;([a]) = a, p;i([B]) = b and p;([a A B]) = ¢. We claim that

pi(lavp)=a+b—ec

Since Q is dense in R, we may choose an increasing sequence g < a¢; < @y < -+ -
and a decreasing sequence Gy > @ > @z > --- in Q such that limg, = lima, = a.
Using the definition of y; and Theorem [£.2(4), we obtain that T* + P;(a) > a
and that T* + P;(¢) < a,, for all n.

We may also choose increasing sequences (b, )ne, and (¢, )new, and decreasing
sequences (by)new and (¢,)ne, in Q, such that limb, = limb, = b and limg,, =
limé, =c. So, T* - Pi(B) = b,AP;(3) < by, and T* = Pi(aAB) = ¢, APi(aAB) < Cp.

Using the arithmetical axioms, we have

n

T* l_Pz(a)+PZ(ﬁ) _P’L(a/\ﬁ) >Qn+bn_6n’
T* - Py(a) + Pi(B8) — Pi(aAB) <@+ by —c,

for all n. Using A6 and A30, we obtain that T* + P;j(aV ) > a,, + b, — ¢, and
that T* + P;(a V 3) < @y + b, — ¢, for all n.
Finally, from

wi(lavg) =sup{reQ|T*F P(aVvp) >r}

and lima,, + b, — ¢, = lima, + b, — ¢, = a + b — ¢, we obtain that u;([aV 3]) =
a+b—c O

THEOREM 4.3 (Strong completeness theorem). Every consistent set of formulas
has a measurable model.

PROOF. Let T be a consistent set of formulas. We can extend it to a maximally
consistent set 7%, and define a canonical model M*, as above. By induction on the
complexity of the formulas, we can prove that M* F & iff & € T™.

To begin the induction, let ® = a € Forg. If a € T*, i.e., T* F «, then, by
definition of M*, M* E «. Conversely, if M* E «, by the completeness of classical
propositional logic, T* F o, and o € T™*.

Let us suppose that £ > 0 € T*. Then, using the axioms A16-A19, A22-A25
and A30, we can prove that

T - f :§+Z&0Pnl(a“ﬁl) and T* I—g-l—zﬁcpm(a“ﬁz) 297

i=1 i=1

for some s,s; € Q and some «;,3; € Forg,n; € Z. Moreover, according to the
axioms A7, A16, A20 and A30, we may assume that T* F P, (3;) > 0.
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(For example, let T* - £ > 0, where £ = 4CPi (a1, £1) +3(5+2C Py (g, B2)) +
1+ CPy(aq, f2). Using the axioms A16, A17, A18,A19, A22, A23 and A24, we can
prove that

T"F £ =16+ 4CPi (o, 1) + 1CPy (02, B2),
(4.1) T* b 16 + 4C Py (ay, 1) + 7CPs(aa, B2) = 0.

Moreover, if T* + P;(31) = 0, then, by A7, T* + CP(a1,01) = 0. Using A30,
we obtain that T* F 4CP;(«y,01) =4 -0. Since - 0 =4-0 (A16), it follows from
A30 that T* + 4C Py (a1, 1) = 0 Finally, by , A20 and A30, we obtain that
T* I 16 + TCPy(az, ) > 0, and, similarly, that 7* - £ = 16 + 7C Py (0, 52).)

Let a; = pin, ([oii A Bi]) and b; = pn, ([Bi]). We need to prove that

=1

Note that T* F CP;(a,3) > r implies u;([a; A Bi])pi([8i]) ™ = r. Indeed,
if pi(fes A Bi)pi([Bi]) ™2 < r, there exist a,b € Q such that a > u;([ay A Bi]),
b < pi([8:]) and pui([ai A Bi)pa([8i]) " < § < r. Consequently, T* - Pi(a A f) < a
and T* + P;(8) > b, hence, by A12, T*  CP;(a, 8) < a-b~!; a contradiction.
Similarly, we can show that T* + CP;(«, ) < r implies u;([ay A Bi])pi ([8i]) 7L < r.
As a consequence, we have that p;([oy]|[0:]) =sup{r € Q| T* F CP,,(«, B) > r}.

So, we may choose increasing sequences (c;?,g)kew and decreasing sequences

(Cg‘}f)kew in Q, such that lim ¢s = lim c?f,f = a;b; !, for i € {1,...,m}. Hence,
T* = CPy,(a,3) = ¢ ANCOPy (o, B) < ¢f¢, for i € {1,...,m} and k € w.

Without the loss of generality, suppose that T* s 20, for 1 <i <[, and
T*Fs; <0, for | <i < m. Then, by the arithmetical axioms,

l m
T bs+Y s+ D> s <s+)_ s COPy (i, By),
=1

i=l+1 7

l m m
T'hs+) si-cif+ D siocik 25+ ) s CPa(ai, By)
i=1 i=l+1 i=1
for all k. Consequently,

s—&-zsi.ai.b;l :sup{r €eQ| T I—g—i—Zﬁ.CPni(ai,ﬁi) 27"}.
i=1 i=1

Now, (4.2)) follows from T* s+ 3" | s, - CP,, (s, 3;) > 0.

For the other direction, let M* E £ > 0. If £ > 0 ¢ T*, from the construction
of T*, there is a positive integer n such that f < —n~! € T*. Reasoning as above,
we have that £ < 0, which is a contradiction. So, f >0 € T*.

Let ® = —¢ € Forp. Then M* E —¢ ifft M* F ¢ iff ¢ ¢ T iff (by Theorem
¢ eT™.

Finally, let ® = ¢ Ay € Forp. M* E oA if M* E ¢ and M* E o iff ¢, p € T*
iff (by Theorem oNY eT™. O
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5. Decidability
THEOREM 5.1. Satisfiability of probabilistic formulas is decidable.

PrOOF. Up to equivalence, each probabilistic formula is a finite disjunction of
finite conjunctions of literals, where a literal is either a basic probabilistic formula,
or a negation of a basic probabilistic formula. Thus, it is sufficient to show the
decidability of the satisfiability problem for the formulas of the form

(5.1) Nfi=0n Agi <o
i i

Suppose that pi,...,p, are all of the propositional letters appearing in . Let
Ay, ..., Aon be all of the formulas of the form +p; A --- A £p,,, where +p = p and
—p = —p. Clearly, A; are pairwise disjoint and form a partition of T. Furthermore,
for each « appearing in there is a unique set I, C {1,...,2"} such that
a <\, 1. Ai is a tautology. Now we can equivalently rewrite (5.1)) as

ASaccr (Y a V 4)se

/CEIa“./ lEIg“,
AN 0P, (VA Vo) <,
i k€la, t€lp;

Let the set {i1,...,im} C Z be the set of all of the different conditional proba-
bility indices used in (5.1)), and let o (z(1,4,), -+ T(2ni1)s > T(Lim)s -+ -2 T(27,im))>

5j (x(l’il), cey L@ i) T (L) e ,x(gn’im)) be the formulas
-1
Sac (5 wwn) (3 ) 2
if k€la,, N, 1€l
-1
Zsjj' : ( Z f(k,nj/)) : < Z f”(l,nj/)) <7y
I kel N5, lels,
Furthermore, let X (2 (1,5, -+ T(27,i1) -+ > T(1,im)s - - - » T(27,i,n)) De the formula
Azt renn) =1 A New,) 20
he{l,...,m} k,h

Then, it is easy to see that (|5.1) is satisfiable iff the sentence
(52) 317(171'1) ce 356(271,)1»1) ‘e 31‘(171‘7”) ce Elz(Qnﬂ-m) </\ O'Z(f) A /\ 5]' (i‘) A X(j))
i J

is satisfied in the ordered field of reals. Formally, the first order language of fields
does not contain “~1" and “—". However, both of intended functions are definable.
For instance, “~!" can be defined by the formula ¢(z,y):

(@=0—y=1)A#0—ay=1),
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since the first order sentence Va 31y o(x, y) is satisfied in every field. In particular,
the formula (..., 271, ...) holds if and only if the formula ¥(...,y,...) A o(z,y)
holds. So, may be seen as a first order formula of the language of ordered
fields Lor — definitions by extensions, see [8].

By a well known result [9], satisfiability of sentences of Lo in the ordered field
of reals is decidable. O

Let us suppose that there is only one conditional probability operator, i.e., there
is only one agent. It should be noted that this logic can be embedded into the logic
described in [3], which has a PSPACE containment for the decision procedure.
Also, the rewriting of formulas from our logic into that logic can be accomplished
in linear time:

w(a A pB)

CP(a, p) is equivalent to ————,
(a, B) is eq )

which is representable in [3]. Moreover, the generalization of the logic from [3] to
a multi-agent case is straightforward.
Thus, we conclude that our logic is also decidable in PSPACE.

6. Representing evidence

In [4], Halpern and Pucella presented a first-order logic for reasoning about
evidence. It includes propositional formulas on hypotheses H, observations O,
probabilities P; and P, of formulas before and after the observation, the evidence
E(o,h) provided by the observation o for the hypothesis h, and quantification
by real-valued variables. They posed an open question whether it is possible to
axiomatize their logic without resorting to quantification. Intuitively, the evidence
function e represents the “weight" that an observation leads to the fulfillment of a
hypothesis. In [4], it was shown that the evidence can be seen as a function which
maps prior probability P; to posterior probability P,, using Dempster’s Rule of
Combination. For more details, we refer reader to [4].

In this section we will show how evidence can be represented in the developed
logic. We will introduce the following modifications:

(1) there is a finite number of propositional letters divided into two categories:
Var = HU O, where H = {hy,...,h;} are used to denote hypotheses,
O = {o1,...,0,} are used to denote observations, and H N O = {J;

(2) there are only two conditional probability operators — C' P, and C P, which
will be interpreted as prior and posterior conditional probabilities, respec-
tively;

(3) there is an additional syntactic object — E(o, h), where o € O, h € H;

(4) the definition of Term(0) is adjusted accordingly to: Term(0) = {s | s €
QYU{CP(c,08) | a,B € Fore, i € T} U{E(0o,h) | o€ O, h € H};

(5) The definition of a model is extended to: (W, H,{u;|i € Z},v,e), where
e : ({[o]lo € O} x [{[h]|h € H}]) — [0, 1] by the formula

(o AR - ([R)
D = S atlo A i) - ()

foroe O, h € H;
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(6) The definition of satisfiability is extended to include:
E(o,h)M = (CPi(0,h)M) - (3}, CPi(0, hi)M)~1 for 0 € O, h € H;
(7) there are nine additional axioms:
A3L (VL hi) A (A, (hi = =hg),
T 0 A

A32. (\/:1 ) (/\7;75]' (O’i - _‘Oj))

A33. /\?zl(C’Pl(ol,hl) +CP1(OZ, m) > 0)7

A34. (C’Pl(oz,h ) >rA C’Pl(oz,hl) s 4 CP1(0i7hm) < S) — E(Oi,hj) > g,
A35. (CP1(OZ,hJ) >1”/\CP1(07,,h1) —|—CP1(01,hm) <S)%E(Oi,hj) > g,
A36. (CPi(oi,hj) >r ANCPi(0i,h1) + -+ CP1(0i, him) < 5) — E(0i, hy) > %,
A37. (CPl(OZ,hJ) <rA CPl(OL,hl) —+ -4 CP1(0i7hm) > 8) — E(Oi,hj) < g,
A38. (CPl(OZ, ) <1”/\CP1(07,,h1)+ —|—CP1(OI,hm) >S)HE(Oi,hj) < g,
A39. (CP1(OZ, ) <rA CPl(Ol,hl) =4 CPl(Oi,hm) > 8) — E(Oi,hj) < g,

(8) there is one additional inference rule:
% ie{l,....,n}, je{l,...,m}.

Py(hj) = CPi(hjloi)’

It can be shown, very similarly to the already laid-out proofs, that the logic with
these modifications in place is also strongly complete and decidable in PSPACE.

In this way, we have solved the problem of propositional axiomatization of
reasoning about evidence, which was presented in [4].

R4:

7. Conclusion

In this paper, we introduced a sound and strongly-complete axiomatic system
for the probabilistic logic with conditional probability operators C'P;, i € Z, which
allows for linear combinations and comparative statements. As it was noticed in
[10], it is not possible to give a finitary strongly complete axiomatization for such
a system. In our case the strong completeness was made possible by adding an
infinitary rule of inference.

The obtained formalism is quite expressive and allows for the representation
of uncertain knowledge, where uncertainty is modelled by probability formulas, as
well as for the representation of evidence. For instance, a conditional statement of
the form “the sum of probabilities of « given 3 and «y given 4 is at least 0.95, viewed
by agent i" can be written as CP;(«, ) + CPi(,d) > 0.95. A similar approach can
be applied to de Finetti style conditional probabilities. Future research will also
consider a possibility of dealing with probabilistic first-order formulas.
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