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ABSTRACT. We characterize sequence-covering (resp., 1l-sequence-covering,
2-sequence-covering) mssc-images of locally separable metric spaces by means
of o-locally finite cs-networks (resp., sn-networks, so-networks) consisting of
Np-spaces (resp., sn-second countable spaces, so-second countable spaces). As
the applications, we get characterizations of certain sequence-covering, quo-
tient mssc-images of locally separable metric spaces.

1. Introduction

A study of some images of metric spaces under certain mappings is an important
task on general topology. In [12], Li characterized sequence-covering (pseudo-
sequence-covering) mssc-images of metric spaces by means of N-spaces as follows.

THEOREM 1.1. [12] Theorem 4] The following are equivalent for a space X .
(1) X is an R-space.
(2) X is a sequence-covering mssc-image of a metric space.
(3) X is a pseudo-sequence-covering mssc-image of a metric space.

In [18], Lin and Yan characterized compact-covering, quotient 7- and mssc-
images of metric spaces by means of g-metrizable spaces, and this result has been
proved by a quick and systematic proof in [25].

THEOREM 1.2. [18], Corollary 18] The following are equivalent for a space X.

(1) X is a g-metrizable space.

(2) X is a compact-covering, quotient compact and mssc-image of a metric
space.

(3) X is a compact-covering, quotient w- and mssc-image of a metric space.

(4) X is a compact-covering, quotient w- and o-image of a metric space.
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Related to the characterizations of images of metric spaces, many topologists
were engaged in characterizing images of locally separable metric spaces, and some
noteworthy results have been shown. In [16], Lin, Liu, and Dai characterized
quotient s-images of locally separable metric spaces. After that, Lin and Yan char-
acterized sequence-covering s-images of locally separable metric spaces [17]; Tkeda,
Liu and Tanaka characterized quotient compact images of locally separable metric
spaces [11]; Ge characterized pseudo-sequence-covering compact images of locally
separable metric spaces [8]; An and Dung characterized quotient 7-images of locally
separable metric spaces [1]. In general, it is difficult to obtain nice characterizations
of images of locally separable metric spaces (under covering-mappings) instead of
metric domains.

Take the above into account, note that N-spaces and g-metrizable spaces are
spaces having certain o-locally finite networks, the following question arises natu-
rally.

QUESTION. How are sequence-covering (1-sequence-covering, 2-sequence-cover-
ing) mssc-images of locally separable metric spaces characterized by means of o-
locally finite networks?

In this paper, we characterize sequence-covering (resp., 1-sequence-covering,
2-sequence-covering) mssc-images of locally separable metric spaces by means of o-
locally finite cs-networks (resp., sn-networks, so-networks) consisting of Rg-spaces
(resp., sn-second countable spaces, so-second countable spaces). As the applica-
tions, we get characterizations of certain sequence-covering, quotient mssc-images
of locally separable metric spaces. These results make the study of images of locally
separable metric spaces more completely.

Throughout this paper, all spaces are regular and 77, all mappings are con-
tinuous and onto, a convergent sequence includes its limit point, and N denotes
the set of all natural numbers. Let f : X — Y be a mapping, and P be a family
of subsets of X, we denote JP = J{P : P e P}, NP =(|{P: P € P}, and
f(P)={f(P): P € P}. We say that a convergent sequence {z, : n € N} U {z}
converging to z is eventually in A if {x,, : n = no} U{z} C A for some ny € N, and
it is frequently in A if {z,, : k € N} U{z} C A for some subsequence {z,, : k € N}
of {z,, : m € N}.

DEFINITION 1.1. Let P be a family of subsets of a space X.

(1) P is a network for X [19] if, P = U{P, : « € X}, where x € (\P,, and if
x € U with U open in X, then there exists P € P, such that x € P C U for every
x € X. Here, P, is a network at x in X.

(2) P is a cs-network for X [10] if, for each convergent sequence S converging
to x € U with U open in X, S is eventually in P C U for some P € P.

(3) P is a cs*-network for X [7] if, for each convergent sequence S converging
to z € U with U open in X, S is frequently in P C U for some P € P.

(4) P is a ¢fp-network for X [26] if, for each compact subset H C U with U open

in X, there exists a finite subfamily F of P such that H ¢ J{Cr : F € F} C U,
where C'r is closed and Cg C F for every F € F.
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DEFINITION 1.2. [6] Let X be a space and P be a subset of X.
(1) P is a sequential neighborhood of x in X, if whenever S is a convergent
sequence converging to x, then S is eventually in P.

(2) P is a sequentially open subset of X, if P is a sequential neighborhood of
z in X for every z € P.

DEFINITION 1.3. Let P = [J{P, : © € X} be a family of subsets of a space X
satisfying that, for each z € X, P, is a network at x in X, and if U,V € P, then
W cUNYV for some W € P,.

(1) P is a weak base for X [23], if G C X such that for each = € G, there exists
P € P, satisfying P C G, then G is open in X. Here, P, is a weak base at x in X.

(2) P is an sn-network for X [15], if each member of P, is a sequential neigh-
borhood of x in X. Here, P, is an sn-network at x in X.

(3) P is an so-network for X [15], if each member of P, is sequentially open
in X. Here, P, is an so-network at x in X.

DEFINITION 1.4. Let X be a space.

(1) X is a cosmic space [20] (resp., No-space [20], sn-second countable space
[9], so-second countable space, second countable space [5], R-space [21], g-metrizable
space [23]), if X has a countable network (resp., countable cs-network, countable
sn-network, countable so-network, countable base, o-locally finite cs-network, o-
locally finite weak base).

(2) X is a sequential space [6], if each sequentially open subset of X is open.

REMARK 1.1. [I7] (1) For a space, weak base = sn-network = cs-network.
(2) An sn-network for a sequential space is a weak base.

DEFINITION 1.5. Let f: X — Y be a mapping.

(1) f is an mssc-mapping [14], if X is a subspace of the product space [[,, .y Xn
of a family {X,, : n € N} of metric spaces, and for each y € Y, there exists a se-
quence {V, , : n € N} of open neighborhoods of y in Y such that each p,, (f~*(V,,.»))
is a compact subset of X,,, where p,, : [[;cy Xi — X, is the projection.

(2) f is an 1-sequence-covering mapping [15] if, for each y € Y, there exists
z, € f~!(y) such that whenever {y, : n € N} is a sequence converging to y in Y’
there exists a sequence {x,, : n € N} converging to z,, in X with each z,, € f~(yy).

(3) f is a 2-sequence-covering mapping [15] if, for eachy € Y, z, € f~(y), and
sequence {y, : n € N} converging to y in Y, there exists a sequence {z, : n € N}
converging to x, in X with each z,, € f~!(y,).

(4) f is a sequence-covering mapping [22] if, for each convergent sequence S
of Y, there exists a convergent sequence L of X such that f(L) = S. Note that a
sequence-covering mapping is a strong sequence-covering mapping in the sense of
[12].

(5) f is a pseudo-sequence-covering mapping [11] if, for each convergent se-
quence S of Y, there exists a compact subset K of X such that f(K)=S.
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(6) f is a sequentially-quotient mapping [3] if, for each convergent sequence S
of Y, there exists a convergent sequence L of X so that f(L) is a subsequence of S.

(7) f is a compact-covering mapping [20] if, for each compact subset K of Y,
there exists a compact subset L of X such that f(L) = K.

(8) f is a m-mapping [2], if for each y € Y and for each neighborhood U of y
inY, d(f~'(y), X—f~1(U)) > 0, where X is a metric space with a metric d.

(9) f is a o-mapping [18], if there exists a base B of X such that f(B) is a
o-locally finite family in Y.

DEFINITION 1.6. [4] A space X is sequentially separable, if X has a countable
subset D such that for each x € X, there exists a sequence {x,, : n € N} in D
converging to z. Here, the subset D is a sequentially dense subset of X.

For undefined terms, refer to [5] and [24].

2. Results

First, we characterize sequence-covering mssc-images of locally separable metric
spaces by means of o-locally finite cs-networks.

THEOREM 2.1. The following are equivalent for a space X.

(1) X is a sequence-covering mssc-image of a locally separable metric space.
(2) X has a o-locally finite cs-network consisting of cosmic spaces.
(3) X has a o-locally finite cs-network consisting of No-spaces.

PROOF. é. Let f: M — X be a sequence-covering mssc-mapping from
a locally separable metric space M onto X, and {X,, : n € N} be the family of
metric spaces satisfying that M is a subspace of [,y Xn, and for each z € X,
there exists a sequence {V,,, : n € N} of open neighborhoods of z in X such that
each p,(f~*(V;n)) is a compact subset of X,,, where p,, : [[;cy Xi — X is the
projection. Since M is locally separable metric, M = @, ., My, where each M) is
a separable metric space by [5] 4.4.F]. Since each X, is a metric space, X,, has a
o-locally finite base C,, = |J{Cp; : i € N}, where each C,,; is locally finite. Assume,
if necessary, that C,, ; C Cy ;41 for every i € N. For each n € N, set

B, = {Mﬂ (i '(Ci):

i<n
C; € U Cij, i<n, MN ﬂ pfl(Ci) C M) for some \ € A}7
j<n i<n

set P, = f(By), and set B = J{B, : n € N}, P = [J{P, : n € N}. Then Bis a
base for M consisting of separable subsets. Assume, if necessary, that B is closed
under finite intersections. We shall show that P is a o-locally finite cs-network for
X consisting of cosmic spaces by the following facts (a), (b), and (c).

(a) P is a es-network for X.

Let S be a convergent sequence being eventually in U with U open in X.
Since f is sequence-covering, there exists a convergent sequence L in M such that
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f(L) = 8. Since L is eventually in B C f~1(U) for some B € B, S is eventually in
f(B) C U. It implies that S is eventually in P C U with P = f(B) € P. Therefore,
P is a cs-network for X.

(b) P is o-locally finite.

Foreachx € X andn € N, set V, = ﬂign Vi, then V,; is an open neighborhood
of x in X. For each ¢ € N, since p;(f~1(V,,;)) is a compact subset of X; and C; ; is
locally finite, p;(f~*(Vy,;)) meets only finitely many members of C; ; for every j € N.
Then f~'(V, ;) meets only finitely many members of {p; *(C;) : C; € Uj<n Cij}
Therefore, f~1(V,) meets only finitely many members of {ﬂignpi_l(Ci) : C; €
Ujgn Cij, i < n} It implies that f~!(V,) meets only finitely many members of
B,,. Hence V,, meets only finitely many members of f(B,), i.e., P, is locally finite.
It follows that P is o-locally finite.

(c) Each P € P is a cosmic space.

Set P = f(B) for some B € B. Since B is separable, P is cosmic.

=(@). Let P = U{Pn : n € N} be a o-locally finite cs-network for X
consisting of cosmic spaces. Every locally finite family in a Lindel6f space is count-
able. Hence for each P € P, {P NP’ : P’ € P} is countable, and obviously it is a
cs-network for P.

=({). Let P = U{P, : n € N} be a o-locally finite cs-network for X
consisting of Rg-spaces, where each P, = {P,,, : o, € A} is a locally finite family.
For each n € N, since each P,, is an Ng-space, P, has a countable cs-network
Pa,, = {Pa,, 11> n}. For each i > n, set

Qan,i = {Pan}U{Pan’j n <] < Z} = {Qﬁ : /6 S Ban,i}7

where B, ; is finite, and set
Q; = {X} U (U{Qaj.i Py € Ajvj < Z}) = {Qﬁ IERS Bi}’

where B; = {80} U (U{Ba,, : aj € Aj,j < i}) with Qg, = X. Since each P;
is locally finite and each Q,;, is finite, Q; is locally finite. Endow B; with the
discrete topology, then B; is a metric space. Set

M = {b =(p;) € H B; : there exists n € N and «a,, € A,, such that
ieN Qp, = X ifi<n, Qp, € Qa,, ifi >n, and

{Qp, :i > n} forms a network at a point xp, in P, }

Then M, which is a subspace of the product space [[,.y Bi, is a metric space.
Since X is T and regular, x; is unique for every b € M. We define f : M — X by
f(b) = xp for every b e M.

(a) f is onto.

For each z € X, there exists n € N and «a,, € A4,, such that x € P, . Since
P,, is a countable cs-network for P, , (Pa,)s = {Qp € Pa, : © € Qp} is a
countable network at z in P, . We may assume that (Pa, )z = {FPs; : j € N},
where Py j € Qq,, ,,, With some i(j) € N satisfying i(j) <i(j +1). For each i € N,
take Qg, as follows.
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(i)i<n: Qs =X,

(i) i = n: Qp, = Py if i =i(j) for some j € N, and otherwise, Qg, = Pa,,.

Then {Qgs, : i > n} —{Pa,} = (Pa,,)s — {Pa, }- Therefore, {Qg, : i > n} forms
a network at x in P, . It implies that b = (3;) € M satisfying = f(b), i.e., f is
onto.

(b) f is continuous.

For each b = (8;) € M and z = f(b) € U with U open in X. Then z = f(b) €
Qp, C U for some k € N. Set Up = {c = (v;) € M : v = B}. Then U, is open in
M, and b € U,. For each ¢ € Uy, we find f(c) € Q4, = Qp, C U. It implies that
f(Uy) C U, ie., f is continuous.

(c¢) M is locally separable.

Let b = (8;) € M. Then there exists n € N and «,, € A,, such that Qs, = X
ifi <mn, Qs € Qa,, if i > n, and {Qg, : i > n} forms a network at a point
xp in P,, . Set M, = {¢c = (v) € M : v, = Bn}. Then M, is open in M, and
b € My. For each ¢ = (y;) € My, there exists m € N and «,, € A,, such that
Qy, = X ifi<m, Q, € Qa,,, ifi > m, and {Q,, : i > m} forms a network
at a point z. in P,, . It follows from Q,, = Qg, that P, NP, # 0. Since
P,, is an Vg-space and P,, is locally finite, Cy, = {atm € Ap : Po,, N P,, # 0}
is countable for every m € N. Then E; = {B} U (U{Ba,, : a; € Cj,j < i}) is
countable. It implies that {81} X - -+ x {B,—1} X [[;5,, Ei is hereditarily separable.
Since My, C {81} x -+ x{Bn-1} X Hi>n E;, M, is separable. Therefore, M is locally
separable.

(d) f is an mssc-mapping.

For each z € X and each ¢ € N, since P; is locally finite, there exists an open
neighborhood V; ; of x in X such that D; = {a; € A; : Py, N V,,; # 0} is finite.
Then F; = {80} U (U{Ba,. : &; € Dj,j < i}) is finite. Since p;(f~*(Va,;)) C Fi,
pi(f~1(Vz4)) is compact. It implies that f is an mssc-mapping.

(e) f is sequence-covering.

For each convergent sequence S in X, since P is a o-locally finite cs-network
for X, there exists n € N and «,, € A,, such that S is eventually in P, € P,.
Then L,, = SN P,, is a convergent sequence in P, . For each ¢ > n, we find that
U{Qa,., : @ = n} is a o-locally finite cs-network for P, satisfying P,, € Qa,, C
Qa, i1+ It follows from the proof (3)=(2) of [13 Theorem 5.1] that there exists a
convergent sequence H, in M, such that f,, (H,,) = La,, where

M,, = {c = (Vi)izn € H B, , : {Q, : i = n} forms a network

izn

at a point z. in P, },

and fo, @ M,, — P,, defined by f,, (c¢) = z. for every ¢ € M, . For each
¢ = (Yi)izn € Ha,, set b = (Bi)ien, where Qp, = X if i < n and 8; = ; if
i >n,and set H = {b. : ¢ € H,,}. Then H is a convergent sequence in M and
f(H) =L, . Since S is eventually in P, , S— P, is finite. Then S— P, = f(F)
with some finite subset F' of M. Set L = H U F, then L is a convergent sequence
in M satisfying f(L) = S. It implies that f is sequence-covering. d
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REMARK 2.1. The argument for cs-networks in the proof :> of Theo-
rem can not apply to cs*-networks or cfp-networks.

COROLLARY 2.1. The following are equivalent for a space X.

(1) X is a sequence-covering, quotient mssc-image of a locally separable met-
ric space.

(2) X is a sequential space having a o-locally finite cs-network consisting of
cosmic spaces.

(3) X is a sequential space having a o-locally finite cs-network consisting of
Ng-spaces.

PRrROOF. = . Since X is a quotient image of a locally separable metric
space, X is a sequential space by [6] Proposition 1.2]. Then X is a sequential space
having a o-locally finite cs-network consisting of cosmic spaces by Theorem [2.1

= . As in the proof :> of Theorem

:>. It follows from Theorem that X is a sequence-covering mssc-
image of a locally separable metric space under some mapping f. Since f is a
sequence-covering mapping onto a sequential space, f is a quotient mapping by
[17, Lemma 3.5]. It implies that X is a sequence-covering, quotient mssc-image of
a locally separable metric space. O

Next, we characterize 1-sequence-covering mssc-images of locally separable met-
ric spaces by means of o-locally finite sn-networks.

THEOREM 2.2. The following are equivalent for a space X .

(1) X is an 1-sequence-covering mssc-image of a locally separable metric
space.

(2) X has a o-locally finite sn-network consisting of cosmic spaces.

(3) X has a o-locally finite sn-network consisting of sn-second countable
spaces.

Proor. (1) = . Let f: M — X be an 1-sequence-covering mssc-mapping
from a locally separable metric space M onto X. For each = € X, let a, € f~(x)
satisfying that whenever {z, : n € N} is a sequence converging to  in X there
exists a sequence {a, : n € N} converging to a, in M with each a,, € f~!(z,). By
using notations in the proof = of Theorem again, let 9, = {P € P :
P = f(B) with a, € B € B}, and let Q = J{Q, : « € X}. We shall prove that Q
is a o-locally finite sn-network for X consisting of cosmic spaces by the following
facts (a), (b), (c) for every z € X, and (d), (e).

(a) Q, is a network at z in X.

It is clear that € (1 Q,. Let € U with U open in X, then a, € f~1(U).
Since B is a base for M, a, € B C f~*(U) for some B € B. Set Q = f(B), then
Qe Q,and x € Q@ C U. It implies that Q,, is a network at z in X.

(b) If Q1,Q2 € Q,, then Q C Q1 N Q2 for some Q € Q.

Set Q1 = f(B1),Q2 = f(Bs), where By, By € B with a, € By and a, € Bs.
Since B is a base for M, a, € B C B; N By for some B € B. Set Q = f(B), then
QE Qz andQCQlﬂQQ-
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(c) Each Q € Q, is a sequential neighborhood of x.

Set @ = f(B) with a, € B € B. For each convergent sequence S converging to
x, there exists a convergent sequence L converging to a, in M such that f(L) = S.
Since L is eventually in B, S is eventually in Q). It implies that @ is a sequential
neighborhood of z.

(d) Q is o-locally finite.

Since @ C P and P is o-locally finite, Q is o-locally finite.

(e) Each @ € Q is a cosmic space.

Set @ = f(B) for some B € B. Since B is separable, @ is cosmic.

= (@). As in the proof(2) = of Theorem

(B) = (1). Let P = U{P, : n € N} be a o-locally finite sn-network for X
consisting of Ny-spaces. By using notations and arguments in the proof =
of Theorem [2.1] again, since each sn-network is also a cs-network, it suffices to prove
that the mapping f is 1-sequence-covering.

For each x € X, since P is a o-locally finite sn-network for X, there exists n € N
and «a, € A, such that P, is a sequential neighborhood of x. Then (J{Q,, , :
i > n} is a o-locally finite sn-network for P, . It implies that f, is l-sequence-
covering by [L3] Theorem 2.1]. Hence, there exists ¢, = (Vp,i)izn € fojnl(x) such
that whenever {z,, : m € N} is a sequence converging to z in P, there exists a
sequence {¢,, : m € N} converging to ¢, in M,, with each ¢,, € f3 (). Set
by = (Bs,i), where Qg, , = X if i <n and B,; = 74, if i > n, then b, € f~*(z).
Let {ym : m € N} be a sequence in X converging to x. Since P, is a sequential
neighborhood of x, there exists mg € N such that {y, : m > mo} C P,, is a
sequence converging to x in P, . Then there exists a sequence {c,, : m > mg}
in M,, converging to ¢, and ¢, € f;ﬂl (ym) for each m > my. For each ¢, =
(Ym,i)izn, set by = (Bm,i), where Qp, , = X if i < n and B = Ym, if i = n.
Then b,, € M and f(b,,) = ym for each m > my. For each m < my, take some
b € f~Y(ym). Then {b,, : m € N} is a sequence in M converging to b, and
by € f~ (ym) for each m € N. It implies that f is 1-sequence-covering. O

COROLLARY 2.2. The following are equivalent for a space X.

(1) X is an l-sequence-covering, quotient mssc-image of a locally separable
metric space.

(2) X has a o-locally finite weak base consisting of cosmic spaces.

(3) X has a o-locally finite weak base consisting of sn-second countable spaces.

PROOF. = . Since X is a quotient image of a locally separable metric
space, X is a sequential space by [6l Proposition 1.2]. Then X is a sequential space
having a o-locally finite sn-network P consisting of cosmic spaces by Theorem [2.2]
It follows from Remark that P is a weak base for X. Therefore, X has a
o-locally finite weak base consisting of cosmic spaces.

= . Since X has a o-locally weak base, X is a sequential space. It
follows from Theorem [2.2] that X is a sequential space having a o-locally finite
sn-network P consisting of sn-second countable spaces. By Remark [} P is a
weak base for X. It implies that X has a o-locally finite weak base consisting of
sn-second countable spaces.
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13) = . It follows from Theoremthat X is an 1-sequence-covering mssc-
image of a locally separable metric space under some mapping f. Since X has
a o-locally finite weak base, X is a sequential space. Then f is an 1-sequence-
covering mapping onto a sequential space, and so f is a quotient mapping by [17,
Lemma 3.5]. It implies that X is an 1-sequence-covering, quotient mssc-image of a
locally separable metric space. U

REMARK 2.2. We can replace “cosmic spaces” in Theorem[2.2]and Corollary [2.2]
b “N _ ”
v “Vo-spaces”.

In the following, we characterize 2-sequence-covering mssc-images of locally
separable metric spaces by means of o-locally finite so-networks.

THEOREM 2.3. The following are equivalent for a space X.

(1) X is a 2-sequence-covering mssc-image of a locally separable metric space.
(2) X has a o-locally finite so-network consisting of cosmic spaces.
(3) X has a o-locally finite so-network consisting of so-second countable spaces.

PRrROOF. = . Let f: M — X be a 2-sequence-covering mssc-mapping
from a locally separable metric space M onto X. For each z € X, by using notations
in the proof () = of Theorem [2.1] again, let B, = {B € B: f~}(z) N B # 0},
and let R, be the family of all finite intersections of members of f(B,). We shall
prove that R = |J{R, : z € X} is a o-locally finite so-network for X consisting of
cosmic spaces by the following facts (a), (b), (c) for every z € X and (d), (e).

(a) R, is a network at = in X.

This is obvious because B, is a base for f=1(z).

(b) If Ry, Ry € R, then R C Ry N Ry for some R € R,.

This is obvious by choosing R = R; N Rs.

(c) Each R € R, is sequentially open.

Let B € B, y € f(B), and S be a convergent sequence converging to y. Since
y € f(B), f~/Y(y)Nn B # 0. Take some a, € f~'(y) N B. Then there exists
a convergent sequence L converging to a, in M such that f(L) = S. Since L
is eventually in B, S is eventually in f(B). It implies that f(B) is sequentially
open, i.e., every member of f(B,) is sequentially open. Because R is some finite
intersection of members of f(B,), we find that R is sequentially open.

(d) R is o-locally finite.

Since U{f(B,) : ® € X} C P and P is o-locally finite, J{f(B,) : * € X} is
o-locally finite. It implies that R is o-locally finite.

(e) Each R € R is a cosmic space.

For each B € B,, since B is separable, f(B) is cosmic, i.e., every member of
f(B,) is cosmic. It implies that R is cosmic.

= . As in the proof =(3)) of Theorem

(3) = (1). Let P = U{P» : n € N} be a o-locally finite so-network for X
consisting of Np-spaces. By using notations and arguments in the proof =
of Theorem [2.T] again, since each so-network is also a cs-network, it suffices to prove
that the mapping f is 2-sequence-covering.
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For each z € X and each b, € f~'(z), let b, = (B,;). Then there exists
some n € N and a,, € A, such that Qg,, = X if i <n, Qp,, € Qa,, if i > n,
and {Qgp,, : ¢ > n} forms a network at x in P,,. Set ¢; = (8s,i)i>n, then
¢z € fil(x). Since {Qq,, : i > n} is a o-locally finite so-network for Py, fa,
is a 2-sequence-covering by [13 Theorem 3.1]. Let {x,, : m € N} be a sequence
converging to x in X. Since P, is sequentially open, there exists mg € N such that
{Zm : m > mg} is a sequence converging to z in P, . Then there exists a sequence
{em :m = mg} in M,, converging to ¢, and ¢, € fojnl (z) for each m > mg. For
each ¢y, = (Ym,i)izn, s€t by, = (Bm,i), where Qg . = X if i <n, and Bmi = Ym.i
if ¢ > n. Then b,, € M and f(b,,) = @, for each m > myg. For each m < my, take
some b,, € f~1(x,,). Then {b,, : m € N} is a sequence in M converging to b, and
by € f~Y(wm) for each m € N. It implies that f is 2-sequence-covering. O

COROLLARY 2.3. The following are equivalent for a space X.

(1) X is a 2-sequence-covering, quotient mssc-image of a locally separable
metric space.

(2) X has a o-locally finite base consisting of cosmic spaces.

(3) X has a o-locally finite base consisting of second countable spaces.

PROOF. = (2). Since X is a quotient image of a locally separable metric
space, X is a sequential space by [6] Proposition 1.2]. It follows from Theorem
that X is a sequential space having a o-locally finite so-network P consisting of
cosmic spaces. For each P € P, since X is sequential and P is sequential open, P
is open in X. Hence P is a o-locally finite base for X consisting of cosmic spaces.

(2) =(3). It follows from Theorem [2.3[that X has a o-locally finite so-network
‘P consisting of so-second countable spaces. Since X has a o-locally finite base, X
is sequential. It implies that every P € P is open. Then P is a o-locally finite base
consisting of so-second countable spaces.

Let P € P and Q be a countable so-network for P. Since P is open, P is a
sequential space by [6, Proposition 1.9]. Then every ) € Q is open in P. Hence Q
is a countable base for P. It implies that P is a second countable space.

By the above, X has a o-locally finite base consisting of second countable
spaces.

13) = . It follows from Theorem that X is a 2-sequence-covering mssc-
image of a locally separable metric space under some mapping f. Since X has a
o-locally finite base, X is sequential. Then f is a 2-sequence-covering mapping onto
a sequential space, and so f is a quotient mapping by [I7, Lemma 3.5]. It implies
that X is a 2-sequence-covering, quotient mssc-image of a locally separable metric
space. O

REMARK 2.3. We can replace “cosmic spaces” in Theorem[2.3]and Corollary [2.3]
by “Ng-spaces”, or “sn-second countable spaces”.
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