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ABSTRACT. Let G be a finite group. The prime graph of G is denoted by I'(G).
We prove that the simple group PSL (3), where n > 9, is quasirecognizable by
prime graph; i.e., if G is a finite group such that I'(G) = I'(PSL, (3)), then G
has a unique nonabelian composition factor isomorphic to PSLy, (3). Darafsheh
proved in 2010 that if p > 3 is a prime number, then the projective special
linear group PSLj(3) is at most 2-recognizable by spectrum. As a consequence
of our result we prove that if n > 9, then PSL,(3) is at most 2-recognizable
by spectrum.

1. Introduction

If n is an integer, then we denote by 7(n) the set of all prime divisors of n. If G
is a finite group, then 7(|G|) is denoted by 7(G). The spectrum of a finite group G
which is denoted by w(G) is the set of its element orders. We construct the prime
graph of G which is denoted by T'(G) as follows: the vertex set is 7(G) and two
distinct primes p and ¢ are joined by an edge (we write p ~ ¢) if and only if G
contains an element of order pq. Let s(G) be the number of connected components
of I'(G) and let m;(G), i = 1,...,s(G), be the connected components of I'(G). If
2 € (@), we always suppose that 2 € 71(G). In graph theory a subset of vertices
of a graph is called an independent set if its vertices are pairwise nonadjacent.
Denote by t(G) the maximal number of primes in 7(G) pairwise nonadjacent in
I'(G). In other words, if p(G) is some independent set with the maximal number
of vertices in I'(G), then t(G) = |p(G)|. Similarly if p € 7(G), then let p(p, G) be
some independent set with the maximal number of vertices in I'(G) containing p
and let t(p, G) = |p(p, G)|.
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A finite group G is called recognizable by prime graph whenever if for a finite
group H, we have I'(H) = I'(G), then H = G. A nonabelian simple group P is
called quasirecognizable by prime graph if every finite group whose prime graph is
I'(P) has a unique nonabelian composition factor which is isomorphic to P (see
[16]). Obviously recognition (quasirecognition) by prime graph implies recognition
(quasirecognition) by spectrum, but the converse is not true in general. Also some
methods of recognition by spectrum cannot be used for recognition by prime graph.
If Q is a nonempty subset of the set of natural numbers, we denote by h(Q) the
number of nonisomorphic groups G with w(G) = Q. If G is a finite group, then
h(w(G)) is denoted by h(G). If h(G) = oo, then G is called nonrecognizable by
spectrum. If h(G) = r, then G is called r-recognizable by spectrum.

Hagie in [12], determined finite groups G satisfying I'(G) = I'(S), where S is
a sporadic simple group. It is proved that if ¢ = 32"*! (n > 0), then the simple
group 2Gz(q) is uniquely determined by its prime graph [16,35]. A group G is
called a CIT group if G is of even order and the centralizer in G of any involution is
a 2-group. In [18], finite groups with the same prime graph as a CIT simple group
are determined. Also in [19], it is proved that if p > 11 is a prime number and p # 1
(mod 12), then PSLy(p) is recognizable by prime graph. In [17,23], finite groups
with the same prime graph as PSLy(q), where ¢ is not prime, are determined. It
is proved that the simple group Fj(q), where ¢ = 2" > 2 (see [15]) and %Fy(q)
(see [1]) are quasirecognizable by prime graph. In [14], it is proved that if p is a
prime number which is not a Mersenne or Fermat prime and p # 11,13,19 and
I'(G) = T(PGL2(p)), then G has a unique nonabelian composition factor which is
isomorphic to PSLa(p) and if p = 13, then G has a unique nonabelian composition
factor which is isomorphic to PSL3(13) or PSL3(27). Then it is proved that if p and
k > 1 are odd and ¢ = p* is a prime power, then PGLy(q) is uniquely determined
by its prime graph [2]. In [20121][221[24![27][28] finite groups with the same prime
graph as PSL,(2), Un(2), Dy(2), B,(3) and 2D,,(2) are obtained. In [3,4], it is
proved that 2Dgm 1 1(3) is recognizable by prime graph.

The projective special linear groups defined over a finite field of order 3, called
the ternary field, are denoted by PSL,(3), PSL(n,3), L,(3) or A,_1(3) as a finite
group of Lie type. In this paper as the main result we prove that the simple group
PSL,,(3), where n > 9, is quasirecognizable by prime graph; i.e., if G is a finite group
such that I'(G) = I'(PSL,,(3)), then G has a unique nonabelian composition factor
isomorphic to PSL,(3). In [8], it is proved that the projective special linear group
PSL,(3), where p > 3 is a prime number, is at most 2-recognizable by spectrum,
ie., if G is a finite group such that w(G) = w(PSL,(3)), where p > 3 is an odd
prime, then G is isomorphic to PSL,(3) or PSL,(3) -2, the extension of PSL,(3) by
the graph automorphism. As a consequence of our result we prove that if n > 9,
then PSL, (3) is at most 2-recognizable by spectrum, i.e., if G is a finite group such
that w(G) = w(PSL,(3)), then G is isomorphic to PSL,(3) or PSL,(3) - 2, the
extension of PSL, (3) by the graph automorphism.

In this paper, all groups are finite and by simple groups we mean nonabelian
simple groups. All further unexplained notations are standard and refer to [7].
Throughout the proof we use the classification of finite simple groups. In [31]
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Tables 2-9], independent sets also independent numbers for all simple groups are
listed and we use these results in the proof of the main theorem of this paper.

2. Preliminary results

LEMMA 2.1. [33] Theorem 1] Let G be a finite group with t(G) > 3 and
t(2,G) = 2. Then the following hold:

(1) there exists a finite nonabelian simple group S such that S < G = G/K <
Aut(S) for the maximal normal soluble subgroup K of G;
(2) for every independent subset p of m(G) with |p| > 3 at most one prime in
p divides the product |K||G/S|. In particular, t(S) > t(G) —1;
(3) one of the following holds:
(a) every prime r € n(GQ) nonadjacent to 2 in I'(G) does not divide the
product |K||G/S|; in particular, t(2,S) > t(2,G);
(b) there exists a prime r € w(K) nonadjacent to 2 in I'(Q); in which
case t(G) = 3, t(2,G) = 2, and S = Alty or PSLa(q) for some odd q.

REMARK 2.1. In Lemma 211 for every odd prime p € 7(5), we have t(p,S) >
t(p,G) — 1.

LEMMA 2.2. [26] Let N be a normal subgroup of G. Assume that G/N is a
Frobenius group with Frobenius kernel F and cyclic Frobenius complement C. If
(IN],|F|) =1, and F is not contained in NCq(N)/N, then p|C| € w(G), where p

is a prime divisor of |N]|.

LEMMA 2.3 (Zsigmondy’s Theorem). [36] Let p be a prime and let n be a
positive integer. Then one of the following holds:
(i) there is a primitive prime p’ for p™—1, thatis, p’ | (p"—1) butp’ t (p™—1),
for every 1 <m <mn, (usually p' is denoted by ry,)
(i) p=2,n=1 or6,
(iii) p is a Mersenne prime and n = 2.

LEMMA 2.4. [13] Let G be a finite simple group.

(1) If G = Cn(q), then G contains a Frobenius subgroup with kernel of order
q" and cyclic complement of order (¢" —1)/(2,q — 1).

(2) If G = 2D, (q), and there exists a primitive prime divisor r of ¢*" =2 — 1,
then G contains a Frobenius subgroup with kernel of order ¢ 2 and cyclic
complement of order r.

(3) If G = By(q) or Dyn(q), and there exists a primitive prime divisor ry, of
q" — 1 where m = n or n — 1 such that m is odd, then G contains a
Frobenius subgroup with kernel of order ¢ =1/2 and cyclic complement
of order r,.

REMARK 2.2. [30] Let p be a prime number and (¢,p) = 1. Let k > 1 be the
smallest positive integer such that ¢* = 1 (mod p). Then k is called the order of
q with respect to p and we denote it by ord,(¢). Obviously by the Fermat’s little
theorem it follows that ord,(q)|(p — 1). Also if ¢ = 1 (mod p), then ord,(q)|n.
Similarly if m > 1 is an integer and (¢,m) = 1, we can define ord,,(¢). If @ is an
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odd prime, then ord,(q) is denoted by e(a, q), too. If ¢ is odd, then e(2,q) =1 for
g=1 (mod 4) and €(2,q) =2 for ¢ = —1 (mod 4).
LEMMA 2.5. [32] Proposition 2.4] Let G be a simple group of Lie type, B, (q)
or Cn(q) over a field of characteristic p. Define
_fm if m is odd,
n(m) = { m/2 otherwise.
Let r,s be odd primes with r,s € 7(G) ~ {p}. Put k = e(r,q) and I = e(s,q),

and suppose that 1 < n(k) < n(l). Then r and s are nonadjacent if and only if
n(k) +n(l) > n, and I/k is not an odd natural number.

LEMMA 2.6. [31l Proposition 2.1] Let G = A,—1(q) be a finite simple group
of Lie type over a field of characteristic p. Let r and s be odd primes and r,s €
m(G) ~{p}. Put k =e(r,q) andl = e(s,q), and suppose that 2 < k < 1. Then r
and s are nonadjacent if and only if k +1 > n, and k does not divide [.

LEMMA 2.7. [31], Proposition 2.2] Let G = 24,,_1(q) be a finite simple group
of Lie type over a field of characteristic p. Define
m ifm=0 (mod 4);
vim)=4¢ m/2 ifm=2 (mod4);
2m  ifm=1 (mod 2).
Let r and s be odd primes and r,s € 7(G) ~ {p}. Put k = e(r,q) and l = e(s,q),

and suppose that 2 < v(k) < v(l). Then r and s are nonadjacent if and only if
v(k)+v(l) > n, and v(k) does not divide v(1).

Let g be a prime. We denote by D;(q) the simple group D, (q), and by D, (q)
the simple group 2D,,(q).

LEMMA 2.8. [32] Proposition 2.5] Let G = D:(q) be a finite simple group
of Lie type over a field of characteristic p and let function n(m) be defined as in
Lemma [Z8l Let r and s be odd primes and r,s € w(G) ~ {p}. Put k = e(r,q)
and l = e(s,q), and 1 < n(k) < n(l). Then r and s are nonadjacent if and only
if 2n(k) 4+ 2n(l) > 2n — (1 — e(=1)*Y), 1/k is not an odd natural number, and if
€ = +, then the equality chain n =1 = 2n(l) = 2n(k) = 2k is not true.

LEMMA 2.9. [6] Lemma 3.1] Let G be a finite group satisfying the conditions of
Lemma 2], and let the groups K and S be as in the claim of Lemma 21l Let there
exist p € w(K) and p’ € 7(S) such that p = p' in T(G), and S contains a Frobenius
subgroup with kernel F and cyclic complement C such that (|F|,|K|) = 1. Then
pICl € w(G).

LEMMA 2.10. [34] Theorem 1] Let L = PSL,(q), where n > 5 and ¢ = p®. If
L acts on a vector space W over a field of characteristic p, then w(L) # w(W X L).

3. Main Results

THEOREM 3.1. The simple group PSL,,(3), where n > 9, is quasirecognizable
by prime graph; i.e., if G is a finite group such that T'(G) = T'(PSL,(3)), then G
has a unique nonabelian composition factor which is isomorphic to PSL,,(3).
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Proor. Let D = PSL,(3), where n > 9, and G be a finite group such that
I'(G) = I'(D). Using [32, Tables 4-8], we conclude that t(D) = [2] > 5 and
t(2, D) = 2. Therefore t(G) > 5 and t(2,G) = 2. Also p(D) = {r; | [§] <i < n},
where r; is a primitive prime divisor of 3' — 1. Also using [32] Table 6], it follows
that p(2,PSL,(3)) = {2,r,—1} if n is even and p(2,PSL,(3)) = {2,r,} if n is odd.
Using Lemma [2.7] we conclude that there exists a finite nonabelian simple group
S such that S < G = G/N < Aut(S), where N is the maximal normal soluble
subgroup of G. Also t(S) > t(G) —1 > 4 and ¢(2,5) > ¢(2,G) > 2, by Lemma [ZT]
Now we consider each possibility for S, by the tables in [32].

Step 1. Let S = A,,,, where m > 5.

We know that ¢(S) > 4. Thus m > 17. So 17 | |A,,|. Since e(17,3) = 16, we
conclude that n > 16. Therefore t(G) = [(n+1)/2] > 8, and so m > 19. If p is a
prime number such that p < m—17, then p ~ 17 in T'(S). Let A := [m—17,m|NZ.
Then 12 = [18/2] + [18/3] — [18/6] elements of A are divisible by 2 or 3. Therefore
£(17,8) < 7.

On the other hand, we know that e(17,3) = 16. Let k = e(p, 3). Then p is not
adjacent to 17 in I'(G) if and only if 16 + k > n and 16 1 k if 16 < k, and k 16 if
k < 16. There are 16 consecutive numbers in (n—16,n]NZ. So 16 can divide exactly
one of them. Also at most 5 of them divide 16. Hence #(17,G) > 16 — 1 — 5 = 10.
Therefore 7 > t(17,5) > t(17,G) — 1 > 10 — 1 = 9, which is a contradiction.

Step 2. In this step, we prove that the simple group S is not isomorphic to a
simple group of Lie type over GF(p®), where p # 3. Using Table 8 in [32], we
consider the independent set B = {r; | n —4 < i < n} in I'(G), since n > 9 and so
[5] <n—4. By Lemma 21l [BN7(S)| > 4.

Case 1. Let S =2 PSL,,(q), where ¢ = p*, p # 3.

We know that ¢(S) > ¢(G) — 1. Therefore [H] > t(S) > [2H] — 1 > 4,
which implies that m > 7 and m > n — 3. Also #(p,S) < 3 by Table 4 in [32].
Thus t(p,G) < 4. So we conclude that p ¢ B. Therefore p is joined to at least
two elements of B in I'(G). In the sequel we consider one case and other cases are
similar to it. We assume that p is joined to r,—4 and 7,_3 in I'(G). Let t = e(p, 3)
and note that e(r,_4,3) = n—4 and e(r,_3,3) = n — 3. By Lemma[Z0] one of the
following subcases occurs:

() t+n—-3<nandt+n—-4<n;, 3) t+n—4<nandt]|(n—23);

(2) t+n—3<nandt|(n—4) (4) t|(n—4)and t| (n—3).
Therefore in each case we conclude that ¢ < 4. Therefore p € {2,5,13}.
o If p = 5, then S = PSL,,(5%). We note that e(71,5) = 5 and e(71,3) = 35. We
know that m > 6 and e(71,5%) divides e(71,5) = 5. Therefore 71 € 7(S) C n(G).
Now by Lemma 2.6 if e(x,5%) < m — 5, then z is joined 71 in T'(S). Therefore
t(71,5) < 6. On the other hand, by Lemma 2.6, we conclude that if e(y, 3) < n—35,
then y ~ 71 in I'(G). Therefore p(71,G) C {r; | n — 35 < i < n}. Also we know
that r; ~ 71 if and only if n — 35 < ¢ < n and /35, 35/i are not integers.
Let C = {n — 34,...,n}. Thus there is only one ¢ € C such that /35 is an
integer. Also since 35 = 5 X 7, there are at most 4 elements ¢ € C such that
35/i is an integer. Thus ¢(71,G) > 35 — 5 = 30, which is a contradiction since
20 < £(71,G) — 1 < (71, 5) < 6.
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o If p = 2, then S = PSL,,(2%). Since e(31,2) = 5 and e(31,3) = 30, similarly we
get a contradiction.

o If p = 13, then S = PSL,,(13%). We know that e(30941, 13) = 5 and (30941, 3) =
30940. Now similarly to the above we get a contradiction.

Case 2. Let S = U,,(q), where ¢ = p®, p # 3. Since t(S) = [(m + 1)/2], similarly
to Case 1 we have m > 7 and m > n — 3. By [32] Table 4], we have t(p,S) < 3,
and similarly to the last case, we conclude that p = 2, 5,13.

o If p = 2, then S = U,,(2%). If m = 7, then ¢(S) = 4, which implies that
t(G) = 5 and so n = 9,10. Therefore 757 € p(2,G) C 7(S). On the other hand
e(757,2) = 756 = 22 x 3% x 7 and since m = 7, the order of U7(2%) shows that
9x 7] a Now 7(26 —1) € 7(G), which is a contradiction. Therefore m > 8,
and so (2% — 1) C #(S), which implies that 17 € (S) and since ¢(17,3) = 16,
we get that n > 16. This implies that m > 13 and so 31 € 7(2!%* — 1) C #(S).
We note that e(31,3) = 30 and e(31,2) = 5. Hence e(31,2%) | 5. We know that if
v(e(x,2%)) < m—10, then 31 ~ x in I'(S), by Lemma[ZTl Therefore #(31,.S) < 10.
Now we determine (31, G). As e(31,3) = 30 similarly to the above, we conclude
that if e(z,3) < m — 30, then 31 ~ z in I'(G). Let C = {n —29,...,n}. So 30
divides exactly one element of C'. Also since 30 = 2 x 3 x 5, there are at most
8 elements in C' such that 30/ is an integer. Thus 22 < ¢(31,G). Therefore
21 < t(31,G) — 1 < t(31,5) < 10, which is a contradiction.

o If p =5, then S = U,,(5%). Since m > 7, we have 449 € 7(S). Also e(449,3) =
448 and e(449,5) = 14. Now similarly to the above we get a contradiction.

o If p = 13, then similarly to the above by using e(157,3) = 78 and ¢(157,13) = 6,
we get a contradiction.

Case 3. Let S = D,,(q), where ¢ = p*, p # 3. Then t(S) > ¢(G) — 1 implies that
m > 5. Similarly to the last cases, we conclude that p =2, 5 or 13.

If p = 2, then we note that e(31,2) = 5. Therefore e(31,2%) | 5. Thus for every
x € w(95), such that 2n(e(z,2*)) < 2n — 10 — 2, we have & ~ 31 in I'(S). Therefore
t(31,5) < 12. On the other hand, as we mentioned above #(31, G) > 22, which is
a contradiction. Similarly if p = 5, then we use #(31,.5) and if p = 13, then we use
t(157,S) and similarly to the above we get a contradiction.

Case 4. Let S = B,,(q) or S = Cy,(q), where ¢ = p* and p # 3.

So (3m+5)/4>[(3m+5)/4 =t(S) > t(G) =1 =[(n+1)/2] =1 > 4. Thus
similarly m > 4 and p = 2, 5 or 13. For p = 5, we note that ¢(31,3) = 30 and
e(31,5) = 3. By Lemma [Z5 we know that if n(e(z,5%)) < m — 3, then = ~ 31 in
I'(S). Therefore ¢(31,S) < 6, which is a contradiction since #(31, G) > 22.

If p = 13, then using e(157,3) = 78 and (157, 13) = 6, we get a contradiction.

If p =2, then S = B,,(2%). Now we note that e(17,3) = 16, e(17,2) = 8. Then
e(17,2%) | 8 and so n(e(17,2%)) < 4. If n(e(x,2%)) < m — 4, then = ~ 17 in T'(S)
by Lemma So only 8 elements, where n(e(x,2%)) > m — 4 may not be joined
17 in T'(S). Hence the independent set which contains 17 has at most 9 elements
in I'(S). On the other hand, if r; » 17 in T'(G), then m — 16 < ¢ < m; and /16,
16/i are not integers. Then 16 divides one of the numbers in [m — 15, m]NZ. Also
at most 5 numbers in this interval can divide 16. So at least 10 elements are not
adjacent to 17 in T'(G). Therefore p(17,G) has at least 11 elements and we get a
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contradiction since 10 < ¢(17,G) — 1 < #(17,5) < 9.

Case 5. Let S = 2D,,(q), where ¢ = p®, p # 3. Therefore (3m + 4)/4 > t(S) > 4
implies that 3m > 2n — 6 and m > 4. Now we consider the following cases.

e Let n > 11. Then B’ = {r} | n — 5 < ¢ < n} is an independent set in I'(G). Since
t(p,S) < 4, we conclude that p is joined to at least two elements of B in I'(G). In
each case similarly to the previous cases we conclude that p =2, 5, 11 or 13.

If p = 2, then since e(31,3) = 30 and e(31,2) = 5, similarly to the last cases
we get a contradiction. Also we know that e(31,3) = 30, e(31,5) = 3; ¢(7321,3) =
1830, ¢(7321,11) = 8 and ¢(157,3) = 78, ¢(157,13) = 6. Hence for p = 5, 11 and
13 we get a contradiction.

e Let n =9 and S = 2D,,(q), where p € m(PSLg(3)) \ {3}.

If p € {2,13,41,757,1093}, then m(p® — 1) € 7(G). Also for p € {5,7,11}, we

see that w(p® — 1) € 7(G).

e If n = 10, then similarly we get a contradiction.

Case 6. In this case we prove that S is not isomorphic to an exceptional simple
group. Let S = Fy(q), Es(q) or *Es(q), where ¢ = p* and p € 7(G). Then
t(S) < 5 and so 9 < n < 12. Easily we can see that for each 3 # p € 7(G),
m((p® — 1)(p'? — 1)) € 7(G), which is a contradiction since m((p® — 1)(p'? — 1)) C
m(S).

If S = E7(q), where ¢ = p®, then t(S) = 8 and so #(G) < 9. Therefore
9 < n < 18. Similarly to the last case for each 3 # p € n(G), we can get a
contradiction.

If S = Ex(q), where ¢ = p®, then 9 < n < 24 and for each p € m(PSL,(3)) we
have m(p'® — p® + 1) ¢ (@), which is a contradiction.

If S =2F; (2271 then 9 < n < 12. If n = 9 or n = 10, then 757 € p(2,G)
and so 757 € w(2F4(22"1)). We know that e(757,2) = 756 and so 756 | 12(2n +1).
Therefore 7 | (2n + 1), and so ©(27 — 1) C 7(S) C 7(G), which is a contradiction.

If n = 11, 12, then 3851 € p(2,G) and similarly we get a contradiction, since
e(3851,2) = 3850.

If S =2 2B,(227+1) | then similarly we get a contradiction.

Step 3. Now we consider the simple groups of Lie type over GF(3%). In the sequel,
we use 7}, for a primitive prime divisor of (3*)F — 1.

Case 1. Let S = PSL,,(q), where ¢ = 3*.

By [32] Table 6], r,—1 € w(S) or 7, € w(S). Also m > n — 3.

(I) Let n be odd and so 7, € p(2,5) ={2,7],,7h._1}

o If r,, =77, then n | am and so n < am. On the other hand, using Zsigmondy’s
Theorem, we conclude that am < n, since 7(S) C 7(G). Therefore am = n.

Also we know that m > n—3. If @« > 2, then n = am > 2m > 2n — 6,
which implies that 6 > n and this is a contradiction. Thus o = 1, and so m = n.
Therefore S = PSL,,(3).
oeIfr, =7r 4, thenn | a(m—1) and so n < a(m — 1). Also by Zsigmondy’s
Theorem, a(m — 1) < n. Hence a(m — 1) = n. On the other hand, (3™ — 1) | |S]
and since 7(S) C 7(G), we conclude that am < n, which is a contradiction.

(IT) Let n be even and so r,_1 € 7(S). Therefore r,_1 € p(2,5) = {2,7,,7,_1}-
oIfr, 1 =1 then (n — 1) | a(m — 1) and a(m — 1) < n, since 7(S) C 7(G).

m—1>
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Hence a(m — 1) = n — 1. We know that m > n — 3. If « > 2, then
n—l=am-1)=22m—-1)>22(n—3)—2>2n-238.

Hence n < 7, which is a contradiction. Thus a = 1 and so m = n. Therefore
S =~ PSL,(3).

eIfr,_y =7/, then (n —1) | am. Also am < n, since ©(S) C m(G). Therefore
am=n—1. If a > 2, we get that n — 1 =am > 2m > 2n — 6. Thus n < 5,
which is a contradiction. Thus a = 1 and so m = n— 1. Therefore S = PSL,,_1(3).
So r, € m(K)Un(G/S). Also we note that 7(G/S) C m(Out(S)) = {2}. So
rn € m(K). We note that there exists a Frobenius subgroup of PSL,_1(3) of the
form 3772 : (3”2 — 1)/d, where d = (n — 1,2). On the other hand, r,, = 7,_1 in
I'(G). So by Lemma [2Z9] we conclude that 7, is joined to r,_s in I'(G), which is a
contradiction.

Case 2. Let S = U,(q), where ¢ = 3% Then m > n— 3 and r, € 7(S) or
Tn—1 € W(S)

(I) Let n be odd and so r, € 7(S). Using [32], Table 4] we must consider four cases,
since 7 € {75, Tom 23 s T 2 )+

o If v, =7}, ., then m is odd by [32], Table 4]. Also similar to the previous cases,
n | 2am. On the other hand, since 7(S) C 7(G), we conclude that 2am < n.
Therefore 2am = n, which is a contradiction since n is odd.

o Ifr, =7}, o, then m is even and n | 2a(m —1). Also since 7(S) C 7(G), we get
that 2a(m — 1) < n. Thus n = 2a(m — 1), which is a contradiction since n is odd.
o If v, =7/, then 4 | m, by [32] Table 4]. Also n | am. Thus n = am, a contra-
diction since n is odd.

e Let rn = 1) ». Thus n | am/2, which implies that n < am/2 < n, since
7w(S) C 7(G). Therefore n = am/2. Hence am = 2n and rom € 7(S) C w(G),
which is a contradiction.

(IT) Let n be even and so r,—1 € 7(5).

o Let rp_1 =7h,,. Thus (n—1) | 2am. Son—1 < 2am < n. Therefore 2am = n—1,
which is a contradiction, since n is even.

eLetr,—1 =715, 5. So(n—1)|2a(m—1). So similarly to the above, we conclude
that 2a(m — 1) = n — 1, which is a contradiction since n is even.

eletr, 1 =7, Son—1=am. fa>2 thenn—-1=am >2m > 2n — 6.
Therefore 5 > n, which is a contradiction. If « = 1, then m = n — 1. Therefore
S = U,_1(3). Since n — 1 is odd, we conclude that (3"~! + 1) | |S|. Hence
Ta(n—1) € m(G), which is a contradiction.

o Lletr, | = T;n/Q' Thus m is even and n — 1 = am/2. We know that n — 1 is odd
and so ais odd. If @ > 3, then n —1 > 3m/2 > 3(n — 3)/2. Therefore 7 > n, which
is a contradiction. If o = 1, then m = 2n — 2. So ra,—2 € 7(S) C 7(G), which is a
contradiction.

Case 3. Let S = B,,,(q), where ¢ = 3°.

Since t(S) > t(G) — 1. We have 3m > 2n — 11. Also p(2,5) ={2,7,, 7.}

(I) Let n be odd and so r, € p(2,G). Therefore r,, =1}, or rp = rh,,.

e Let r, = 1) . Then m is odd by [32] Table 6]. Also n | am. Hence n < am < n,
since 7(S) C w(G). Thus n = am. Obviously « is odd. If & > 5, then n = am >
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5m > %n — % So 55 > Tn, which is a contradiction. If & = 1, then n = m. So
S = B,(3%). Hence ra, € 7(S) C 7(G), which is a contradiction. If a = 3, then
n = 3m. Hence S = B,,/3(27). Thus m(27?"/3 — 1) = n(3*" — 1) C n(S) C 7(G),
which is a contradiction.

o Let 7, = 14,,. So m is even. Therefore similarly to the above, we conclude that
n = 2am, which is a contradiction since n is odd.
(IT) Let n be even and so r,—1 € p(2,G). Then r,_1 =r}, or rp_1 = r5,,. Similarly
to the above we get a contradiction.
Case 4. Let S = D,,(q), where ¢ = 3*. Similarly, we conclude that if m # 3
(mod 4), then 3m > 2n — 2 and if m = 3 (mod 4), then 3m > 2n — 4, since
t(S) = t(G) — 1. Therefore in each case we have 3m > 2n — 4. We know that
p(2,8) = {2,7, 1,7 Thm_o}. Also if rl,_; € p(2,5), then m is even and if
r, € p(2,5), then m is odd.
(I) If n is odd, then r, € w(95).
e Let 7, = r/,. Son and m are odd. Similarly to the above, we conclude that
n=am. If a =1, thenn =m. So S = D,(3). Hence r3,—2 € 7(S) C 7(G),
which is a contradiction. If o > 2, then n = am > 2m > 4(n — 2)/3, which is a
contradiction.
e Let 1, = 7/, 1. So n is odd and m is even. Similarly, we conclude that n =
a(m —1). Now since 7((3%)2(m=1 — 1) C 7(S) C 7(G), we get a contradiction.
o Let v, = 7, 5. Then n | 2a(m — 1), and so n = 2a(m — 1), which is a
contradiction since n is odd.
(IT) If n is even, then r,_1 € w(95).
eLetr, 1 =7/ _,. Hence (n—1) | a(m —1) and a(m — 1) < n. Hencen — 1 =
a(m —1). Then r94(—1) € 7(S) € 7(G), which is a contradiction.
e Let r,_1 =71/ . Son is even and m is odd. Similarly to the above, we conclude
that (n — 1) | am. Thus am = n — 1 and so « is odd. Also we know that
3m >2n—4. If a > 3, then n — 1 = am > 3m > 2n — 4. Therefore n < 3, which
is a contradiction.
If =1, thenn—1=mand so S = D,_1(3). Hence ra2,_2 € 7(S) C 7(G), which
is a contradiction.
oIfr,_1 =7rh, 5, then n—1=2(m—1)a, which is a contradiction since n is even.
Case 5. Let S = 2D,,(q), where ¢ = 3.

Similarly to the above, we conclude that 3m > 2n — 10. By [32] Table 6] it
follows that if r5,, o € p(2,5), then m is odd.
(I) If n is odd, then r, € «(S). Hence r,, = 15, or 7, = 14, _o. If 1, =1rh, or
7%, o, then similarly to the above, we conclude that n = 2am or 2a(m — 1), which
is a contradiction since n is odd.
(IT) If n is even, then 7,1 € w(S). If rp,_1 =15,,, Or 15, _o, then n — 1 = 2am or
2a(m — 1), which is a contradiction since n — 1 is odd.
Case 6. Let S = Fy(q), where g = 3.
Since t(S) = 5, t(G) < 6 and s0 9 < n < 12. We know that 7(312% — 1) C 7(Fy(q)).
Therefore o« = 1 and so ¢ = 3, n = 12. Now 711 € p(2,G) C 7(S), which is a
contradiction.
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Similarly, we conclude that S can not be isomorphic to Fg(q) and 2Eg(q).
Case 7. Let S = 2G5(3?™*1), where m > 1. Since t(S) = 5, we get that 9 <
n < 12. Similarly to the previous case if n > 11, then we get a contradiction since
3 € p(S), for each independent set p(S). Therefore t(G) = 5 and so n = 9 or
n = 10.

Now Zsigmondy’s Theorem implies that 6(2m + 1) < 10, which is a contradic-
tion.

Step 4. In this step we prove that S is not isomorphic to a sporadic simple
group. If S = J,, then 43 | |S| and since e(43,3) = 42 we have n > 42. So
t(G) > [%2H] = 21, which is a contradiction since ¢(Jy) = 7. For the rest of
sporadic simple groups #(S) < 5 and so 9 < n < 12. Hence {757,1093} N7 (S) # 0,
which is a contradiction.

Therefore the quasirecognition of PSL,(3), where n > 9, is proved. O

THEOREM 3.2. If T'(G) = T'(PSL,(3)), where n > 9, then PSL,(3) < G/N <
Aut(PSL,(3)), where N is a 3-group for even n and N is a {2,3}-group for odd n.

PRrROOF. By Theorem B we know that PSL,(3) < G/N < Aut(PSL,(3)).
Similarly to [20], we can assume that N is an elementary abelian p-group for some
p € 7(G). Now we prove that PSL, (3) acts faithfully on N. For this reason, we
prove that C'= Cg(N) < N. Since C is a normal subgroup of G, if C' £ N, then
CN/N is a nontrivial normal subgroup of G/N. As the proof of the main theorem
in [20] shows that socle(G/N) = PSL,,(3) and so CN/N has a subgroup isomorphic
to PSL,,(3). Therefore r,,_1, 7, € m(PSL,(3)) implies that r,,_1, , divide the order
of CN/N =2 C/(C N N). Hence p ~ r, and p ~ r,_1 in ['(G), which implies that
p = 1, by Lemma Therefore C' < N and PSL,,(3) acts faithfully on N. Also
PSL,,(3) contains Frobenuis subgroups of the form 37~1 : (3»=1 —1)/(n,2) and
3"72: (372 —~1)/(n —1,2). Hence if p # 3, then using Lemma 2.2 it follows that
p~rp_1 and p ~ ry_2 in T'(G). Therefore p = 2 or p = 3, using Lemma Now
if n is even, then 2 ~ r,,_1, which is a contradiction. Therefore if n is odd, then NV
is a {2, 3}-group and if n is even, then N is a 3-group. O

COROLLARY 3.1. LetT'(G) = T'(PSL,(3)), wheren > 9. Then G/N = PSL,(3)
or PSL,(3) - 2, the extension of PSL,(3) by the graph automorphism, where N is
a 3-group, if n is even and N is a {2,3}-group, if n is odd.

PROOF. We know that using the notations of [7], f =1, g =2 and d = (n, 2).
By the assumption, we know that PSL,(3) < G := G/N < Aut(PSL,(3)). Let
S = PSL,(3). Then G/S < Aut(S). Now if ¢ is a diagonal automorphism of S,
and v is a graph automorphism of S, then S - ¢ and S - (¢¢)) have elements of
orders 2r,_1 and 2r,, which is a contradiction, since in the prime graph of G we
have 2 » r,_1 if n is even and 2 ~ r, if n is odd. Therefore G = S or S - ), the
extension of PSL, (3) by the graph automorphism. O

THEOREM 3.3. Let w(G) = w(PSL,(3)), where n > 9. Then G = PSL,(3) or
PSL,,(3) - 2, the extension of PSL,(3) by the graph automorphism.
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ProOF. Using Corollary Bl we know that if n is even, then G/N = PSL,(3)
or PSL,,(3)-2, where N is a 3-group. Now using Lemma [ZT0 it follows that N = 1.
Therefore G = PSL,,(3) or PSL,(3) - 2.

Similarly if n is odd, then N can not be a 3-group. Also as we stated in the proof
of Theorem 3.2, PSL,(3) has a Frobenius subgroup of the form 37~1 : (37~ — 1).
Now if 2 | |N|, then using Lemma we get that 2(3"~! — 1) € w(PSL,(3)),
which is a contradiction by [6]. Therefore in each case we have G = PSL,(3) or
PSL,(3) - 2. 0

REMARK 3.1. In [29], it is proved that h(PSL3(3)) = co. Also PSL4(3) and
PSL5(3) are recognizable by spectrum (see [10L[25]). In [11], it is shown that
h(PSLg(3)) = 2. In [9], it is proved that h(PSL7(3)) = 2 and h(PSLg(3)) = 1. Also
in [8] for each prime number p > 3, the following conjectures arise.

CONJECTURE 1. If p =1 (mod 3), then PSL,(3) is 2-recognizable by spectrum.
CONJECTURE 2. If p =2 (mod 3), then PSL,(3) is recognizable by spectrum.
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