PUBLICATIONS DE L’INSTITUT MATHEMATIQUE
Nouvelle série, tome 95 (109) (2014), 267-280 DOI: 10.2298 /PIM1409267K

ASYMMETRIC GENERALIZATIONS
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ABSTRACT. Four generalizations of the Filbert matriz are considered, with
additional asymmetric parameter settings. Explicit formulee are derived for
the LU-decompositions, their inverses, and the inverse matrix. The approach
is mainly to use the g-analysis and to leave the justification of the necessary
identities to the g-version of Zeilberger’s algorithm for some of them, and for
the rest of the necessary identities, to guess the relevant quantities and proving
them later by induction.

1. Introduction

The Filbert matrix Iy = (iLij)lJ»Yj:l is defined by iLij = %H as an analogue
of the Hilbert matrix where F,, is the nth Fibonacci number. It has been defined
and studied by Richardson [10]. The Filbert matrix has been extended by Berg [1]
and Ismail [2].

The present authors have generalized and extended this concept in a series of
papers [3l, 4, [5], [6], [7, @] to matrices with entries

1 1
and

Fxiti)+r Ex(i+j+1)+r - - Fx(ritb—1)+r Litjy4r - Laitjrh—1)4r

Here, A,k > 1 and r > —1 are integer parameters and L,, are Lucas numbers.
In another direction [5], the matrices with entries

LX)+
L(itj)+s

P
gij = Aitd+r g vi; =
Fx(ivj)+s
were introduced; here s, » and A are integer parameters such that s # r, and
r,s > —1 and A > 1. This was the first nontrivial instance where the numerator of

the entries is not equal to one.
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268 KILIC AND PRODINGER

All these extensions were driven by the search for “nice” explicit results: explicit
formulee for the LU-decomposition, their inverses, and the Cholesky factorization.
Here, we go one step further, by allowing an asymmetric growth of indices. We,
however, confine ourselves to k = 1; for this instance, the inverse matrix also enjoys
nice closed form entries, which is no longer true for & > 2. To be more specific,

we introduce four generalizations of the Filbert matrix &, and define the matrices
T, M, H and W with entries

L)\iJr,ujJrr

1 o F)\iJr,ujJrr B
9
Litpj+s

tij y and Wiy =

N F>\i+uj+r v *sz'-l-u_j—i-s7 v L)\i-i-uj-i-r
respectively, where s,r, A and p are integer parameters such that s # r, and
r,s > —1land A\, u > 1.

Of course, because of these asymmetric entries, we cannot get a Cholesky de-

composition anymore.

Now we discuss our settings. Let {U,} and {V;,} be generalized Fibonacci and
Lucas sequences, respectively, whose Binet forms are
n _ Aan 1—qg"
Un = % =" IS and Vi=at 48t =a (L")
with ¢ = 8/a = —a™?2, so that o = i/,/7.

When a = 1+2‘/5 (or equivalently ¢ = (1—+/5)/(14+/5)), the sequence {U,}
is reduced to the Fibonacci sequence {F),} and the sequence {V,,} is reduced to the
Lucas sequence {L,,}.

When a = 1 + /2 (or equivalently ¢ = (1 — \/5)/(1 + \/5)), the sequence
{U,} is reduced to the Pell sequence {P,} and the sequence {V,,} is reduced to the
Pell-Lucas sequence {Qy}.

We will mostly deal with the g-forms; translating the results back to the Fi-
bonacci and Lucas world, say, is easy: We only have to systematically replace 1 —q™
by %Fn and 1+ ¢" by a"L,, and replace what is eventually left by its numerical
values.

Throughout this paper we will use the notation of the g-Pochhammer symbol

(@;50)n = (1= 2)(1 —2q) - (1 —2g" ).
We rewrite the entries of the matrices T, M, H and W in the ¢-form:

£ = il-T—Xi—nd g3 (itpgr—1) 1—¢q

1] 1 _ q>\i+ﬂj+r 9
ser 1 — gNTHI+T
2 q

1— q)\iJr,ujJrs )

mi; = i
Biv — i—ki—uj—rq—%(ki-i-uj-i-r) 1
ij 1+ qMJr,ujJrr ’

wys = gt LT
LV 1+ q)\i—i-uj-i-s'

In each of the four instances, we consider the LU-decomposition of the matrix
M = LU. We are able to get explicit formulse for L, U, L=!, U~! and M ~".
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As it was noted in the above cited earlier papers, the sizes of the matrices
do not really matter, and they can be thought of as infinite matrices and we may
restrict them whenever necessary to the first N rows resp. columns and write Ty
etc. This is not true for the inverse matrices; here, the entries depend on N.

All our identities hold for general ¢, and the results about Fibonacci and Lucas
numbers come out as corollaries for the special choice of ¢, as explained.

The important part is to find the explicit forms. This was done by experiments
with a computer algebra system and spotting patterns. This becomes increasingly
complicated when more and more new parameters are introduced, as the guessing
only works for fixed choices of the parameters, and one needs to vary them as well.

Once one knows how the entries look like, proofs are by reducing sums to
single terms. For this, the g-Zeilberger algorithm is a handy tool. However for
the matrices M and W, the present versions of the g-Zeilberger algorithm do not
work, and we have to simulate it by noticing that the relevant sums are Gosper-
summable. To do this, some more guessing (with an additional parameter) is
required. Consequently, since all these proofs are routine and somewhat tedious,
we only present two typical examples. It would be a good student project to work
them all out in full detail.

As an illustration, we always write out the Fibonacci/Lucas cases for A, u €
{2,3}andr=1, s = —1.

2. The matrix T
We obtain the LU-decomposition T =L - U:

THEOREM 2.1. For 1 < d < n we have
L, g= iA(dfn)qféA(dfn) (@50 n-1(g"t 2 gM)a
n,d — .
(0% ) n—a(a*; ¢*)a—1(g" "5 ) g

Fibonacci Corollary for A\=3, u =2 and r = 1:

COROLLARY 2.1. For1 <d < n,

n—1 d
( I1 F3t) (H F2t+3d+1)
=1 =1
Ln,d - n—d

I1 F3t) (jl:[llFSt) (tﬁ1F2t+3d+1) |

t=1

THEOREM 2.2. For 1 < d < n we have
Ugn = ilfrf)\dfynqu"TﬂlJrrdngr()\Jru)éfé

(0*;¢")a-1(1—q) (¢"; 4" )n—1
(qr-‘run-‘f-)\; qk)d(q’r-i-u-i-)\d; q)\)d—l (qu7 qu)n—d

Fibonacci Corollary for A\ =3, y =2 and r = 1:




270 KILIC AND PRODINGER

COROLLARY 2.2. For1<d<n
(-1 )( ) +d— 1(1—[ F3t) C]jllet) |
(tf[lFstJran) <t1;[1 th) (tljllF2t+3d+1)

The inverses of the matrices L and U:

Udn =

N

THEOREM 2.3. For 1 <d < n we have

AL A +ut+Ad.
Lk = (cy et (@ (@)

(@5 aM) n—a(@; gN) a1 (g A gl
Fibonacci Corollary for A\ =3, y =2 and r = 1:

COROLLARY 2.3. For1<d<n

L (—1)(“;“) (j]:[lngt) (jljllF2t+3j+1) |

(jlij&) (jjllFSt) (tljllF2t+3n+l)

THEOREM 2.4. For 1 <d < n we have

Udiyll _ q—k%-l-u%—und—rn-i-%-i-%(_1)n+dir—1+)\n+ud
o (@) (@A ),
(1= a)(@*a*)n-1(a";¢")n—a(q"; ¢*)a—1
Its Fibonacci Corollary for A =3, p =2 and r = 1:

COROLLARY 2.4. For1<d<n

n—1

(tl;ll F3t+2d+1) (tlillF2t+3n+1)
(T r) (T ) (T ) |

As a consequence, we can compute the determinant of Ty, since it is simply
evaluated as Uy 1 ---Un,N:

Uyl = (-1 (5)+d-1

THEOREM 2.5.
det Ty = i(,uf)\)(NéH)JrN(lfr) IN2(utr) = LNFIUN(N2-1) 4 L5 AN(N+1) (2N +1)

N
(1 — H )d 1(¢"39")a—1
q T+)\+,ud (q7"Jr,LLJr)\d7 q )d71 :

Fibonacci Corollary for A\ =3, y =2 and r = 1:

COROLLARY 2.5.

N+2 N d—1
det Ty = H

H F3i
- Eatron 1 For3a 4

3d+2N+1
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Now we compute the inverse of the matrix T. It depends on the dimension, so
we compute (Tn)~ L.
THEOREM 2.6. For 1 <n,d < N:
2 2
-1 _ (_q\n—dsr—14+un+Xd u”——i-)\d——uNn—)\Nd—Ns-i-ﬁ-i-l
(TN )pg = (=14 ghT 2t

(@ v (@ ) N 1 1
(@ M) N-a(@ ) a-1(a"; ¢*)N-n(g*;¢*)n—1 1 — g Him+rd 1 — g

REMARK. The inverse matrix and the other inverse matrices presented in
this paper were not computed using the inverses of L and U, but rather obtained
directly by our usual guessing strategy. While the first alternative would mean
that we would have to simplify a sum, the second approach stays within our chosen
method.

Fibonacci Corollary for A =3, p =2 and r = 1:

COROLLARY 2.6. For1<n,d < N:
n+1 N N
(—1)( 3 JFNAD (nt 1) +d ( I1 F2t+3d+1) (H F3t+2n+1) 1
t=1 t=1
N-n n—1 N-d d—1 Fopisgrl
() () () ()
t=1 t=1 t=1 t=1

3. The matrix M
We obtain the LU-decomposition M = L - U:

(TN =

THEOREM 3.1. For 1 < d < n we have

d(d+1) _ _
(¢ )n—1 (g#HAHR gt ) g 1 — MW TF A= d)drds(d—1)

L =
@ ) (@5 (@) g T rs(a-)

Fibonacci Corollary for A\=2, uy =3, r=1and s = —1:

COROLLARY 3.1. For1l <d<n,

d—1 d
(H F2t)(H F3t+2d) I
t=1 t=1 5d(d+1)/24+2n—3d+2

d—1 n—d d F _
( F2t)( I1 F2t) ( F3t+2n—1) 5d(d+1)/2-d+2
=1 =1 (=1

THEOREM 3.2. For 1 < d < n we have

Uy = 17— qOh) 2 252 s (%5 a*)a—1(a";¢")n—1
7n -
("5 q")n—a(g= 2485 g )a (oA gh) gy
1— q(Aﬂt)%Jm(nfd)ers(dfl)

X 1—-4¢"7%).
1— q(,\+u)@—25+r+ds (1—q")

Fibonacci Corollary for A\=2, uy =3, r=1and s = —1:
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COROLLARY 3.2. For1<d<n
d—1 n—1
(1 7)1 )
t=1 t=1
n—d d—1 d
( IT F3t) ( IT F3t+2d71) (H F2t+3n71)
t=1 t=1 t=1

y Fsa(a+1)/2+3n-4d+2

Uan = (=) (1))

Fsaa—1)/2—d+s3
The inverses of the matrices L and U:

THEOREM 3.3. For 1 <d < n we have
7Ad+mn2+%n+r+s(n72)

B |
l—gq
()50 )n—1 (¢* T g )
(%1 a*)a-1(a%; ¢ )n—a (" F1; q“)n—l
Fibonacci Corollary for A=2, p =3, r=1and s = —1:

—A\n+2TE >‘+” n2+>‘;”n+r+s(n—2)

COROLLARY 3.3. For1<d<n

n—1 n—1
(—1)n_d( I1 th) ( I1 F3t+2d—1)
=1 =1 Fsn(nt1)/2—an—24+3

d—1 n—d n—1 F (n— _n
(H th) ( I1 th) ( IT F3t+2n71) sn(n—1)/2-n+3
=1 =1 =1

THEOREM 3.4. For 1 <d < n we have

-1
Ln,d -

n(n—1) |  d(d+1) ris 1
Udn: s r( 1)n7dq7)\T+,uT7,und+ 5 —ns
(L—q*)
(q)\Jr,udJrs’q ) (q,qu)\nJrs q,u) _ q()\‘i’#)%‘i’#(n*d)‘i’r‘i’s(n*Q)

(s q )n—l(Q“7Q“)n—d(q“,q“)d—1 1 — g 2 rps(n—1)
Its Fibonacci Corollary for A=2, y=3, r=1and s = —1:
COROLLARY 3.4. For1<d<n

_1)(d+2)+ o (”1:[11 F2t+3d—1) (t]i[l F3t+2n_1)

" Fsnn-1)/2+2n—3d+3
n—1 n—d F: nin “n :
(H FBt)(H th)(l_[ th) 5n(n41)/2—n+2
t=1 =1 =1

As a consequence, we can compute the determinant of My, since it is simply
evaluated as Uy 1 - - Un, N

THEOREM 3.5.
det My = iN(r—s) %()\+;,L)N(N2—1)+%N(Ns+s—27‘)(1 _ qr—s)N

d 1 (qy q#)d 1 1— q()\+#) (d+21)d +r+s(d—1)
X .
H )\+d#+5 ) (q#+>\d+5’ q#)d71 1 _ q(}\+u)@_25+r+ds
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Fibonacci Corollary for A\=2, uy =3, r=1and s = —1:
COROLLARY 3.5.
d—1 d—1
. r d—1 (H F2t)(H F3t)
det My = ( )N+ IN(NZ-1) H F5d(d+1 /2—d+2 H — t=1 ; ]
SAA=D/22d43 1=y (H F3t+2d—1) (H F2t+3d—1)
t=1 t=1

Now we compute the inverse of the matrix M. It depends on the dimension, so
we compute (My)~!

THEOREM 3.6. For 1 <n,d < N:
Y (_1)n7disfrq%+A%+u%—stNdAany

(qs+>\+,un : qA)N (qur,qu)\d q#)

X
(@ ) n-a(a*; ¢*)a-1(a"5 4" )n-1(a"; ¢* )N —n
1 1— q()\Jr,u)wf)\df,unJrrJrstQs
X (1 _ qs-{-un-i-)\d)(l _ q’l‘—s) 1 . q(>‘+ﬂ') N(Z\;+1)+T‘+5N75

Fibonacci Corollary for A=2, p =3, r=1and s = —1:

COROLLARY 3.6. For1 <n,d < N:

)

n+1 N N
(—1)( H )+d+"+Nn(H F3t+2d—1) (H F2t+3n—1)
(MN)fld — t=1 t=1

(10 2) () (1 #2) T 5

" Fsn(N+1)/2-2d—3n—N+3

Fsnnvt1)/2-N+2

4. The matrix H
We obtain the LU-decomposition H = L - U:

THEOREM 4.1. For 1 < d < n we have

Ly g = iAo ) (=g A ), (5 ¢M)n1
n,d —
(= qr+“+’\" a")a (¢*;0*)a-1(a*; ¢ )n—d

Fibonacci Corollary for A =3, p =2 and r = 1:

COROLLARY 4.1. For1<d<n

7

( ﬁ L2t+3d+l) (tl:[llFat)
( ﬁ L2t+3n+1) (jl:[llFSt) Cl:[jFat) |
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THEOREM 4.2. For 1 <d < n we have

_d . 2
Ud,n _ (_1)d—1i—r—un—>\dqu"2 +rd—5+(A+p) S

(% qNa1 (¢";¢")n
(=gt A g )a(—g T A gi) g1 (g5 ¢ )n—a

Fibonacci Corollary for A =3, p =2 and r = 1:

COROLLARY 4.2. For1<d<n

Udn = (—1)(3)511—1 (j:[llFm) (jljlngt) |

d d—1 n—d
(H L3t+2n+1) ( I1 L2t+3d+1) ( I1 th)
=1 =1 =1

The inverses of the matrices L and U:

THEOREM 4.3. For 1 <d < n we have

-1 — (_1)n7di7>\(nfd)q>\@ (—q A i),y (@5 )n—1
n,d ~

(=gt g )1 (4 )a—1( ¢ ) n—a

Fibonacci Corollary for A\ =3, u =2 and r = 1:

COROLLARY 4.3. For1<d<n
n—1 n—1
( I1 L2t+3d+l) ( I1 FSt)
t=1 t=1
n—1 d—1 n—d ’
( I1 L2t+3n+1) ( I1 th) ( I1 FBt)
t=1 t=1 t=1

THEOREM 4.4. For 1 < d < n we have

L7 = (—1)(" )+ ()nd

l)d—lir+)\n+udq—)\%2+u§—und—rn—i—%
d+A. A A .
(=¢" " qN )1 (=g )

(@) n-1(a"¢")a-1(¢"; 4" n—a
Its Fibonacci Corollary for A =3, p =2 and r = 1:

Ugn = (

X

COROLLARY 4.4. For1<d<n

n—1
(H L2t+3n+1) ( I1 L3t+2d+1)
("3h)-d__t=1 t=1

72 (1) () (T )

As a consequence, we can compute the determinant of Hp, since it is simply
evaluated as Uy 1 - - Un, N

Ugn=(=1)

THEOREM 4.5.

2 3 2
det Hy = i%N(N+1)(A+,u)+Nr+N(N+1)qN(i;“)+N Qi) | NTQb) | Nor
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y H a")a-1(4";q")a-1

”“‘i“ Pa(—qrrtrd gy o

Fibonacci Corollary for A =3, p =2 and r = 1:

()il
( H L3t+2d+1) (tl;[1 L2t+3d+1)

Now we compute the inverse of the matrix H. It depends on the dimension, so
we compute (Hy)~!

THEOREM 4.6. For 1 <n,d < N:

COROLLARY 4.5.

N
det Hy = 5N NV-1/2(_1)(%3") H

(Fn) T, = (_1)N717n7dir+,un+)\dq,u§+)\d; —puNn—ANd—Nr+%
n
(_qTJr,U«nJr)\;q)\)N( qr+>\d+u q,u) 1

X .
(@ M) N—a(a*;0*)a—1(a"; %) N—n(g"; ¢*)n—1 1 4 g7 HHntAd
Fibonacci Corollary for A =3, p =2 and r = 1:

COROLLARY 4.6. For1 < n,d <

(tﬁ1L3t+2n+l) (tﬁlL2t+3d+1)
st (T ) (M) (T ) (T )

5. The matrix W

(%N);,ld — (_1)(d+1)+Nd+n+d

Now we collect our results related to the matrix W.
For convenience, we use the same letters L, U, but with a different meaning.
We obtain the LU-decomposition W =L - U:

THEOREM 5.1. For 1 <d < n we have
(@ @Nn—1 (=" g*)a
(0% a—1(q*; M )n—a (—gst 1 gi)
1 — (=1)2gO+m LG A=) +rs(d—1)

Ln,d =

1 — (—1)dgOtm 5 rts(d—1)
Fibonacci Corollary for A\=2, u=3,r =1 and s = —1:

COROLLARY 5.1. For1l <d<n,

Lsg(a+1y/2—d+2

Fy n—3 . .
—‘j;d+1)/2+2 3442 4f d is odd.
5d(d+1)/2—d+2

n—1 d
I1 F2t) [T Lat42d—1 Lsda(at1)/242n—3d+2 ;¢ 7
Lo (tzl i SIS f s even,
n,d —

(j:[ll F2t) (tl:[ld F2t) tﬁl L3tyon—1
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THEOREM 5.2. For 1 <d < n we have

ca_ d(d 1) r+s
i (=) g PO T T s (A ) g (gM5 ¢ )
(g ‘J“)nfd(—Q’\Jr"““; )a(=gHTAaEs i) g

1— (_1)dq()\+u) (dgl)d-i-u(n—d)-i-r-‘rds—s
X

Udn:

)

1—qg""%).
1+ (—1)dq(/\+u)d(d;1)+r+ds—2s 1-4"77)
Fibonacci Corollary for A\=2, p=3,r =1 and s = —1:

COROLLARY 5.2. For1<d<n

(jljll F) (tljll Pyt )
(t]jj F3t) (j]jz L3t+2d71) (f[l L2t+3n71)

54 Ly (ag1yd/243n—adt2
~ Fsq(a—1)/2—d+3
d
5" F5(d+1)d/2+3n—4d+2
Lsa(a—1)/2—d+3

The inverses of the matrices L and U:

Utn = (-1

if d is odd,

if d is even.

THEOREM 5.3. For 1 <d < n we have

n—d
(=1)"~ qu( )(qA("*dJrl);qA)dil(_qur,qu)\d;q,u)
(0% qM) a1 (—gsTrtansgi),
1+( 1) ()Hr,u)n(n;l) —pun—Ad+r—2s+ns

-1
Ln,d

n—1

1 4+ ( ) q()\Jr,u) n(n2+1) —pn—An+r—2s+ns
Fibonacci Corollary for A=2, p=3,r =1 and s = —1:

COROLLARY 5.3. For1<d<n

n—1
( ) ( H F2t) ( H 3t+2d— 1) {FSn(n+1)/22d4n+3
X

if n is odd,

if n is even.

-1 — t=1 Fsn(n+1)/2—6n+3
n,d Lsn(ni1)/2—2d—an+3

L5n(71+1)/276n+3

n—1

(tl;ll FQt) ( H Fay ( [I 3t+2n71)

t=1

THEOREM 5.4. For 1 < d < n we have

r+s

Ud_l =q 2 3R
,n

wf)\%fnsﬁund

P (DT g ) (- )
(1 =q =)@ M) n-1(¢" ¢*)n—a(a";¢*)a—1
1+ (_1)nq()\-l-u)(n(n—l)/2)+u(n—d)+7‘+s(n—2)
X

1 — (=1 g+ =5 4rts(n=1)

Its Fibonacci Corollary for A\=2, uy=3,r =1 and s = —1:
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COROLLARY 5.4. For1<d<n

n—

1 n
™ ( L2t+3d—1) (H L3t+2n—1)
_1 (_1)( I +d4n—nd =1 t=1

) (I ) (11 ) (1 )

d,n
L5n(7171)/2+27173d+3
~ 5" Fsp(nt1)/2—n+2

Fsn(n—1)/2+2n—-3d+3 . .
& if n is odd.
57 L Lsn(nt1)/2—nt2 f

if n is even,

As a consequence, we can compute the determinant of Wy, since it is simply
evaluated as U; 1 ---Un,n (we only state the Fibonacci version for A = 2, y = 3,
r=1and s =—

):
THEOREM 5.5.

det Wy = (—=1)sN(V*=D)

d—1 d—1
F F 5471 _ . .
N ( ] 2t tl;ll 3t 5(d+1)d/2—d+2 Zfd is Odd,

t= F: _ _
% 5d(d—1)/2—d+3

5°Fs5(at1)d/2—dt2

d—1 d s
- 2 “o(d4l)d/2-dta if d is even.
d=1 ( I1 L3t+2d—1) (H L2t+3N—1) Lsa(a—1)/2—da+3 f

t=1 t=1

Now we compute the inverse of the matrix W. It depends on the dimension, so
we compute (Wy)~ L.

THEOREM 5.6. For 1 <d<n<N:
(W)L = isfr(_l)nfdflJqu)\%JruM7N57Nd)\7Nn;L+%

y 1 (=TS ) N (=g g
(1 + gstrntAd) (1 —qm=%) (¢*; M) n—a(q®; ¢ )a—1(g"; ¢")n-1(q"; ¢*)N—n

14+ (_1)Nq(>\+u) N(A;+1) —Ad—pn+r+sN—2s
X

1— (_1)Nq(>\+u)w+r+sN—s
Fibonacci Corollary for A=2, p=3,r =1 and s = —1:

COROLLARY 5.5. For1<d<n<N:
nt1 _Nn N N
(—1)( 31 )ntd=N (H L3t+2d—1)(H L2t+3n—1)
=1 =1

(10 2) (1 ) (5 (T )

Lsn(N+1)/2-2d—3n—N+3
« 5N FsN(N+1)/2— N+2

F5N(N+1)/2-2d—3n—N+3 . .
if N is odd.
SN=ILsN(N+1)/2— N+2 f

(W) pa =

)

if N is even,
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6. Proofs

Following our introductory remarks, we present now two proofs about the ma-
trix 7T.
In order to show that indeed T = L - U, we need to show that for any m, n:

1—
E _ __ sl—r—Am—pun %()\er,unJrrfl) q
Lm,dUd,n = tm,n =1 q 1— q)\er,unJrT :
d

In a rewritten form the formula to be proved reads

ol—p— _ 1 o
> LmaUn = (00 m-1(¢" ¢")n-1(1 — )it 77— Hm=Amgzmbun=r=1)
d

1d2(x d—ipd—3d .
qz (Atp)+r pd—35 (qT+u+ 1qM)a

X .
zd: (@ @) m—a(g" 27 g#)a(q"; ¢ Jn—a(q"HATH"; qX)a(qHHFA g1 )a

Apart form the constant factor, it should be proven that
q§d2(,\+u)+rd—%Md—%d(qrwﬂd; q“)d

6.1) ; (@ ) m—a(@ P2 ) a(g"; ¢* ) n—a (@ T g ) a(gmHrHA gl ) gy
1

(@ @M1 (g4 g )1 (1 — gAmentr)”
For the verification of the last equation, let us denote the LHS of the equation (G.1I)

by SUM,,, then the Mathematica version of the ¢g-Zeilberger algorithm [8] produces
the recursion

1— qm()\fl)+,un+r
(1 _ qm(k—l))(l _ qm)\-l-un-‘rr)

Now we move to the inverse matrices. Since L and L~! are lower triangular
matrices, we only need to look at the entries indexed by (m,n) with m > n:

AL A
Z Lmd dl _ (qk’q)\)mflif)\mq%)\m(_l)ni)\nq%)\nz

n .
n<d<m (q q

SUM,,, =

SUM,,_1.

d—1
Mm—d (@A gM) a (g5 ) a—n (@A g ) g1

)
1)d —Adn+iAd®— Ad(qu-i-)\d-i—r @)a (qu-l-)\n-l—r ")
34

For the sum on d in the last expression, the ¢-Zeilberger algorithm evaluates it and
gives us 0 for m # n. For m = n, it is easy:

(q)\; qA)n71 if)\nq%)\n(_1)ni)\nq%)\n2
(q)\; qk)n—l
(_1)nq7)\n2+%)\n2,%)\n(q,qu)\nJrT; q“)n(q‘“rMJr’”; q#)nil

8 (gHAPETs gl ) (qRHATT g )y =1

In that case, the equality is valid as well and so the proof is complete.

Now we present a proof for M.

We start with an introductory remark. For all the identities that we need to
prove, experiments indicate that they are Gosper-summable. However, the entries
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that we encounter in our instances, do not qualify for the ¢-Zeilberger algorithm
that we used in our earlier papers. Therefore, it was necessary to guess the relevant
quantities; the justification is then complete routine. However, this guessing pro-
cedure is (with all the parameters involved) extremely time consuming, and so we
confined ourselves to the demonstration of one such proof. We hope that extensions
of the ¢-Zeilberger algorithm will be developed that fit our needs.

We deal now with
> Lmalg,

n<d<m
and prove that it is 1 for n = m (there is only one term in the sum) and 0 for
n > m since we have lower triangular matrices. So let us assume m > n. We will
prove a general formula depending on an extra variable K:

K(K+1)

_ _ _ n(n—-1)
E Lm;de_;], _ (_1)K nq)\ 5 AKn+X\ 3
n<d<K

1— q()\-i-u)w-l-r-l-si(—s-i-(m—n))\

1 — g+ ST s K —s

y 1 (qk; qk)mfl (qs-i-)\n-i-u; q“)K
L= =2 (5 ¢ kn (@ @) m-1-k (@5 ¢ )1 (@A™ g1 i
The formula we need follows from setting K := m. Note that the RHS of
formula equals 0 when K = m > n because of the term (¢*;¢*)m_x_1 in the
denominator of the second row. The proof of the formula is by induction. Clearly
it is true for K = n, and the induction step amounts to show that

Z -1 —1 Z -1
mede,n + Lva‘f‘lLKJrl,n = Lm7de,n7
n<d<K n<d<K+1
which equals

(_1)K_"q>‘ KUCH) 3 g pnlnl) 1— q(>\+u)w+sK—s+r+(m—n)>\ 1
1— q(A-i-u)w-i-sK—s-i-r 1 — ghm—An
y (@ a)m—1 (A ") K
(@50 k—n (0 @) m—-1-K (0% ¢ )1 (@A™ g
(qA; qk)m—1 (qs+>\(K+1)+u; QH)K-i-l

(@ aM) k(@0 m—r-1 (@A™ gH) g
(Oppa) EEDEED) |\ — K—1) 45K +r

l—q
X
1— q(}\_,’_u) (K+1)2(K+2)+SK+T
stAn+p.
(_1)K+1fnqu+A%7>m(K+1) (q Mgk

x (qs+>\(K+1)+u;qu)K

1— q—xn+#(x+1)2+%(K+1)+T+S(K_1) (q,\; q’\)K

X
1 — g AEAD LKD)+ 258 (K1) 445 (K-1) (¢2;5¢2)n-1(0% ¢ K+1-n

_ (_1)K+1fnq>\wf)\n(l(+l)+>\%
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1— q(>\+u)W+S(K+l)—s+r+(m—n)>\ 1
X
1 — O B (K ) —str 1 — gAm—An
y (%5 0)m—1 (¢* A" ") k4

(@ M) K —nt1(0% 0 )m—k—2(a*; ¢ )1 (¥ ) g
or

_ (1 _ q()\-l-u)w—i-sK—s-l-r-l-(m—n))\)(l _ (>\+H)W+SK+T)

q
> (1 _ qA(KfnJrl))(l _ qs+>\m+,u+,uK)

§ (1= g PEFDFubREy (] q(A+u)w+>\(me71)+sK+r)

7)\n+#(K+1)2+>‘2;"(K+1)+T+S(K71))(1 _ )\mf)\n)

x(1—q
MHEA=nA(]

q

=q q(>\+u)w—i—s(Kﬁ-l)—sﬁ-rﬁ-(m—n))\)
« (1 _ q(>\+”)w+5K—S+T)(1 _ qA(m—K—l))(l _ qs+>\n+u+uK),

which is a routine check. Thus we have the claimed result.
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