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EXISTENCE RESULTS FOR NONLINEAR IMPULSIVE
gr-INTEGRAL BOUNDARY VALUE PROBLEMS

Lihong Zhang, Bashir Ahmad, and Guotao Wang

ABSTRACT. We investigate a nonlinear impulsive gi-integral boundary value
problem by means of Leray—Schauder degree theory and contraction mapping
principle. The conditions ensuring the existence and uniqueness of solutions
for the problem are presented. An illustrative example is discussed.

1. Introduction

We investigate the existence and uniqueness of solutions for a nonlinear impul-
sive gi-integral boundary value problem

Dgu(t) = f(tu(t), 0<gqg <1, telJ,
(1_1) Au(tk) :Ik(u(tk)), k=1,2,...,m,
u(T) = 7y i gs uls)) dy,s,

where Dg, are gg-derivatives (k =0,1,2,...,m), f,g € C(J xR, R), I; € C(R,R),
J=[0,TI(T > 0),0 =tg < t1 < - <t < <ty <tmp =T, =
I\{t1,t2, ... tm}, and Au(ty) = u(t}) — u(ty,), u(t)) and u(t;) denote the right
and the left limits of u(t) at t = ¢, (kK =1,2,...,m) respectively.

The study of ¢-difference equations, initiated with the pioneer work of Jackson
[1], has been developed over the years. The concept of g-calculus corresponds
to the classical calculus without the idea of limit. This subject is also known as
quantum calculus and finds its applications in a variety of disciplines such as special
functions, super-symmetry, control theory, operator theory, combinatorics, initial
and boundary value problems of g-difference equations, etc. For the systematic
development of g-calculus, we refer the reader to the books [2H4] and papers [5H10].

2010 Mathematics Subject Classification: 39A13; 05A13.

Key words and phrases: qp-difference equation, impulse, gi-integral boundary conditions,
Leray—Schauder degree theory, contraction mapping principle.

Partially supported by National Natural Science Foundation of China (No. 11501342) and
the Scientific and Technologial Innovation Programs of Higher Education Institutions in Shanxi
(Nos. 2014135 and 2014136).

Communicated by Stevan Pilipovié.

227



228 ZHANG, AHMAD, AND WANG

The importance of ¢-difference equations lies in the fact that these equations are
always completely controllable and appear in the g-optimal control problems [11].
The variational g-calculus is regarded as a generalization of the continuous varia-
tional calculus due to the presence of an extra-parameter ¢ that may be physical or
economical in its nature. The variational calculus on the g-uniform lattice includes
the study of the ¢g-Euler equations and its applications to the isoperimetric and
Lagrange problems and commutation equations. In other words, it suffices to solve
the g-Euler-Lagrange equation for finding the extremum of the functional involved
instead of solving the Euler-Lagrange equation [12]. Further details can be found
in [13-116].

The initial and boundary value problems of impulsive fractional differential
equations have been extensively investigated by many researchers, for instance,
see [17H25]) and references therein. In a recent paper [26], the authors discussed
the existence and uniqueness of solutions for impulsive gi-difference equations.

Motivated by [26], the present work is devoted to the study of impulsive g-
difference equations with integral boundary condition. The paper is organized as
follows. In Section 2] we present some basic concepts of the topic and an auxil-
iary lemma. Section [3] contains the main results, while an illustrative example is
discussed in Section [l

2. Preliminaries

Let us set Jy = [0,t1],J1 = (t1,¢2], -+, Jm—1 = (tm—1,tm], Jm = (tm,T] and
introduce the space: PC(J,R) ={u:J - R|u e C(Jg), k=0,1,---,m, and
u(t)) exist for k = 1,2,---,m} with the norm |ul| = sup,c;|u(t)]. Obviously

PC(J,R) is a Banach space.
Next we recall some basic concepts of gg-calculus [26]. For 0 < ¢ < 1 and
t € Ji, we define the gg-derivatives of a real valued continuous function f as

f@) — flget + (1 — g)ts)
2.1 D t) =
( ) Qkf() (1*Qk)(t*tk)
Higher order ¢i-derivatives are given by
DY) f(t)=f(t), Dy f(t)=DgDi 'f(t), neN, te .
The qx-integral of a function f is defined by

. Dy f(t) = Jim Dy f(0).

(2.2) 4. Zg f(t) == t F(8)dgys = (1=qr)(t—te) > ap fapt+(1—g)te), t € Ji,

n=0

provided the series converges. If a € (¢, t) and f is defined on the interval (tx,t),

then . ,
[ 10 dus= [ f61dus = [ 7).
a tr tr

Observe that

DQk(tkIQkf(t)):DQk/t f(S)quSZf(t),
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t

( Qkf( )) DQkf( )qus —f(t),

Qkf / DQkf qus—f()—f(a), ae(tkat)'

In the case txy = 0 and ¢ = ¢ in (ZI) and (Z2)), then Dy, f = Dyf, +,Zq. f =
0Ly f, where Dy and ¢Z, are the well-known g-derivative and g-integral of the func-

tion f(t) and are defined by
_f@) — flat) _ [ S
puf() = L=L0 - 7,50 = [ 1(s)a 5= D1 = 'S

LEMMA 2.1. For a given o(t) € C(J,R), a function uw € PC(J,R) is a solution
of the following impulsive qi-integral boundary value problem

Dy u(t)=0(t), 0<q <1, telJ,
(2.3) Au(tk) —Ik( ( k), k=1,2....m,
Z ftl+1 u(s)) dg, s,

if and only if u satisfies the qi-integral equation
(2.4)

Iy o(s) dgos + ﬁ [ g5 u(s)) — o ()]dg,s — ﬁmu(ti)), te Jo;
u(t) =< [} o(s)dg,s + z Jit als) dg,s + z [ g(s,u(s)) — o(s))dy, s

m

— > Lu(t)), te .
i=k+1

PROOF. Let u be a solution of gg-integral boundary value problem (Z3]). For
t € Jo, applying the operator ¢Z,, on both sides of Dy, u(t) = o(t), we get

u(t) = u(0) + oZg0(t) = u(0) —|—/O 0(8) dgy s

Thus, u(t; ) = u(0 —l—fo $)dg,s. For t € Jq, applying the operator t+Iq1 on both
sides of Dy, u(t) = o(t) ylelds

u(t) = u(t]) +/ o(s)dg,s.

t1

Taking into account the condition: Au(t;) = u(t]) — u(t;) = I (u(t;)), we obtain

u(t)zu(O)—i—/ o(s) dqls—l—/1a(s)dq05+11(u(t1)), vt e .

t1 0
Repeating the above process, it is found that

(2.5) () = u(0) + / qus—i-Z/tHl dq75+ZI ), te
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Substituting ¢ = T in (Z3]), we have
m tit1 m

(2.6) W(T) = u(0) + 3 / o(5) dgys + 3 Liults)).
i=0 7 ti i=1

Using the boundary condition given by (23] in (26]), we obtain

U@fﬁWWM+§LWdWW+§LwMM@FdWW

= Y L(u(t)), teJx

i=k+1

Conversely, assume that u satisfies g-integral equation ([24]). Then, by applying
the operator Dy, on both sides of (Z4)) and using ¢t = T', we obtain (Z3]). O

3. Main results

By Lemma [ZI] the nonlinear impulsive gg-integral boundary value problem
(CI) can be transformed into an equivalent fixed point problem: u = Gu, where
the operator G : PC(J,R) — PC(J,R) is defined by

+ k—1 tit1
(%MZ/HMMMM+Z/ F(s,u(s)) dg.s
tre =0t

m t '
+Z/
i=0 7 ti

One can notice that the existence of a fixed point of the operator G implies the
existence of a solution of problem (LIJ).

To show the existence of solutions for problem ([I.T]), we rely on Leray—Schauder
degree theory and Banach fixed point theorem.

Hl[g(s,u(s)) — f(s,u(s))]dg;s — Z I;(u(t;)).

i=k+1

THEOREM 3.1. Assume that (H;y) there exist nonnegative constants a,b,c,d

and e such that % >0 and

|f(t7u)|<a+b|u|a |g(tau)| <c+d|u|, |Ik(u)| <e, k:]-aQa-"ama

forallt € J, u € R. Then impulsive gi-integral boundary value problem (L)) has
at least one solution.

PROOF. In the first step, it will be shown that the operator G : PC(J,R) —
PC(J,R) is completely continuous. Let H C PC(J,R) be bounded. Then, for
Vt € J, u € H, we have |f(t,u)] < L1, |g(t,u)] < La, [Tx(u)| < L3, where L;
(¢ = 1,2,3) are constants and k = 1,2,...,m. Hence, for (t,u) € J x H, the
following inequality holds

t k—1 tit1
(Gu)(t)] < wm@wm+2/ (s, u(s)|dg s
tr i=0 ti
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+3 / | T llgs,ul )] + 1 (s, ul)dgs + S [i(u(t:))

i=k+1
k—1 m
§E1(t7tk)+£2 Z( i1 — ) (El +E2) ( i+1 —ti)+(m—k)£3
i=0 =0

Tﬁl + T(El + 1:2) + (m — k)£3

<
< T(2L1 + L2) + mLs =: L (constant).

This implies that |Gu|| < £. Furthermore, for any .t € J;, (k =0,1,2,...,m)
such that ¢/ <t < T, we have

+

(3.1) (Gu)(t") = (Gu)(t')] < f(s u(s)) dq f(s u(s)) dg,.s

1.
< /t/t//lf(&u( Ddaes < £2(2" 1),

As t — t”, the right-hand side of (B tends to zero. Thus, G(H) is a relatively
compact set. Therefore, by the Arzela—Ascoli theorem, the operator G is compact.
Also, continuity of functions f, g and I imply that G is a continuous operator. In
consequence, it follows that the operator G is completely continuous.

Now let us define H(A,u) = AGu, u € PC(J,R), A € [0,1] and note that
ha(u) =u— H(\u) =u— AGu is completely continuous.

Next, we fix R = % +1 and define a set Bg = {u € PC(J,R) | ||lu|| <

R}. To arrive at the desired conclusion, it is sufficient to show that G : Br —
PC(J,R) satisfies

(3.2) u#ANGu, Yu€dBr VAe|0,1].

Suppose that [32)) is not true. Then, there exists some A € [0, 1] such that v = AGu
for any u € 0BR and t € J. Thus, we have

t k—1 tit1
lu(t)] = [A(Gu)(t)| </ |f(s,u(s))ldg, s + Z/ |f(s,u(s))ldg, s
bk i=0 Vti

#3 [ [latsuton + s u) s+ Y Eu(eo)
i=0 “ti i=k+1

t tit1
< [ @ thuts qus+2/ (a+ blu(s)]) dy, s
tr t;
i+1
+Z/ (c+dlu(s)| + a + blu(s)|) dg,; s + Ze

i=k+1

k—1
< (a+ blJul) [(t B3 (i - m}

=0
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m

+[a+c+ b+d|\u|\]z tiy1 —ti) + (m—k)e

< (204 d)T'||ull + (2a + ¢)T + me,
(2a+c)T+me

1-(2b+d)T
false and ([32)) is true. Applying the homotopy invariance of topological degree, it
follows that

deg(hy, Br,0) = deg(I — \G, Bg,0) = deg(h1, Bgr,0)
= deg(ho, Bg,0) = deg(I, Bg,0) =1#0, 0€ Bg,

which leads to a contradiction: ||ul| < < R. Hence our supposition is

where T is the unit operator. Since deg(I—G, Br,0) = 1, the operator G has at least
one fixed point in Bgr by the solvability of topological degree. Thus, the impulsive
gr-integral boundary value problem () has at least one solution in Bg. O

To prove the uniqueness of solutions, we list the following assumptions:
(Hsz) there exist nonnegative continuous functions M (t) and N (¢) such that

|f(t,’U,) - f(t,’U)| g M(t)|u’ - U|7
|g(ta ’U,) - g(t,’U)| g N(t)|u’ - U|’
(Hj3) there exists a positive constant K such that

Ie(u) — ()| < Klu—v|, w,veR, k=1,2,...,m.

forallt € J, u,v € R.

In the sequel, we set
M* = N* = = Ty, (2M + N)(t; K
max |£(t,0)], max|g(t,0)l, 7 ;t 4 (2M + N)(ti41) + mK,

B=@M*+N"T, B,={ucPCUR)||u]<r}, 7«2%,

THEOREM 3.2. Let v < 1 and the conditions (Hz) — (Hs) hold. Then the

impulsive qi-integral boundary value problem (L) has a unique solution in B,.

PROOF. Firstly, we show that the operator G maps B, into itself. For Vt €
Jk,u € By, by (Hz) and (Hj3), we find that

t k=1 oty
G001 [ G uDldas + 3 [ 156 )

+Z/”1 lg(s,u(s))] + £ (s, u(s)]dgs + 3 [(u(t)
i=k+1
< / [1£(s,u(s)) = F(5,0)] + 1£(5,0) ]y s

k—1

S / T uls) — F(.0)] + 1£(5.0)]dgy s

1=0 T
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S / " llgs,uls)) — g(s,0)] + lg(s,0)]
> ),

+1f(s,u(s)) = f(s, 00 +1f(5,0)]dges + D |Li(ulty))]

i=k+1

t7+1

< [ aGs)u(s)] -+ ) "%”Z/t )+ M) dys

tr

+y / M+ N)($) ()| + (M + N)]dys + mK u]

< W) + 3 M) + 3 T O ) ) + ik
FMU (M N)T =

S _itifqi(2M+N)(ti+1) +mK} ul| + (2M* + N*)T

- 1=0

<Allull+ B <,

which implies that G(B,) C B;.
Next, we show that G is a contractive map. For each u,v € PC(J,R), it follows
by (Hz) and (Hs) that

1(Gu)(t) — (Go)(2)]
/ (s, u(s)) — £(5,( |qu5+2 / ) — £(s,0(s))ldg s

+ Z/ h |9 s,u(s)) — g(s,v(s))| + | f(s,u(s)) — f(s’v(s))@dq"s

+ Z [Li(u(ti)) — Li(v(t:))]
i=k+1

/M )|u— v||qus+2/ s)|lu— vl|dg, s

i+1
+Z/ (M + N)(s) [ — vl|dg, s + mE | — ]

<[tkzqu<t>+Ztini )+ 0o (M 4 N) (i) + mE | Ju— o
= =0

<flu=wll
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This implies that |Gu — Gv|| < v]Ju — v||. Clearly G is a contraction in view of the
assumption v < 1. Hence, the conclusion of Theorem follows by contraction

mapping principle due to Banach. Il
4. Example
Consider the following nonlinear impulsive gi-integral boundary value problem
u(t) k
D t)=5+-—"—, tel0,1], t# -—70,
U0 =5+ 3 am 0.1t #

Au(lik) - 1Osinu(1ik), k=1,2,

(4.1) 1/2 )
u(l) = /0 (3s + fu(s)e ™ (S)) dy/3s

1

2/3
+ / (3s + %u(s)e‘“Q(s)) di/28 + / (3s + %u(s)e‘“Q(s)) da)55.
1/2 2/3

Here, q; = 3_%k(k =0,1,2), tx, = Hik(k =1,2), f(t,u) = 5+, I (u) = 10sinw,
g(t,u) = 3t + Lue~". Clearly |F(t, u) <5+ 3ul, lg(t, u)] <3+ Lul, [Le(w)] < 10.
Selecting a = 5, b = %, c=3,d= % and e = 10, all the conditions of Theorem [3.1]
hold. Hence, by the conclusion of Theorem [B.I] there exists at least one solution
for the problem (&I]).
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