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EXPLICIT AND ASYMPTOTIC FORMULAE
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ABSTRACT. For coprime numbers p and ¢, we consider the Vasyunin—cotangent

sum
-1

=53 {12} ()

First, we prove explicit formula for the symmetric sum V (p, ¢) + V (¢, p) which
is a new reciprocity law for the sums above. This formula can be seen as a
complement to the Bettin—Conrey result |13} Theorem 1]. Second, we establish
an asymptotic formula for V (p, ¢). Finally, by use of continued fraction theory,
we give a formula for V (p, ¢) in terms of continued fraction of %

1. Introduction and statement of results

1.1. Introduction. Let H = L?([0,c]; t~2dt) be the Hilbert space with the
inner product

(L1) (fg) = / T e dr, fge .

For any real number z, |z| is the integer part of x, and {z} = x — |z| is the
fractional part of x. Let p be a positive integer. Denote by e, the function in
H given by e,(t) = {t/p}. The properties of the subspace H,, = Vect(eq,...,ey,)
spanned by the functions ey, ..., e, is studied in [6}/8]. Consider the characteristic
function
() = 1, ifte [1.,00]7

0, otherwise.
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156 GOUBI, BAYAD, AND HERNANE

The distance d,, from x to the subspace H,, is given by d,, = dist(x, H,) =
infrem, ||x — k|- In [7] it conjectured that

24y —logdm +o(1)

1.2 d; :
(1.2) n Tog ;Ao
Balazard and Roton proved in [|9] that

2 —log4
@5 2ty logdn

logn

It is well known that conjecture (1.2)) implies the Riemann hypothesis [216l[8]. For
computation aspects of d,, we refer to Landreau et al [18].
For fixed n > 1, from [10|, we quote the formula

d2 — Gram(Xa €1, 7en)
" Gram(ey, - ,€p,)

To compute this quantity, we need to evaluate two types of inner products, namely,
(X, ep); (ep,eq). The first one is given in |6} §1] by

(x.e >=710gp+1_7-
v p

On the other hand, for two coprime numbers p, ¢, the second inner product is given
by the Vasyunin formula [8}/28]

log2mr —vy (1 1 pP—q, q T
1.3 ep,eq) = —— |-+ - )+ ——log= — —[V(qg,p) + V(p,q
(13)  Aepeq) = =25 (42 ) + 55 oa — 5 V(g.p) + V(p.a)]

where

(1.4) Vig,p) = ”z_i {%} cot (%ﬁ)

=1

k
The Vasyunin—cotangent sum V (p, q) is still curious. Recently, Bettin and Conrey
[13 Theorem 1] proved a formula for

q _
Z;V(q,p) +V(p,q)
where pp = 1(g) and ¢g = 1(p) with 1 <p< ¢, 1 <g<p.

For ¢ = 1, the cotangent sum ([1.4]) is first studied by Vasyunin [28]. He proved
the asymptotic formula (for large p)

1
V(l,p) = _]%gp + g(log 21 — ) + O(logp).
This formula is improved by Rassias [26] and Maier and Rassias [20] as follows
1
v(Lp) = =222E 4 Bogar —9) + o).

Let p, n € N, p > 6N, with N = L%J + 1. Maier and Rassias |21, Theorem
1.7] proved that there exist absolute real constants Ay, A2 > 1 and absolute real
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constants Fj, [ € N with |E;| < (A11)%, such that for each n, we have

15 v(,p) = P8P

p R(
=(log 2w — - =Y F
+ 7T( og 2m + Z 2 (p)
where | R (p)] < (n Az)"p=(n+D),
The sum V' (p, q) can be interpreted as the value of the Estermann zeta function

[13l17] at s =0
k 2mik
(s ) =3 ) p (2ke).
1 s q
Recently, this sum is studied in [12,(13] and it is proved that V(p, q) satisfies the
reciprocity formula for all positive coprime numbers p and ¢

q _ 1 q
1.6 ~Vig,p) + V(P q :_7_9(,)
(16) Vg +V 0 == (2
where ¢ is an analytic function in C \ R_, which has the following asymptotic

expansion of order N > 2, z — 0

(@) = — M ZC ) By, o 4+ 0N

)

By, is the k*!' Bernoulli number. Since ((2k) = (—1)*~122k=172k By, /(2K)!, we have

[N/2] k- 2k—1 12
log2mx —v 1 R AT TIBs N+1
= 1) = Oz *1).
9(x) - 5 3 (U g et 06N

1.2. Statement of main results. Now consider the digamma function

-5 )

and the symmetric function

pg—1

(1.7) Gpg) =) (¢(r;1)—¢(1§q)){£}{§}'

r=1

We state a new reciprocity formula V(p, q).

THEOREM 1.1. For p,q positive coprime numbers, we have

1 2 1 1y 2
1. — ZlogpTlPt — 2 _pg(2) —gg(=) = 2 .
(1.8)  V(p,q)+V(g,p) —logpTq - pg(p) qg(q) WG(I%Q)

COROLLARY 1.1. For p,q positive coprime numbers, we have

2+ (log2m —v)(p+ q) 1 g1
1.9 — log pP—1g
( ) <ep7eq> 2pq 204 ogp” q

+5(5 9G) + 5 9(0) + w0

Next, we state an asymptotic formula for the sum V(a,pa + r).
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THEOREM 1.2. Let a > r and p be integers such that (a,pa+1) =1, aa =1
(mod ap + r) and rr =1 (mod a). Then for large p, we have

(1.10)  V(a,pa+r) = _<P+ 2)‘/(77, a) — % + %(p—&- g) (log p27ra — 7)

a+ 7T
LN/2] k. 2k—1732 _
1 4 B 2k—1 1
DG e e IR )
2 = k(2k)! pa+r D
We get the following corollary.
COROLLARY 1.2. Let a > 1. For large p, we have
(1.11) V(p+l,ap+a-1)=
1 1 1 1 2ma
- v L o2 m
(p+ a (1) 7ra+7r Pt a) 8 p+1)a—1 7

1 4k r2k—1p2 a 2k—1 1
- -1 k 2k .
+5 2. U a0 ((erl)afl) +O(pN>

1 2w 1 T
(1.12) V(Lp) ;(log?—7>p—;—@
L) k_2k—11R2 _
1 L AFr2h1B2 ]y 2k-1 1
+ 2k:2( V —a@m (p) +O(pN)'

Relation (|1.12)) improves asymptotic formula (1.5 proved by Maier and Rassias
in [21, Theorem 1.7].
In what follows, we give a few examples.

ExaMPLES 1.1. For large p we have

v<p+1v2p+1>=—;+1<p+;><logfil—v>
LN/ZJ
4= Z 4k 2%k — 1B2 (2p+1)2k 1 O(piN)
V(2p+1,3p+1):—p3_\|; 3177 ( )( )
L1 LNZ/2J 4k 2k— 132 ( >2k 1 O(piN)

SRR ORI

N —
Z:: 4k 2k— 1)'32 (3pi2>2k 1+O(i>.

pN
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We can consider V (g, p) as a function of a single rational argument, by defining
V(g/p) = V(gq,p). That this function is well defined is clear from the conditions
on g and p. By use of continued fractions [25] §7] and the reciprocity law [13|
Theorem 1], we obtain

THEOREM 1.3. Let 1 < q < p be coprime positive integers and p denote the
inverse of p modulo q. Write p/q = [ao,a1,...,a,] for a simple finite continued
fraction of p/q and (pr)o<k<nt1 for the finite sequence given by: pr—1 = ap—_1pk +
Dk+1 With po = P, p1 = q and pp+1 = 0. Then we have

1
Vip.q) = —
( ) ﬂ-(Q[a07a17"'70477.—2] 7p)
n k
S DFg((0 ar-s, - an]) [Tlag-1. - ).
k=2 j=2
COROLLARY 1.3. Let % = [bo, - ..,bn] and (qx) the associated sequence: qx—1 =

b—1qk + Qk+1, @0 = ¢, @1 =P, ¢ = 1. Then we have

1 N 1 1 .
(1.13) Vig,p) =— - —pg(;) — —logpg + ;(logq +(=1)"log ¢—1)
1 n—2
- Z(—l)k(% 10g qr+1 + gr+110g g — 2G(qk, qr+1))-
k=1

Moreover, we have

(1.14)
n—2
V(g,p) = — %(1 +log f1) — q(fu}(qlfl) - % I;(—l)k(fk 1og fr+1) + fot1log fk)
e g L Do (1) s — 1) T8
n—2 k
+ 23 (04 Glafioafien), where fi= T[10.b5or, bl
k=1 j=1

1.3. General case: p,q arbitrary. Let w = ged(p, ¢) > 1. Vasyunin formula
in [28] is given by
10g27r—7(1 1) P—q, 4 7w P q qap
B ) et (22 (4 2),
(ep €a) 2 p+q +2pq ng 2pq w' w + W w
As a consequence of Theorem [1.1] we find a new expression for (e,, e,):

(e >:2w+(log27r—’y)(p+q)
P 2pq

1
- %((p—w logp + (¢ —w)logg — (p+q— 2w)logw)

5 Go() + o (5) + el 0)
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2. Proof of Theorem and Corollary

We start this section with some useful prelimary results.

2.1. Computation of (vp,v4). Let p be positive integer and v, be the func-
tion given by v,(t) = {|t|/p}; v, is defined on R and it can be regarded as a
restriction of e, to N. Since

() = 0, if z €[0,1],
P hfp}, we bk + 1]

we have the relation

1
2.1 UV, = €, — —e1.
( ) P P pl

Then, from definition , we get
1 kY k
(vp, va) = ];1 k(k+1) {;}{5}'

LEMMA 2.1. Let p,q be coprime numbers. Then we have

2 1 1o
Ty v) = V) + V(L) (V(p.0) + V(g.p)) + —logp g7,

PRrROOF. Using expression (2.1)), we get

1 1 1 1 1
(Vpsvg) = (ep — Eelaeq - Eel> = (ep,eq) + ]7q<€1761> - 5<el,eq> - a<elv€p>

On the other hand, from Vasyunin formula (|1.3]), we obtain

10g27r—’y< 1 1—gq m
ey =——"(1 7) logq — —V(1,q),
(e1,eq) 5 +q + 5g 081~ 5, (1,q)
10g27r7'y( 1 1—p T
=22 7 7) logp — —V (1
<€1,€p> 2 +p + 2p ogp 2p ( 7p)7
(ep,€q) = 710g27r—7(} 1) + 2 D051 — T [v(q,p) + V(p, q)]
P 2 P q 2pq  p  2pqg- e

Therefore we deduce

2 1
g vg) = V(1,p) +V(L,9) = V(p.0) = V(4:p) + ~(glog p+ plog g~ log pg). O

The series

St

is convergent. Let us rewrite it in another form. For integer k we set k = r(pq),
1 <7< pg—1and then {%}{%} ={2}{}. Series (2.2) is equal to

pq—1

1 T r
(2:3) ZZ(ipq+r)(z’pq+r+1){];}{a}.

r=1 i20
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Finally, to estimate (v,,v,) we need to compute the sums

1

g (ipg +r)(ipg+7r+1)

LEMMA 2.2. For a,b two distinct positive numbers, we have

- 1 _ (a) —9(b)
Z(k+a)(k+b)_ a—b

k=0

Proor. We write

1 1 1 1 =
Mw_w@:b_a+zggwb_k+a) @-92 a7 il
COROLLARY 2.1. Let oo > 0. We have

- _ Yla/a) —¢(b/a)
(24) kZ:O ak + a) ak +b) ala—b) '

From (19|, we have the integral representation

oo —bt _ _—at
v —v) = [ =S

Thus, we can get

o0 oo

a—b phb-1 _ jata—l
.L a— d
2 (k+a)(k+b) ZO(IH—b k—l—a Z/ )b

1 b—1_ a—1 0o ,—bt _ ,—at
_ / LA / R
0 1-2z 0 1—-e~
Hence, the special case o = pq of relations (1.7]), (2.3, and (2.4]) gives the result.

COROLLARY 2.2. For p,q arbitrary, we have

(25) ZkkJrl {5 }{S}:G(p’q)'

2.2. Proof of Theorem and Corollary From Lemma and
Corollary we deduce that

2G(p,q) =V (L,p) +V(1,9) = (V(p,q) + V(g,p)) + % log p?~tgP .

Therefore, we get (|1.8) from the expression
1 1
(2.6) V(lp)=—-— —pg(*)-
™ p

We can obtain formula (1.9) by use of reciprocity formula (1.8) and Vasyunin
formula (1.3)).
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3. Proof of Theorem and Corollary
From reciprocity law (1.6)), we have

1 a
V(a, V(F,a) = — —9( )
pa+r (@ patr)+V(ra) m(pa + 1) g pa+r
and then we obtain
1
Vigpatr) =22 y(ma) - — _P2tT ().
Ta a pa—+r
Moreover, for large p we have
Lv/2] k. 2k—112 :
1 2 1 4 B k 1
9(ar) =~ (e =) 3 20 - (ags) +0 (1)
pa+r T pa+r 2 k(2k)! pa+r pN+1

Taking » = a — 1, one remarks that for a > 1 (p+ 1)a = 1 (mod pa + a — 1) and
(a—1)2=1(a). Thena=p+1land 7 =r =a—1. Since V(a—1,a) = V(1,a) and
thanks to relation (1.10) of Theorem [1.2] we obtain relation . Finally from
relation (L.11)) we can get (1.12)).

4. Proof of Theorem and Corollary

4.1. Continued fractions — an overview. In this subsection we quote some
facts about continued fractions, that will be useful later. For more details we refer
to |25l §7]. For real number z let

1
l':ao-l- 1 :[ao,al,ag,...]
a+———
1 . 1
a4+ —
2 as + e
be its continued fraction expansion with partial quotients ag € Z, ar, € N~ {0},
k > 1. In fact, we can determine ag, a1, ..., a, via the algorithm:
oz = |x| + {x}, ap = |z], & = {z}, if { = 0, then x is represented by
x = [ag].
o if £y # 0 then Léj >1,rm = f% we obtain & = [ag,r1], a1 = [r1] and
& =ri—a;if & =0thenz=ao+ % =ag+ L = [ag, a1].
e Otherwise we take ro = 5% and iterate the process.
We then get the sequence ag,as,as,.... This sequence is finite if and only if x is
a rational number. In the rational case, this algorithm is the FEuclidian algorithm.
Let us express a/b as a continued fraction of the form a/b = [ag,ay,...,ay], with
an+1 = 0. We can determine ag, ay, ..., a, by the Euclidean algorithm
(4.1) Pk—1 = Qk—1Pk + Pk+1, Po=a, p1=>b, ppt1=0.

Then p,, = ged(p, q) = 1. We quote from [25] §7] the following elementary proper-
ties of continued fractions which are needed in this paper. We omit their proofs.
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LEMMA 4.1. Let [ag,a1,...,a,] be continued fraction. Then
1
[a07a17"'7an] = a07a17'~~7an71+7 )
Qnp
1
[ag, a1, ... an] = ag + ——— .
[ah T 7an]

We get this lemma from the continued fraction definition. Let sg,tx be two
sequences of integers

0, if k=-2 1, if k=-2
S =11, if k=-1 tp =<0, ifk=-1
agSk—1+ Sk_2, ifk>=0 aptp_1 +tp_o, ifk>0

The sequences pg, s, and ti have the following properties.

LEMMA 4.2.
(4.2) [ao,al,...,ak]zi—k, k>0,
k
ty
lar,ap—1,...,a1] = —, k=1,
tr—1
(4.3) 0,a5-1,...,an] = 25 k>0,
Pk—1
[akvakfl7"'7a0] = ok ) k>0
Sk—1

This lemma represents the classical properties of the continued fractions. The
quotient Z—: is called the k™ -convergent of the continued fraction of Z.

COROLLARY 4.1. Let ¢ = [ag, a1, .. .,a,]; then
k
(4.4) pe=b]]0,a;-1,.. ,a0], k=2,
j=2

b=prlp—1+prritk—2, k=1
LEMMA 4.3. The sequences sg,ty and py satisfy

tesk_1 — tp_15x = (—1)F,

(45) Pk = (—1)k(atk,2 — bskfg).
PROPOSITION 4.1. Under the hypothesis of Corollary[A1], we have
n—1
(-1 I
4.6 = .
(4.6) kzzl pePE+1 b%[ag, a1, ..., an—o] —ab

PRrOOF. We have from Lemma [4.3]

(- DF 1R (DR (=D R
S o (G )

i1 PEPk+1 Prk+1
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+
i1 Pr+1 P Pk
Lem (1) Yy 182 (=)t
-1 (=D 2 v 3 (=12
P Pk el Pk
(D) Myt (D) My
Pn b b p1 Pn b
From (4.5) we deduce p,, = (—1)"(at,,—2 — bsp—2) and then
-1 n—1 " e
(4.7) (=D"p :<b8 2—a).
tn—2 tn—2
Relation (4.2) implies that
Sp—
(4.8) z _ [ap, a1, ..., an_2]
tn 2
From relations and (| . we have
(—1)" Yo 1
Db ~ b2[ag, a1, .., 0 2] —ab’
Therefore we obtain
— 1
S . -
pkpk+1 b%[ag,a1,...,an_2) —ab

4.2. Application: Computation of V(p,q). Using reciprocity formula
(1.6)) and continued fractions properties, we can get an explicit formula for V' (p, q).

LEMMA 4.4. Let p and q be copm'me positive numbers. We have

(4.9) =4 Z SO0 pk) 9(o5)

pkkarl o

ProOOF. From the reciprocity law (1.6)), with p = a, ¢ = b and the sequence
(pr) defined in relation (4.1, we have

) 1, 1
(4.10) V(B pis) + —V (Bro1,p) = ( +9( - ))
Pr—1 Pk Pk \TPk—1 Pk—1

Observe that

Pk—1 = Qk—1Pk + Pkt1, DPk—1 = DPk+1, V(Pk-1,Pk) = V(Dk+1,Dk),
then relation (4.10) becomes
1 1. 1, 1 i
V(Prs Pr-1) + —V (Pr+1,Pk) = —*( +9< ))
Pk—-1 Pk Pr \TPE—1 Pr—1
We have the computation

- (*1)]C _ (,1)1@ ~
; |:pk1 VP pr1) + Dk V(Pk+1/Pk)]
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= z": (_1)kV(I5k7Pk71) + z”: 1)

& Pk—1 Pk
n—

,_.H

1
1)k n
= Lv(pk+lapk) + Z
k=0 Pk k=1

—1)n

V(ﬁnJrlvpn)'

o"—*o

= > V(P17P0)+(

n

Since p,+1 = 0, the relation V(p,+1,pn) = 0 implies

n - k B &
; [(pkl)l‘/(ﬁkvpk—l)Jr ( pi) V(I_)k+17pk)] - —%V(é,ﬁ)

n ook _1\k
=i - Vi + Y| SV + S|

éV(p, 0=y {(l;l_)f V(Prs pr—1) + (;1)kv(pk+1apk):|

then we deduce

_kZ:Q Dk (wpk 1+g<pf:)):717:2 (=1) _i (_1)kg( Pk ) 0

1PEPE+1 i Pk Pr—1

k

4.3. Proof of Theorem [1.3] and Corollary [T Flrst we prove Theo-
rem |1.3] . Taking a = p and b = ¢, by virtue of relation we obtain

n—1

q 1
4.11 = —.
( ) Z a(]uala"

pkpk+1 S n_2] =P
From (4.4) we get

1 k
— 7Ha] 1y---,0 a k>2a
P 455

and from (4.3) we obtain

n n 1 k
4.12 ( ): -9 (lak—1,"- ,a a;_1, , G
(4.12) kZ:ka Pr-1 kz::Qq([k1 1;[”1 an]

Substituting quantities (4.11]) and (4.12)) into (4.9) we get Theorem

To prove Corollary [1.3] note that for p = r(q) we have

0 ifr=20
4.13 Vp,q) =1 .
(4.13) (.q) {V(r, q), otherwise.
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Applying several times reciprocity formula ((1.8) to the sequence gi, we obtain

n—1 n—1
S =DR0(qe-1ae) = Y (D Vi(ge-1, @) + Vgks qe-1)]
k=1 k=1
where
1
O(qr—1,q1) = ;(%-1 log gx + qr log gx—1 — log qx—1qx)
2 1 1 2
- == %—19(7) - %9(*) — —G(qr—1,qx)-
Q0 k-1 dk ™
From (4.13) we have V(qr+1,qx) = V(qk—1,qx) and V(¢n—1,¢n) = 0, and then
n—1 n—1 n—1
S =D 0(qe-1a6) = Y (D Vg1, %) + Z(—l)’“vm,qk,l)
k=1 k=1
n—1
= > (=1 V(grs1, an +Z DV (g, ar)
k=1

=-V(p,q) = (-1)" V<qmqn—1>-

In addition we have

n—1 n—1
1
S (=DF0(gr-1,q0) = = > (=1)*[(gr-1log g + qxJog gx—1 — 1og q—1qx)]
k=1 =1
2

>1

*Z "1+ Glar-1, x)]
k=

= > D g (——
k=1 q
and we push this computation we arrive to

n—1 n—1 n—1

;(—1)’“[%19((1:_1) +qu(qik)} =k_1(—1)’“qklg<q:_1) +I;(—1)’“qu(qlk>
= n_Q( 1)f+g 9( ) +n§(—l)qug<ql)
k=0 k=1
= —ng) + (=D g 19(61: 1)
We have also
ni:l(_l)k log qr—1qr = ni:l(—l)k(logq;c—1 + log qk)
k=1 k=1

Z )" log g1 + Z )" log g,
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n—2 n—1
=3 (D) loggr + > _(~1)* log gy,
k=0 k=1

= —logq— (—1)"loggn—1.

Then we have
n—1

1
> (—1)*(ge-11og g + grlog gr—1) + qg(g)

k=1
)- %Z 1+ Clair, )

1
+;(10gq+( 1)"log gn-1)

—V(p, q) - (_1)nV(QHa %—1)

=n~

H(=1)" g (
( >Q1g%11

and

—Vi(p,q) = (—=1)"V(gn, qn-1) + (*1)"%—19((] ! ) - %(q logp + plogq)

n—1

1 1 B
+ qg(;) +—(1+Gl(q,p) + ;(logq+ (=1)"log gn—1)
1 n—
- Z @ 108 g1 + qr+110g gk — 2G(qr, qr+1) — 2]
( ) 1 1
B Ve B Ve — 21 —pg(-
. (r,q) —V(g,p) —logpq pg(p)
1
;(logq +(=1)"log qn-1)

- Z *lar 1og gry1 + qrr1log gk — 2G (g, gr1) — 2]

Then we complete the proof of relation (1.13)

1 N 1 1 .
Vi(g,p) =— - —pg(];) — —logpg + ;(logq +(=1)"log ¢n—1)

1 n—2
- Z(—l)k[% 10g Gr+1 + qr+110g g — 2G(qi, qr+1)]-
k=1
We observe that for any integer 1 < k < n we have ¢, = ¢ 1_[;?:1[07 bj—1,...,bn], s0

that we can get (1.14) from (1.13).

5. Further identities on V (p, q) and computation

In this section we relate the sums V(p, ¢) to some interesting and well-known
convergent series. The functions ¢ and cotangent are related by the reflection
formula |1, §6.3.7]

(5.1) (1 —2) —(2) = weot(nz).
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Moreover, ¢ can be written in terms of harmonic function H,(z) = > ,_, ﬁ
and the n-th harmonic number H, = Y7, ¢ as follows.
LEMMA 5.1. Let z € C such that Re(z) > 0. Then we have
¥(z) = lim (logn — H,(2))
n—oo

at z = n positive integer we have
(5-2) P(n+1) ==y + Hy.

PROOF. It is is easy to see that

W =—1--+3(;
k=1

1 "1
- 1 (1 _ )
2) = i, (tosn = 32 o

Then
. m+n 1
b(n+1) = lim (k’gm ZW) kS (k’gm_ = ’f“)
Jim ~ k+1 k:0k+1
m+n 1
:"}gnoo<]0g(m—|—n)—kZOM>+Hn=_'Y+Hn. U

PROPOSITION 5.1. For x = p/q with (p,q) = 1, we have

— 2rz)
(5:3) P AVWE:Z:k+1 z)(k+rx)’

PROOF. We have

q—1 q—1

r=1 r=1

By reflection formula we have
ot (7) = 2 (v (570) (7))

From relations and we have
(7))

- —2rp
=9 QD) i aE )

k>0

Then

:]

1] r(q — 2rp)
722 q(k+1) —rp)(gk +rp)’

r=1 k>0
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and we obtain
q—1

_ 1 Z r(1—2rx) 0
mq (k+1—rx)(k+rx)

r=1k>0

As an immediate consequence we derive

COROLLARY 5.1. Let g be a positive integer; we have

(G4) V(1= - 2D Sy Z r(g—2r)

™ [ierfbt qlk+1)—7r)(gk+r)’
v )__qu)+7—2 —}j%ﬁj (¢ —2r)?
4= T == qlk +1) —7r)(gk +7)

Proor. From (|5.3)), special case p = 1, we can get

—2r/q)
TI'QZZ k—|—1 r/q (k+r/q)

then we have

q—QH
ZZ 1) —r)(gk + )

T >0r=1
and
qg—2r 1 K r(q — 2r)
V(l,q)=— - =
(L.9) Z q—r F’;; (k+1)—r)(gk+r)
1 r(q — 2r)
= —(q(2—-H
W(q( - k§>:12 (k+1)—r)(gk+r)
From (j5.2) we obtain (5.4). To end the proof we use that for ¢ + r = ¢, we have
1 B 1
(g +1) =r)(gk+7)  (q(k+1)—t)(gk + 1)’
r(q—2r) +t(qg—2t) = (¢ — 2r)% O

PROPOSITION 5.2. The sum V(1,q) has the following integral representation.

1/1 (q—2)27 — qri=t +qv —q+2
= Jo (o= D2(ai — 1)

REMARK 5.1. Note that from (5.5) and (2.6) we deduce that

()= | (e e

(5.5) V(,q) =— dx.
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PROOF. From the relation |i we have

q—2r
Z Z qlk+1)—7r)(gk+r)’

rl k>0

g2 1 1 /1 ghtr—1 _ ahtq-r—1
- - - Tl 1) .
(¢qlk+1)—r)(gk+7r) qgk+r gk+q—r O(x v )z

Then
Z q—2r /1 gr 1l — ga—r-l d
p— x
= (qlk+1)—7r)(gk + 1) 0 1— x4

which gives

S —a97
V(1,q) —*/ po— dx.
On the other hand

- “\z-1/) ~ (@—1)2 '

Thanks to Proposition we give a few values of V (1, p)
ExaMmPLE 5.1. V(1,2) =0,

1 Y de 1 2 (b dx 1
V(l,3)=—— = _ V(l.4)=—-Z= "t
(1,3) 77/0 2 +x+1 3v3’ (1,4) 7r/0 22 +1 2’

e 3 1 7
V(1,6) = —— dr = ——_.
(1,6) 7r/0 (xz—x+1+xz+x+1)x 3v3

6. Another estimation of V(p,q) + V (g, p)

In this section we establish another asymptotic formula for the sum V(p, q) +
V(q,p). For this we prove the lemma

LEMMA 6.1. Let p be a positive integer. We have

o =Sl
O

PRrROOF. We have

Zklﬁ—l{ Z{i / du

k>1 k>1

_ ZZ{ }/ g1 iy g

r=1:>0
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1t Sl dp — logp

pJo 1+a+-- +art P
Thus we obtain (6.1} . Let us write

pjz_::{ }{ - Zz{qurt}{ = ;§t<§1’{iq+t}>

p

and we take r = p{%}, observe that r is integer and runs from 1 to p — 1. Then,

we have
pal g -1)
RETEES ) ST :

REMARK 6.1. Another proof of relation (6.1]) is given in [10].

The geometry of ¥(7) is studied in [14,24]. In the next corollary we write
log p as a linear combination of 1/1(%) fori<r<p-1.

COROLLARY 6.1. Let p be a positive integer. Then we have

o= S5 )

p p

PRrROOF. We start with the equalities

p—1

logp 1 k _ 1 T
P I;k(k;—i-l){p} ;(;(ip+r)(ip+r+l)>{p}
and from we have

oo

3 1 _ Y +1)/p—4(r/p)
—(pi+r)pitr+1) p
thus the result follows. O

PROPOSITION 6.1. Let p,q be two coprime integers and put

Ap,q) = %(1 + max {Ww(;),min{q -y —=(q),p—v— w(p)}})-
Then we have

(6.2)  A(p,q) < %logp"‘lq’”‘1 - pg(%) - qg(%) —~Vi(p,q9) = V(gp)

< 2+ 24/pqlogplogq
~ T .

PrROOF. From equality (6.1) we remark that

{vp, va) Zkk+1{ }:loip and (v, vg) kz k+1{k}:b§q
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we deduce that (v,,v,) < /logplogq/pq. For ¢ < p we have
-1

2

L

1k+1

(Up,vg) >

gl=
i

Similarly if p < ¢ we have (vp, vq) > % Zi;i kL_H Therefore we have

1 o 1 Ll
U, Vg) > — | g — —— ] or {(vp,vs)>—|p— — .
(vp, vq) pq( ;k—i-l) (0, ) pq( kz_lk+1)
From (5.2)) we have
1 1
UpsUg) > —(q =7 —%(q)) or (vp,vg) > —(p—7—v(p
(vp, vg) pq( (9)) (vp, vg) pq( (p))
and then (v, vq) > i min{q — v — ¥(q),p — v — ¥(p)}. Finally we obtain
1 1
i oy oy - < .
p— min{g —7 = ¥(q),p — 7 = ¥(P)} < —(vp,vq) < Vlogploga/pg
In addition we have

pq(vp,vg) = G(p,q) = ; <¢(r;l) _w(é»{;}{g}

and for x > 0 and 0 < y from Sulaiman [27, Theorem 2.2] we have the

<1,
inequality ¥ (xz + y) — ¥(z) > ¢¥(y). Taking x = ﬁ and y = é, from the above

inequalities we obtain
I\ ey o (p—1)(¢g-1) /1
> o() S (o) > ety

Furthermore
1 (p—1D(@-1) (1 .
g A {fw(pfq),mm{q -y —=v(@),p—7— w(p)}}

< <vpavq> <V log plog q/pq.
Then we have

%max {W?ﬁ(;{]),min{q —v=v(q),p—7— w(p)}}
< %G(p, q) < 2 V/pqlogplogg.

s

From (/1.8) we obtain
2 2 1 o 1 1
ZG(p,q) + == =logp? '¢"' — (V(p,q) + V(q,p)) —pg<*) - qg(*)-
us T p q

This implies relation (6.2]). O
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