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EXPLICIT AND ASYMPTOTIC FORMULAE
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Abstract. For coprime numbers 𝑝 and 𝑞, we consider the Vasyunin–cotangent
sum

𝑉 (𝑞, 𝑝) =
𝑝−1∑︁
𝑘=1

{︁
𝑘𝑞

𝑝

}︁
cot

(︁
𝜋𝑘

𝑝

)︁
.

First, we prove explicit formula for the symmetric sum 𝑉 (𝑝, 𝑞) + 𝑉 (𝑞, 𝑝) which
is a new reciprocity law for the sums above. This formula can be seen as a
complement to the Bettin–Conrey result [13, Theorem 1]. Second, we establish
an asymptotic formula for 𝑉 (𝑝, 𝑞). Finally, by use of continued fraction theory,
we give a formula for 𝑉 (𝑝, 𝑞) in terms of continued fraction of 𝑝

𝑞
.

1. Introduction and statement of results

1.1. Introduction. Let 𝐻 = 𝐿2([0,∞]; 𝑡−2𝑑𝑡) be the Hilbert space with the
inner product

(1.1) ⟨𝑓, 𝑔⟩ =
∫︁ ∞

0
𝑓(𝑡) 𝑔(𝑡) 𝑡−2𝑑𝑡, 𝑓, 𝑔 ∈ 𝐻.

For any real number 𝑥, ⌊𝑥⌋ is the integer part of 𝑥, and {𝑥} = 𝑥 − ⌊𝑥⌋ is the
fractional part of 𝑥. Let 𝑝 be a positive integer. Denote by 𝑒𝑝 the function in
𝐻 given by 𝑒𝑝(𝑡) = {𝑡/𝑝}. The properties of the subspace 𝐻𝑛 = Vect(𝑒1, . . . , 𝑒𝑛)
spanned by the functions 𝑒1, . . . , 𝑒𝑛 is studied in [6,8]. Consider the characteristic
function

𝜒(𝑡) :=
{︃

1, if 𝑡 ∈ [1,∞],
0, otherwise.
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The distance 𝑑𝑛 from 𝜒 to the subspace 𝐻𝑛 is given by 𝑑𝑛 = dist(𝜒,𝐻𝑛) =
infℎ∈𝐻𝑛

‖𝜒− ℎ‖. In [7] it conjectured that

(1.2) 𝑑2
𝑛 ∼ 2 + 𝛾 − log 4𝜋 + 𝑜(1)

log𝑛 , 𝑛 → +∞.

Balazard and Roton proved in [9] that

𝑑2
𝑛 >

2 + 𝛾 − log 4𝜋
log𝑛 , 𝑛 → +∞.

It is well known that conjecture (1.2) implies the Riemann hypothesis [2–6,8]. For
computation aspects of 𝑑𝑛, we refer to Landreau et al [18].

For fixed 𝑛 > 1, from [10], we quote the formula

𝑑2
𝑛 = Gram(𝜒, 𝑒1, · · · , 𝑒𝑛)

Gram(𝑒1, · · · , 𝑒𝑛) .

To compute this quantity, we need to evaluate two types of inner products, namely,
⟨𝜒, 𝑒𝑝⟩, ⟨𝑒𝑝, 𝑒𝑞⟩. The first one is given in [6, §1] by

⟨𝜒, 𝑒𝑝⟩ = log 𝑝+ 1 − 𝛾

𝑝
.

On the other hand, for two coprime numbers 𝑝, 𝑞, the second inner product is given
by the Vasyunin formula [8,28]

(1.3) ⟨𝑒𝑝, 𝑒𝑞⟩ = log2𝜋 − 𝛾

2

(︁1
𝑝

+ 1
𝑞

)︁
+ 𝑝− 𝑞

2𝑝𝑞 log 𝑞
𝑝

− 𝜋

2𝑝𝑞 [𝑉 (𝑞, 𝑝) + 𝑉 (𝑝, 𝑞)]

where

(1.4) 𝑉 (𝑞, 𝑝) =
𝑝−1∑︁
𝑘=1

{︁𝑘𝑞
𝑝

}︁
cot

(︁𝜋𝑘
𝑝

)︁
.

The Vasyunin–cotangent sum 𝑉 (𝑝, 𝑞) is still curious. Recently, Bettin and Conrey
[13, Theorem 1] proved a formula for

𝑞

𝑝
𝑉 (𝑞, 𝑝) + 𝑉 (𝑝, 𝑞)

where 𝑝𝑝 ≡ 1(𝑞) and 𝑞𝑞 ≡ 1(𝑝) with 1 6 𝑝 6 𝑞, 1 6 𝑞 6 𝑝.
For 𝑞 = 1, the cotangent sum (1.4) is first studied by Vasyunin [28]. He proved

the asymptotic formula (for large 𝑝)

𝑉 (1, 𝑝) = −𝑝 log 𝑝
𝜋

+ 𝑝

𝜋
(log 2𝜋 − 𝛾) +𝑂(log 𝑝).

This formula is improved by Rassias [26] and Maier and Rassias [20] as follows

𝑉 (1, 𝑝) = −𝑝 log 𝑝
𝜋

+ 𝑝

𝜋
(log 2𝜋 − 𝛾) +𝑂(1).

Let 𝑝, 𝑛 ∈ N, 𝑝 > 6𝑁 , with 𝑁 =
⌊︀

𝑛
2

⌋︀
+ 1. Maier and Rassias [21, Theorem

1.7] proved that there exist absolute real constants 𝐴1, 𝐴2 > 1 and absolute real
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constants 𝐸𝑙, 𝑙 ∈ N with |𝐸𝑙| 6 (𝐴1𝑙)2𝑙, such that for each 𝑛, we have

(1.5) 𝑉 (1, 𝑝) = −𝑝 log 𝑝
𝜋

+ 𝑝

𝜋
(log 2𝜋 − 𝛾) + 1

𝜋
−

𝑛∑︁
𝑙=1

𝐸𝑙𝑝
−𝑙 −𝑅*

𝑛(𝑝)

where |𝑅*
𝑛(𝑝)| 6 (𝑛 𝐴2)4𝑛𝑝−(𝑛+1).

The sum 𝑉 (𝑝, 𝑞) can be interpreted as the value of the Estermann zeta function
[13,17] at 𝑠 = 0

𝐸0

(︁
𝑠,
𝑝

𝑞

)︁
=

∑︁
𝑘>1

𝜏(𝑘)
𝑛𝑠

exp
(︁2𝜋𝑖𝑘𝑝

𝑞

)︁
.

Recently, this sum is studied in [12, 13] and it is proved that 𝑉 (𝑝, 𝑞) satisfies the
reciprocity formula for all positive coprime numbers 𝑝 and 𝑞

(1.6) 𝑞

𝑝
𝑉 (𝑞, 𝑝) + 𝑉 (𝑝, 𝑞) = − 1

𝜋𝑝
− 𝑔

(︁𝑞
𝑝

)︁
where 𝑔 is an analytic function in C r R−, which has the following asymptotic
expansion of order 𝑁 > 2, 𝑥 → 0

𝑔(𝑥) = − log 2𝜋𝑥− 𝛾

𝜋
+ 2
𝜋

𝑁∑︁
𝑘=2

𝜁(𝑘)𝐵𝑘

𝑘
𝑥𝑘 +𝑂(𝑥𝑁+1),

𝐵𝑘 is the 𝑘th Bernoulli number. Since 𝜁(2𝑘) = (−1)𝑘−122𝑘−1𝜋2𝑘𝐵2𝑘/(2𝑘)!, we have

𝑔(𝑥) = − log 2𝜋𝑥− 𝛾

𝜋
− 1

2

⌊𝑁/2⌋∑︁
𝑘=1

(−1)𝑘 4𝑘𝜋2𝑘−1𝐵2
2𝑘

𝑘(2𝑘)! 𝑥𝑘 +𝑂(𝑥𝑁+1).

1.2. Statement of main results. Now consider the digamma function

𝜓(𝑧) = −𝛾 − 1
𝑧

+
∞∑︁

𝑘=1

(︁ 1
𝑘

− 1
𝑘 + 𝑧

)︁
and the symmetric function

(1.7) 𝐺(𝑝, 𝑞) =
𝑝𝑞−1∑︁
𝑟=1

(︁
𝜓

(︁𝑟 + 1
𝑝𝑞

)︁
− 𝜓

(︁ 𝑟

𝑝𝑞

)︁)︁{︁𝑟
𝑝

}︁{︁𝑟
𝑞

}︁
.

We state a new reciprocity formula 𝑉 (𝑝, 𝑞).

Theorem 1.1. For 𝑝, 𝑞 positive coprime numbers, we have

(1.8) 𝑉 (𝑝, 𝑞) + 𝑉 (𝑞, 𝑝) = 1
𝜋

log 𝑝𝑞−1𝑞𝑝−1 − 2
𝜋

− 𝑝𝑔
(︁1
𝑝

)︁
− 𝑞𝑔

(︁1
𝑞

)︁
− 2
𝜋
𝐺(𝑝, 𝑞).

Corollary 1.1. For 𝑝, 𝑞 positive coprime numbers, we have

⟨𝑒𝑝, 𝑒𝑞⟩ = 2 + (log 2𝜋 − 𝛾)(𝑝+ 𝑞)
2𝑝𝑞 − 1

2𝑝𝑞 log 𝑝𝑝−1𝑞𝑞−1(1.9)

+𝜋

2

(︁1
𝑞
𝑔
(︁1
𝑝

)︁
+ 1
𝑝
𝑔
(︁1
𝑞

)︁)︁
+ 1
𝑝𝑞
𝐺(𝑝, 𝑞).

Next, we state an asymptotic formula for the sum 𝑉 (𝑎̄, 𝑝𝑎+ 𝑟).
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Theorem 1.2. Let 𝑎 > 𝑟 and 𝑝 be integers such that (𝑎, 𝑝𝑎 + 𝑟) = 1, 𝑎̄𝑎 ≡ 1
(mod 𝑎𝑝+ 𝑟) and 𝑟𝑟 ≡ 1 (mod 𝑎). Then for large 𝑝, we have

𝑉 (𝑎̄, 𝑝𝑎+ 𝑟) = −
(︁
𝑝+ 𝑟

𝑎

)︁
𝑉 (𝑟, 𝑎) − 1

𝜋𝑎
+ 1
𝜋

(︁
𝑝+ 𝑟

𝑎

)︁(︁
log 2𝜋𝑎

𝑝𝑎+ 𝑟
− 𝛾

)︁
(1.10)

+1
2

⌊𝑁/2⌋∑︁
𝑘=1

(−1)𝑘 4𝑘𝜋2𝑘−1𝐵2
2𝑘

𝑘(2𝑘)!

(︁ 𝑎

𝑝𝑎+ 𝑟

)︁2𝑘−1
+𝑂

(︁ 1
𝑝𝑁

)︁
.

We get the following corollary.

Corollary 1.2. Let 𝑎 > 1. For large 𝑝, we have
𝑉 (𝑝+ 1, 𝑎𝑝+ 𝑎− 1) =(1.11)

−
(︁
𝑝+ 1 − 1

𝑎

)︁
𝑉 (1, 𝑎) − 1

𝜋𝑎
+ 1
𝜋

(︁
𝑝+ 1 − 1

𝑎

)︁(︁
log 2𝜋𝑎

(𝑝+ 1)𝑎− 1 − 𝛾
)︁

+ 1
2

⌊ 𝑁
2 ⌋∑︁

𝑘=1
(−1)𝑘 4𝑘𝜋2𝑘−1𝐵2

2𝑘

𝑘(2𝑘)!

(︁ 𝑎

(𝑝+ 1)𝑎− 1

)︁2𝑘−1
+𝑂

(︁ 1
𝑝𝑁

)︁
.

In the particular case 𝑎 = 1, we have

𝑉 (1, 𝑝) = 1
𝜋

(︁
log 2𝜋

𝑝
− 𝛾

)︁
𝑝− 1

𝜋
− 𝜋

144𝑝(1.12)

+ 1
2

⌊ 𝑁
2 ⌋∑︁

𝑘=2
(−1)𝑘 4𝑘𝜋2𝑘−1𝐵2

2𝑘

𝑘(2𝑘)!

(︁1
𝑝

)︁2𝑘−1
+𝑂

(︁ 1
𝑝𝑁

)︁
.

Relation (1.12) improves asymptotic formula (1.5) proved by Maier and Rassias
in [21, Theorem 1.7].

In what follows, we give a few examples.

Examples 1.1. For large 𝑝 we have

𝑉 (𝑝+ 1, 2𝑝+ 1) = − 1
2𝜋 + 1

𝜋

(︁
𝑝+ 1

2

)︁(︁
log 4𝜋

2𝑝+ 1 − 𝛾
)︁

+ 1
2

⌊𝑁/2⌋∑︁
𝑘=1

(−1)𝑘 4𝑘𝜋2𝑘−1𝐵2
2𝑘

𝑘(2𝑘)!

(︁ 2
2𝑝+ 1

)︁2𝑘−1
+𝑂

(︁ 1
𝑝𝑁

)︁
.

𝑉 (2𝑝+ 1, 3𝑝+ 1) = −
𝑝+ 1

3
3
√

3
− 1

3𝜋 + 1
𝜋

(︁
𝑝+ 1

3

)︁(︁
log 3𝜋

2 − 𝛾
)︁

+ 1
2

⌊𝑁/2⌋∑︁
𝑘=1

(−1)𝑘 4𝑘𝜋2𝑘−1𝐵2
2𝑘

𝑘(2𝑘)!

(︁ 3
3𝑝+ 1

)︁2𝑘−1
+𝑂

(︁ 1
𝑝𝑁

)︁
.

𝑉 (𝑝+ 1, 3𝑝+ 2) =
𝑝+ 2

3
3
√

3
− 1

3𝜋 + 1
𝜋

(︁
𝑝+ 2

3

)︁(︁
log 6𝜋

5 − 𝛾
)︁

+ 1
2

⌊𝑁/2⌋∑︁
𝑘=1

(−1)𝑘 4𝑘𝜋2𝑘−1𝐵2
2𝑘

𝑘(2𝑘)!

(︁ 3
3𝑝+ 2

)︁2𝑘−1
+𝑂

(︁ 1
𝑝𝑁

)︁
.
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We can consider 𝑉 (𝑞, 𝑝) as a function of a single rational argument, by defining
𝑉 (𝑞/𝑝) = 𝑉 (𝑞, 𝑝). That this function is well defined is clear from the conditions
on 𝑞 and 𝑝. By use of continued fractions [25, §7] and the reciprocity law [13,
Theorem 1], we obtain

Theorem 1.3. Let 1 < 𝑞 < 𝑝 be coprime positive integers and 𝑝 denote the
inverse of 𝑝 modulo 𝑞. Write 𝑝/𝑞 = [𝑎0, 𝑎1, . . . , 𝑎𝑛] for a simple finite continued
fraction of 𝑝/𝑞 and (𝑝𝑘)06𝑘6𝑛+1 for the finite sequence given by: 𝑝𝑘−1 = 𝑎𝑘−1𝑝𝑘 +
𝑝𝑘+1 with 𝑝0 = 𝑝, 𝑝1 = 𝑞 and 𝑝𝑛+1 = 0. Then we have

𝑉 (𝑝, 𝑞) = 1
𝜋(𝑞[𝑎0, 𝑎1, . . . , 𝑎𝑛−2] − 𝑝)

−
𝑛∑︁

𝑘=2
(−1)𝑘𝑔([0, 𝑎𝑘−1, . . . , 𝑎𝑛])

𝑘∏︁
𝑗=2

[𝑎𝑗−1, . . . , 𝑎𝑛].

Corollary 1.3. Let 𝑞
𝑝 = [𝑏0, . . . , 𝑏𝑛] and (𝑞𝑘)𝑘 the associated sequence: 𝑞𝑘−1 =

𝑏𝑘−1𝑞𝑘 + 𝑞𝑘+1, 𝑞0 = 𝑞, 𝑞1 = 𝑝, 𝑞𝑛 = 1. Then we have

𝑉 (𝑞, 𝑝) = − 1
𝜋

− 𝑝𝑔
(︁1
𝑝

)︁
− 1
𝜋

log 𝑝𝑞 + 1
𝜋

(log 𝑞 + (−1)𝑛 log 𝑞𝑛−1)(1.13)

− 1
𝜋

𝑛−2∑︁
𝑘=1

(−1)𝑘(𝑞𝑘 log 𝑞𝑘+1 + 𝑞𝑘+1 log 𝑞𝑘 − 2𝐺(𝑞𝑘, 𝑞𝑘+1)).

Moreover, we have

𝑉 (𝑞, 𝑝) = − 1
𝜋

(1 + log 𝑓1) − 𝑞

(︂
𝑓1𝑔

(︁ 1
𝑞𝑓1

)︁
− 1
𝜋

𝑛−2∑︁
𝑘=1

(−1)𝑘(𝑓𝑘 log 𝑓𝑘+1) + 𝑓𝑘+1 log 𝑓𝑘

)︂(1.14)

+ (−1)𝑛

𝜋
log 𝑓𝑛−1 + (−1)𝑛 − 1

𝜋
log 𝑞 + ((−1)𝑛𝑓𝑛−1 − 𝑓1)𝑞 log 𝑞

𝜋

+ 2
𝜋

𝑛−2∑︁
𝑘=1

(−1)𝑘𝐺(𝑞𝑓𝑘, 𝑞𝑓𝑘+1), where 𝑓𝑘 =
𝑘∏︁

𝑗=1
[0, 𝑏𝑗−1, . . . , 𝑏𝑛].

1.3. General case: p,q arbitrary. Let 𝜔 = gcd(𝑝, 𝑞) > 1. Vasyunin formula
in [28] is given by

⟨𝑒𝑝, 𝑒𝑞⟩ = log 2𝜋 − 𝛾

2

(︁1
𝑝

+ 1
𝑞

)︁
+ 𝑝− 𝑞

2𝑝𝑞 log 𝑞
𝑝

− 𝜋𝜔

2𝑝𝑞

(︁
𝑉

(︁ 𝑝
𝜔
,
𝑞

𝜔

)︁
+ 𝑉

(︁ 𝑞
𝜔
,
𝑝

𝜔

)︁)︁
.

As a consequence of Theorem 1.1, we find a new expression for ⟨𝑒𝑝, 𝑒𝑞⟩:

⟨𝑒𝑝, 𝑒𝑞⟩ =2𝜔 + (log 2𝜋 − 𝛾)(𝑝+ 𝑞)
2𝑝𝑞

− 1
2𝑝𝑞 ((𝑝− 𝜔) log 𝑝+ (𝑞 − 𝜔) log 𝑞 − (𝑝+ 𝑞 − 2𝜔) log𝜔)

+ 𝜋

2

(︁1
𝑝
𝑔
(︁𝜔
𝑞

)︁
+ 1
𝑞
𝑔
(︁𝜔
𝑝

)︁)︁
+ 𝜔

𝑝𝑞
𝐺

(︁ 𝑝
𝜔
,
𝑞

𝜔

)︁
.
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2. Proof of Theorem 1.1 and Corollary 1.1

We start this section with some useful prelimary results.

2.1. Computation of ⟨𝑣𝑝, 𝑣𝑞⟩. Let 𝑝 be positive integer and 𝑣𝑝 be the func-
tion given by 𝑣𝑝(𝑡) = {⌊𝑡⌋/𝑝}; 𝑣𝑝 is defined on R+ and it can be regarded as a
restriction of 𝑒𝑝 to N. Since

𝑣𝑝(𝑥) =
{︃

0, if 𝑥 ∈ [0, 1],
{𝑘/𝑝}, 𝑥 ∈ [𝑘, 𝑘 + 1]

we have the relation

(2.1) 𝑣𝑝 = 𝑒𝑝 − 1
𝑝
𝑒1.

Then, from definition (1.1), we get

⟨𝑣𝑝, 𝑣𝑞⟩ =
∑︁
𝑘>1

1
𝑘(𝑘 + 1)

{︁𝑘
𝑝

}︁{︁𝑘
𝑞

}︁
.

Lemma 2.1. Let 𝑝, 𝑞 be coprime numbers. Then we have
2𝑝𝑞
𝜋

⟨𝑣𝑝, 𝑣𝑞⟩ = 𝑉 (1, 𝑝) + 𝑉 (1, 𝑞) − (𝑉 (𝑝, 𝑞) + 𝑉 (𝑞, 𝑝)) + 1
𝜋

log 𝑝𝑞−1𝑞𝑝−1.

Proof. Using expression (2.1), we get

⟨𝑣𝑝, 𝑣𝑞⟩ = ⟨𝑒𝑝 − 1
𝑝
𝑒1, 𝑒𝑞 − 1

𝑞
𝑒1⟩ = ⟨𝑒𝑝, 𝑒𝑞⟩ + 1

𝑝𝑞
⟨𝑒1, 𝑒1⟩ − 1

𝑝
⟨𝑒1, 𝑒𝑞⟩ − 1

𝑞
⟨𝑒1, 𝑒𝑝⟩

On the other hand, from Vasyunin formula (1.3), we obtain

⟨𝑒1, 𝑒𝑞⟩ = log2𝜋 − 𝛾

2

(︁
1 + 1

𝑞

)︁
+ 1 − 𝑞

2𝑞 log 𝑞 − 𝜋

2𝑞 𝑉 (1, 𝑞),

⟨𝑒1, 𝑒𝑝⟩ = log2𝜋 − 𝛾

2

(︁
1 + 1

𝑝

)︁
+ 1 − 𝑝

2𝑝 log 𝑝− 𝜋

2𝑝𝑉 (1, 𝑝),

⟨𝑒𝑝, 𝑒𝑞⟩ = log2𝜋 − 𝛾

2

(︁1
𝑝

+ 1
𝑞

)︁
+ 𝑝− 𝑞

2𝑝𝑞 log 𝑞
𝑝

− 𝜋

2𝑝𝑞 [𝑉 (𝑞, 𝑝) + 𝑉 (𝑝, 𝑞)].

Therefore we deduce
2𝑝𝑞
𝜋

⟨𝑣𝑝, 𝑣𝑞⟩ = 𝑉 (1, 𝑝) +𝑉 (1, 𝑞) −𝑉 (𝑝, 𝑞) −𝑉 (𝑞, 𝑝) + 1
𝜋

(𝑞 log 𝑝+𝑝 log 𝑞− log 𝑝𝑞). �

The series

(2.2)
∑︁
𝑘>1

1
𝑘(𝑘 + 1)

{︁𝑘
𝑝

}︁{︁𝑘
𝑞

}︁
is convergent. Let us rewrite it in another form. For integer 𝑘 we set 𝑘 ≡ 𝑟(𝑝𝑞),
1 6 𝑟 6 𝑝𝑞 − 1 and then

{︀
𝑘
𝑝

}︀{︀
𝑘
𝑞

}︀
=

{︀
𝑟
𝑝

}︀{︀
𝑟
𝑞

}︀
. Series (2.2) is equal to

(2.3)
𝑝𝑞−1∑︁
𝑟=1

∑︁
𝑖>0

1
(𝑖𝑝𝑞 + 𝑟)(𝑖𝑝𝑞 + 𝑟 + 1)

{︁𝑟
𝑝

}︁{︁𝑟
𝑞

}︁
.
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Finally, to estimate ⟨𝑣𝑝, 𝑣𝑞⟩ we need to compute the sums∑︁
𝑖>0

1
(𝑖𝑝𝑞 + 𝑟)(𝑖𝑝𝑞 + 𝑟 + 1) .

Lemma 2.2. For 𝑎, 𝑏 two distinct positive numbers, we have
∞∑︁

𝑘=0

1
(𝑘 + 𝑎)(𝑘 + 𝑏) = 𝜓(𝑎) − 𝜓(𝑏)

𝑎− 𝑏
.

Proof. We write

𝜓(𝑎) − 𝜓(𝑏) = 1
𝑏

− 1
𝑎

+
∑︁
𝑘>1

(︁ 1
𝑘 + 𝑏

− 1
𝑘 + 𝑎

)︁
= (𝑎− 𝑏)

∞∑︁
𝑘=0

1
(𝑘 + 𝑎)(𝑘 + 𝑏) . �

Corollary 2.1. Let 𝛼 > 0. We have

(2.4)
∞∑︁

𝑘=0

1
(𝛼𝑘 + 𝑎)(𝛼𝑘 + 𝑏) = 𝜓(𝑎/𝛼) − 𝜓(𝑏/𝛼)

𝛼(𝑎− 𝑏) .

From [19], we have the integral representation

𝜓(𝑎) − 𝜓(𝑏) =
∫︁ ∞

0

𝑒−𝑏𝑡 − 𝑒−𝑎𝑡

1 − 𝑒−𝑡
𝑑𝑡.

Thus, we can get
∞∑︁

𝑘=0

𝑎− 𝑏

(𝑘 + 𝑎)(𝑘 + 𝑏) =
∞∑︁

𝑘=0

(︁ 1
𝑘 + 𝑏

− 1
𝑘 + 𝑎

)︁
=

∞∑︁
𝑘=0

∫︁ 1

0
(𝑥𝑘+𝑏−1 − 𝑥𝑥+𝑎−1)𝑑𝑥

=
∫︁ 1

0

𝑥𝑏−1 − 𝑥𝑎−1

1 − 𝑥
𝑑𝑥 =

∫︁ ∞

0

𝑒−𝑏𝑡 − 𝑒−𝑎𝑡

1 − 𝑒−𝑡
𝑑𝑡.

Hence, the special case 𝛼 = 𝑝𝑞 of relations (1.7), (2.3), and (2.4) gives the result.

Corollary 2.2. For 𝑝, 𝑞 arbitrary, we have

(2.5)
∑︁
𝑘>1

𝑝𝑞

𝑘(𝑘 + 1)

{︁𝑘
𝑝

}︁{︁𝑘
𝑞

}︁
= 𝐺(𝑝, 𝑞).

2.2. Proof of Theorem 1.1 and Corollary 1.1. From Lemma 2.1 and
Corollary 2.2, we deduce that

2𝐺(𝑝, 𝑞) = 𝑉 (1, 𝑝) + 𝑉 (1, 𝑞) − (𝑉 (𝑝, 𝑞) + 𝑉 (𝑞, 𝑝)) + 1
𝜋

log 𝑝𝑞−1𝑞𝑝−1.

Therefore, we get (1.8) from the expression

(2.6) 𝑉 (1, 𝑝) = − 1
𝜋

− 𝑝𝑔
(︁1
𝑝

)︁
.

We can obtain formula (1.9) by use of reciprocity formula (1.8) and Vasyunin
formula (1.3).
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3. Proof of Theorem 1.2 and Corollary 1.2

From reciprocity law (1.6), we have
𝑎

𝑝𝑎+ 𝑟
𝑉 (𝑎̄, 𝑝𝑎+ 𝑟) + 𝑉 (𝑟, 𝑎) = − 1

𝜋(𝑝𝑎+ 𝑟) − 𝑔
(︁ 𝑎

𝑝𝑎+ 𝑟

)︁
and then we obtain

𝑉 (𝑎̄, 𝑝𝑎+ 𝑟) = −𝑝𝑎+ 𝑟

𝑎
𝑉 (𝑟, 𝑎) − 1

𝜋𝑎
− 𝑝𝑎+ 𝑟

𝑎
𝑔
(︁ 𝑎

𝑝𝑎+ 𝑟

)︁
.

Moreover, for large 𝑝 we have

𝑔
(︁ 𝑎

𝑝𝑎+ 𝑟

)︁
= − 1

𝜋

(︁
log 2𝜋𝑎

𝑝𝑎+ 𝑟
−𝛾

)︁
−1

2

⌊𝑁/2⌋∑︁
𝑘=1

(−1)𝑘 4𝑘𝜋2𝑘−1𝐵2
2𝑘

𝑘(2𝑘)!

(︁ 𝑎

𝑝𝑎+ 𝑟

)︁𝑘

+𝑂
(︁ 1
𝑝𝑁+1

)︁
Taking 𝑟 = 𝑎 − 1, one remarks that for 𝑎 > 1 (𝑝 + 1)𝑎 ≡ 1 (mod 𝑝𝑎 + 𝑎 − 1) and
(𝑎− 1)2 ≡ 1(𝑎). Then 𝑎̄ = 𝑝+ 1 and 𝑟 = 𝑟 = 𝑎− 1. Since 𝑉 (𝑎− 1, 𝑎) = 𝑉 (1, 𝑎) and
thanks to relation (1.10) of Theorem 1.2, we obtain relation (1.11). Finally from
relation (1.11) we can get (1.12).

4. Proof of Theorem 1.3 and Corollary 1.3

4.1. Continued fractions – an overview. In this subsection we quote some
facts about continued fractions, that will be useful later. For more details we refer
to [25, §7]. For real number 𝑥 let

𝑥 = 𝑎0 +
1

𝑎1 +
1

𝑎2 +
1

𝑎3 + · · ·

= [𝑎0, 𝑎1, 𝑎3, . . . ]

be its continued fraction expansion with partial quotients 𝑎0 ∈ Z, 𝑎𝑘 ∈ N r {0},
𝑘 > 1. In fact, we can determine 𝑎0, 𝑎1, . . . , 𝑎𝑛 via the algorithm:

∙ 𝑥 = ⌊𝑥⌋ + {𝑥}, 𝑎0 = ⌊𝑥⌋, 𝜉0 = {𝑥}, if 𝜉0 = 0, then 𝑥 is represented by
𝑥 = [𝑎0].

∙ if 𝜉0 ̸= 0 then
⌊︀ 1

𝜉0

⌋︀
> 1, 𝑟1 = 1

𝜉0
we obtain 𝑥 = [𝑎0, 𝑟1], 𝑎1 = ⌊𝑟1⌋ and

𝜉1 = 𝑟1 − 𝑎1; if 𝜉1 = 0 then 𝑥 = 𝑎0 + 1
𝑟1

= 𝑎0 + 1
𝑎1

= [𝑎0, 𝑎1].
∙ Otherwise we take 𝑟2 = 1

𝜉1
and iterate the process.

We then get the sequence 𝑎0, 𝑎1, 𝑎2, . . . . This sequence is finite if and only if 𝑥 is
a rational number. In the rational case, this algorithm is the Euclidian algorithm.
Let us express 𝑎/𝑏 as a continued fraction of the form 𝑎/𝑏 = [𝑎0, 𝑎1, . . . , 𝑎𝑛], with
𝑎𝑛+1 = 0. We can determine 𝑎0, 𝑎1, . . . , 𝑎𝑛 by the Euclidean algorithm

(4.1) 𝑝𝑘−1 = 𝑎𝑘−1𝑝𝑘 + 𝑝𝑘+1, 𝑝0 = 𝑎, 𝑝1 = 𝑏, 𝑝𝑛+1 = 0.

Then 𝑝𝑛 = gcd(𝑝, 𝑞) = 1. We quote from [25, §7] the following elementary proper-
ties of continued fractions which are needed in this paper. We omit their proofs.
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Lemma 4.1. Let [𝑎0, 𝑎1, . . . , 𝑎𝑛] be continued fraction. Then

[𝑎0, 𝑎1, . . . , 𝑎𝑛] =
[︁
𝑎0, 𝑎1, . . . , 𝑎𝑛−1 + 1

𝑎𝑛

]︁
,

[𝑎0, 𝑎1, . . . , 𝑎𝑛] = 𝑎0 + 1
[𝑎1, · · · , 𝑎𝑛] .

We get this lemma from the continued fraction definition. Let 𝑠𝑘, 𝑡𝑘 be two
sequences of integers

𝑠𝑘 =

⎧⎪⎨⎪⎩
0, if 𝑘 = −2
1, if 𝑘 = −1
𝑎𝑘𝑠𝑘−1 + 𝑠𝑘−2, if 𝑘 > 0

𝑡𝑘 =

⎧⎪⎨⎪⎩
1, if 𝑘 = −2
0, if 𝑘 = −1
𝑎𝑘𝑡𝑘−1 + 𝑡𝑘−2, if 𝑘 > 0

The sequences 𝑝𝑘, 𝑠𝑘 and 𝑡𝑘 have the following properties.

Lemma 4.2.

[𝑎0, 𝑎1, . . . , 𝑎𝑘] = 𝑠𝑘

𝑡𝑘
, 𝑘 > 0,(4.2)

[𝑎𝑘, 𝑎𝑘−1, . . . , 𝑎1] = 𝑡𝑘
𝑡𝑘−1

, 𝑘 > 1,

[0, 𝑎𝑘−1, . . . , 𝑎𝑛] = 𝑝𝑘

𝑝𝑘−1
, 𝑘 > 0,(4.3)

[𝑎𝑘, 𝑎𝑘−1, . . . , 𝑎0] = 𝑠𝑘

𝑠𝑘−1
, 𝑘 > 0.

This lemma represents the classical properties of the continued fractions. The
quotient 𝑠𝑘

𝑡𝑘
is called the 𝑘th-convergent of the continued fraction of 𝑎

𝑏 .

Corollary 4.1. Let 𝑎
𝑏 = [𝑎0, 𝑎1, . . . , 𝑎𝑛]; then

𝑝𝑘 = 𝑏

𝑘∏︁
𝑗=2

[0, 𝑎𝑗−1, . . . , 𝑎𝑛], 𝑘 > 2,(4.4)

𝑏 = 𝑝𝑘𝑡𝑘−1 + 𝑝𝑘+1𝑡𝑘−2, 𝑘 > 1.

Lemma 4.3. The sequences 𝑠𝑘, 𝑡𝑘 and 𝑝𝑘 satisfy

𝑡𝑘𝑠𝑘−1 − 𝑡𝑘−1𝑠𝑘 = (−1)𝑘,

𝑝𝑘 = (−1)𝑘(𝑎𝑡𝑘−2 − 𝑏𝑠𝑘−2).(4.5)

Proposition 4.1. Under the hypothesis of Corollary 4.1, we have

(4.6)
𝑛−1∑︁
𝑘=1

(−1)𝑘

𝑝𝑘𝑝𝑘+1
= 1
𝑏2[𝑎0, 𝑎1, . . . , 𝑎𝑛−2] − 𝑎𝑏

.

Proof. We have from Lemma 4.3
𝑛−1∑︁
𝑘=1

(−1)𝑘

𝑝𝑘𝑝𝑘+1
= 1
𝑏

𝑛−1∑︁
𝑘=1

(︁ (−1)𝑘𝑡𝑘−1

𝑝𝑘+1
+ (−1)𝑘𝑡𝑘−2

𝑝𝑘

)︁
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= 1
𝑏

𝑛−1∑︁
𝑘=1

(−1)𝑘𝑡𝑘−1

𝑝𝑘+1
+ 1
𝑏

𝑛−1∑︁
𝑘=1

(−1)𝑘𝑡𝑘−2

𝑝𝑘

= 1
𝑏

𝑛∑︁
𝑘=2

(−1)𝑘−1𝑡𝑘−2

𝑝𝑘
+ 1
𝑏

𝑛−1∑︁
𝑘=1

(−1)𝑘𝑡𝑘−2

𝑝𝑘

= (−1)𝑛−1𝑡𝑛−2

𝑝𝑛 𝑏
− 𝑡−1

𝑏 𝑝1
= (−1)𝑛−1𝑡𝑛−2

𝑝𝑛 𝑏
.

From (4.5) we deduce 𝑝𝑛 = (−1)𝑛(𝑎𝑡𝑛−2 − 𝑏𝑠𝑛−2) and then

(4.7) (−1)𝑛−1𝑝𝑛

𝑡𝑛−2
=

(︁
𝑏
𝑠𝑛−2

𝑡𝑛−2
− 𝑎

)︁
.

Relation (4.2) implies that

(4.8) 𝑠𝑛−2

𝑡𝑛−2
= [𝑎0, 𝑎1, . . . , 𝑎𝑛−2]

From relations (4.7) and (4.8) we have
(−1)𝑛−1𝑡𝑛−2

𝑝𝑛𝑏
= 1
𝑏2[𝑎0, 𝑎1, . . . , 𝑎𝑛−2] − 𝑎𝑏

.

Therefore we obtain
𝑛−1∑︁
𝑘=1

(−1)𝑘

𝑝𝑘𝑝𝑘+1
= 1
𝑏2[𝑎0, 𝑎1, . . . , 𝑎𝑛−2] − 𝑎𝑏

. �

4.2. Application: Computation of 𝑉 (𝑝, 𝑞). Using reciprocity formula
(1.6) and continued fractions properties, we can get an explicit formula for 𝑉 (𝑝, 𝑞).

Lemma 4.4. Let 𝑝 and 𝑞 be coprime positive numbers. We have

(4.9) 𝑉 (𝑝, 𝑞) = 𝑞

𝜋

𝑛−1∑︁
𝑘=1

(−1)𝑘

𝑝𝑘𝑝𝑘+1
− 𝑞

𝑛∑︁
𝑘=2

(−1)𝑘

𝑝𝑘
𝑔
(︁ 𝑝𝑘

𝑝𝑘−1

)︁
.

Proof. From the reciprocity law (1.6), with 𝑝 = 𝑎, 𝑞 = 𝑏 and the sequence
(𝑝𝑘)𝑘 defined in relation (4.1), we have

(4.10) 1
𝑝𝑘−1

𝑉 (𝑝𝑘, 𝑝𝑘−1) + 1
𝑝𝑘
𝑉 (𝑝𝑘−1, 𝑝𝑘) = 1

𝑝𝑘

(︁ 1
𝜋𝑝𝑘−1

+ 𝑔
(︁ 𝑝𝑘

𝑝𝑘−1

)︁)︁
.

Observe that
𝑝𝑘−1 = 𝑎𝑘−1𝑝𝑘 + 𝑝𝑘+1, 𝑝𝑘−1 = 𝑝𝑘+1, 𝑉 (𝑝𝑘−1, 𝑝𝑘) = 𝑉 (𝑝𝑘+1, 𝑝𝑘),

then relation (4.10) becomes
1

𝑝𝑘−1
𝑉 (𝑝𝑘, 𝑝𝑘−1) + 1

𝑝𝑘
𝑉 (𝑝𝑘+1, 𝑝𝑘) = − 1

𝑝𝑘

(︁ 1
𝜋𝑝𝑘−1

+ 𝑔
(︁ 𝑝𝑘

𝑝𝑘−1

)︁)︁
.

We have the computation
𝑛∑︁

𝑘=1

[︂
(−1)𝑘

𝑝𝑘−1
𝑉 (𝑝𝑘, 𝑝𝑘−1) + (−1)𝑘

𝑝𝑘
𝑉 (𝑝𝑘+1/𝑝𝑘)

]︂
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=
𝑛∑︁

𝑘=1

(−1)𝑘

𝑝𝑘−1
𝑉 (𝑝𝑘, 𝑝𝑘−1) +

𝑛∑︁
𝑘=1

(−1)𝑘

𝑝𝑘
𝑉 (𝑝𝑘+1, 𝑝𝑘)

=
𝑛−1∑︁
𝑘=0

(−1)𝑘+1

𝑝𝑘
𝑉 (𝑝𝑘+1, 𝑝𝑘) +

𝑛∑︁
𝑘=1

(−1)𝑘

𝑝𝑘
𝑉 (𝑝𝑘+1, 𝑝𝑘)

= − 1
𝑝0
𝑉 (𝑝1, 𝑝0) + (−1)𝑛

𝑝𝑛
𝑉 (𝑝𝑛+1, 𝑝𝑛).

Since 𝑝𝑛+1 = 0, the relation 𝑉 (𝑝𝑛+1, 𝑝𝑛) = 0 implies
𝑛∑︁

𝑘=1

[︂
(−1)𝑘

𝑝𝑘−1
𝑉 (𝑝𝑘, 𝑝𝑘−1) + (−1)𝑘

𝑝𝑘
𝑉 (𝑝𝑘+1, 𝑝𝑘)

]︂
= −1

𝑝
𝑉 (𝑞, 𝑝)

= −1
𝑝
𝑉 (𝑞, 𝑝) − 1

𝑞
𝑉 (𝑝, 𝑞) +

𝑛∑︁
𝑘=2

[︂
(−1)𝑘

𝑝𝑘−1
𝑉 (𝑝𝑘, 𝑝𝑘−1) + (−1)𝑘

𝑝𝑘
𝑉 (𝑝𝑘+1, 𝑝𝑘)

]︂
.

Moreover,

1
𝑞
𝑉 (𝑝, 𝑞) =

𝑛∑︁
𝑘=2

[︂
(−1)𝑘

𝑝𝑘−1
𝑉 (𝑝𝑘, 𝑝𝑘−1) + (−1)𝑘

𝑝𝑘
𝑉 (𝑝𝑘+1, 𝑝𝑘)

]︂
then we deduce

1
𝑞
𝑉 (𝑝, 𝑞)=−

𝑛∑︁
𝑘=2

(−1)𝑘

𝑝𝑘

(︁ 1
𝜋𝑝𝑘−1

+𝑔
(︁ 𝑝𝑘

𝑝𝑘−1

)︁)︁
= 1
𝜋

𝑛−1∑︁
𝑘=1

(−1)𝑘

𝑝𝑘𝑝𝑘+1
−

𝑛∑︁
𝑘=2

(−1)𝑘

𝑝𝑘
𝑔
(︁ 𝑝𝑘

𝑝𝑘−1

)︁
. �

4.3. Proof of Theorem 1.3 and Corollary 1.3. First, we prove Theo-
rem 1.3. Taking 𝑎 = 𝑝 and 𝑏 = 𝑞, by virtue of relation (4.6) we obtain

(4.11) 𝑞

𝜋

𝑛−1∑︁
𝑘=1

(−1)𝑘

𝑝𝑘𝑝𝑘+1
= 1
𝑞[𝑎0, 𝑎1, . . . , 𝑎𝑛−2] − 𝑝

.

From (4.4) we get

1
𝑝𝑘

= 1
𝑞

𝑘∏︁
𝑗=2

[𝑎𝑗−1, . . . , 𝑎𝑛], 𝑘 > 2,

and from (4.3) we obtain

(4.12)
𝑛∑︁

𝑘=2

(−1)𝑘

𝑝𝑘
𝑔
(︁ 𝑝𝑘

𝑝𝑘−1

)︁
=

𝑛∑︁
𝑘=2

1
𝑞
𝑔 ([𝑎𝑘−1, · · · , 𝑎𝑛])

𝑘∏︁
𝑗=2

[𝑎𝑗−1, · · · , 𝑎𝑛] .

Substituting quantities (4.11) and (4.12) into (4.9) we get Theorem 1.3.
To prove Corollary 1.3, note that for 𝑝 ≡ 𝑟(𝑞) we have

(4.13) 𝑉 (𝑝, 𝑞) =
{︃

0, if 𝑟 = 0
𝑉 (𝑟, 𝑞), otherwise.
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Applying several times reciprocity formula (1.8) to the sequence 𝑞𝑘, we obtain
𝑛−1∑︁
𝑘=1

(−1)𝑘𝜃(𝑞𝑘−1, 𝑞𝑘) =
𝑛−1∑︁
𝑘=1

(−1)𝑘[𝑉 (𝑞𝑘−1, 𝑞𝑘) + 𝑉 (𝑞𝑘, 𝑞𝑘−1)]

where

𝜃(𝑞𝑘−1, 𝑞𝑘) = 1
𝜋

(𝑞𝑘−1 log 𝑞𝑘 + 𝑞𝑘 log 𝑞𝑘−1 − log 𝑞𝑘−1𝑞𝑘)

− 2
𝜋

− 𝑞𝑘−1𝑔
(︁ 1
𝑞𝑘−1

)︁
− 𝑞𝑘𝑔

(︁ 1
𝑞𝑘

)︁
− 2
𝜋
𝐺(𝑞𝑘−1, 𝑞𝑘).

From (4.13) we have 𝑉 (𝑞𝑘+1, 𝑞𝑘) = 𝑉 (𝑞𝑘−1, 𝑞𝑘) and 𝑉 (𝑞𝑛−1, 𝑞𝑛) = 0, and then
𝑛−1∑︁
𝑘=1

(−1)𝑘𝜃(𝑞𝑘−1, 𝑞𝑘) =
𝑛−1∑︁
𝑘=1

(−1)𝑘𝑉 (𝑞𝑘−1, 𝑞𝑘) +
𝑛−1∑︁
𝑘=1

(−1)𝑘𝑉 (𝑞𝑘, 𝑞𝑘−1)

=
𝑛−1∑︁
𝑘=1

(−1)𝑘𝑉 (𝑞𝑘+1, 𝑞𝑘) +
𝑛−2∑︁
𝑘=0

(−1)𝑘+1𝑉 (𝑞𝑘+1, 𝑞𝑘)

= −𝑉 (𝑝, 𝑞) − (−1)𝑛𝑉 (𝑞𝑛, 𝑞𝑛−1).

In addition we have
𝑛−1∑︁
𝑘=1

(−1)𝑘𝜃(𝑞𝑘−1, 𝑞𝑘) = 1
𝜋

𝑛−1∑︁
𝑘=1

(−1)𝑘[(𝑞𝑘−1 log 𝑞𝑘 + 𝑞𝑘 log 𝑞𝑘−1 − log 𝑞𝑘−1𝑞𝑘)]

= − 2
𝜋

𝑛−1∑︁
𝑘=1

(−1)𝑘[1 +𝐺(𝑞𝑘−1, 𝑞𝑘)]

−
𝑛−1∑︁
𝑘=1

(−1)𝑘
[︁
𝑞𝑘−1𝑔

(︁ 1
𝑞𝑘−1

)︁
+ 𝑞𝑘𝑔

(︁ 1
𝑞𝑘

)︁]︁
and we push this computation we arrive to
𝑛−1∑︁
𝑘=1

(−1)𝑘
[︁
𝑞𝑘−1𝑔

(︁ 1
𝑞𝑘−1

)︁
+ 𝑞𝑘𝑔

(︁ 1
𝑞𝑘

)︁]︁
=

𝑛−1∑︁
𝑘=1

(−1)𝑘𝑞𝑘−1𝑔
(︁ 1
𝑞𝑘−1

)︁
+

𝑛−1∑︁
𝑘=1

(−1)𝑘𝑞𝑘𝑔
(︁ 1
𝑞𝑘

)︁
=

𝑛−2∑︁
𝑘=0

(−1)𝑘+1𝑞𝑘𝑔
(︁ 1
𝑞𝑘

)︁
+

𝑛−1∑︁
𝑘=1

(−1)𝑘𝑞𝑘𝑔
(︁ 1
𝑞𝑘

)︁
= −𝑞𝑔

(︁1
𝑞

)︁
+ (−1)𝑛−1𝑞𝑛−1𝑔

(︁ 1
𝑞𝑛−1

)︁
.

We have also
𝑛−1∑︁
𝑘=1

(−1)𝑘 log 𝑞𝑘−1𝑞𝑘 =
𝑛−1∑︁
𝑘=1

(−1)𝑘(log 𝑞𝑘−1 + log 𝑞𝑘)

=
𝑛−1∑︁
𝑘=1

(−1)𝑘 log 𝑞𝑘−1 +
𝑛−1∑︁
𝑘=1

(−1)𝑘 log 𝑞𝑘
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=
𝑛−2∑︁
𝑘=0

(−1)𝑘+1 log 𝑞𝑘 +
𝑛−1∑︁
𝑘=1

(−1)𝑘 log 𝑞𝑘

= − log 𝑞 − (−1)𝑛 log 𝑞𝑛−1.

Then we have

−𝑉 (𝑝, 𝑞) − (−1)𝑛𝑉 (𝑞𝑛, 𝑞𝑛−1) = 1
𝜋

𝑛−1∑︁
𝑘=1

(−1)𝑘(𝑞𝑘−1 log 𝑞𝑘 + 𝑞𝑘 log 𝑞𝑘−1) + 𝑞𝑔
(︁1
𝑞

)︁
+(−1)𝑛𝑞𝑛−1𝑔

(︁ 1
𝑞𝑛−1

)︁
− 2
𝜋

𝑛−1∑︁
𝑘=1

(−1)𝑘[1 +𝐺(𝑞𝑘−1, 𝑞𝑘)]

+ 1
𝜋

(log 𝑞 + (−1)𝑛 log 𝑞𝑛−1)

and

−𝑉 (𝑝, 𝑞) = (−1)𝑛𝑉 (𝑞𝑛, 𝑞𝑛−1) + (−1)𝑛𝑞𝑛−1𝑔
(︁ 1
𝑞𝑛−1

)︁
− 1
𝜋

(𝑞 log 𝑝+ 𝑝 log 𝑞)

+ 𝑞𝑔
(︁1
𝑞

)︁
+ 2
𝜋

(1 +𝐺(𝑞, 𝑝)) + 1
𝜋

(log 𝑞 + (−1)𝑛 log 𝑞𝑛−1)

− 1
𝜋

𝑛−2∑︁
𝑘=1

(−1)𝑘[𝑞𝑘 log 𝑞𝑘+1 + 𝑞𝑘+1 log 𝑞𝑘 − 2𝐺(𝑞𝑘, 𝑞𝑘+1) − 2]

= (−1)𝑛+1

𝜋
− 𝑉 (𝑝, 𝑞) − 𝑉 (𝑞, 𝑝) − 1

𝜋
log 𝑝𝑞 − 𝑝𝑔

(︁1
𝑝

)︁
+ 1
𝜋

(log 𝑞 + (−1)𝑛 log 𝑞𝑛−1)

− 1
𝜋

𝑛−2∑︁
𝑘=1

(−1)𝑘[𝑞𝑘 log 𝑞𝑘+1 + 𝑞𝑘+1 log 𝑞𝑘 − 2𝐺(𝑞𝑘, 𝑞𝑘+1) − 2].

Then we complete the proof of relation (1.13)

𝑉 (𝑞, 𝑝) = − 1
𝜋

− 𝑝𝑔
(︁1
𝑝

)︁
− 1
𝜋

log 𝑝𝑞 + 1
𝜋

(log 𝑞 + (−1)𝑛 log 𝑞𝑛−1)

− 1
𝜋

𝑛−2∑︁
𝑘=1

(−1)𝑘[𝑞𝑘 log 𝑞𝑘+1 + 𝑞𝑘+1 log 𝑞𝑘 − 2𝐺(𝑞𝑘, 𝑞𝑘+1)].

We observe that for any integer 1 6 𝑘 6 𝑛 we have 𝑞𝑘 = 𝑞
∏︀𝑘

𝑗=1[0, 𝑏𝑗−1, . . . , 𝑏𝑛], so
that we can get (1.14) from (1.13).

5. Further identities on 𝑉 (𝑝, 𝑞) and computation

In this section we relate the sums 𝑉 (𝑝, 𝑞) to some interesting and well-known
convergent series. The functions 𝜓 and cotangent are related by the reflection
formula [1, §6.3.7]

(5.1) 𝜓(1 − 𝑧) − 𝜓(𝑧) = 𝜋 cot(𝜋𝑧).
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Moreover, 𝜓 can be written in terms of harmonic function 𝐻𝑛(𝑧) =
∑︀𝑛

𝑘=0
1

(𝑘+𝑧)
and the 𝑛-th harmonic number 𝐻𝑛 =

∑︀𝑛
𝑘=1

1
𝑘 as follows.

Lemma 5.1. Let 𝑧 ∈ C such that Re(𝑧) > 0. Then we have

𝜓(𝑧) = lim
𝑛→∞

(log𝑛−𝐻𝑛(𝑧))

at 𝑧 = 𝑛 positive integer we have

(5.2) 𝜓(𝑛+ 1) = −𝛾 +𝐻𝑛.

Proof. It is is easy to see that

𝜓(𝑧) = −𝛾 − 1
𝑧

+
∞∑︁

𝑘=1

(︁ 1
𝑘

− 1
𝑘 + 𝑧

)︁
= lim

𝑛→∞

(︁
log𝑛−

𝑛∑︁
𝑘=0

1
𝑘 + 𝑧

)︁
.

Then

𝜓(𝑛+ 1) = lim
𝑚→∞

(︂
log𝑚−

𝑚∑︁
𝑘=0

1
𝑘 + 𝑛+ 1

)︂
= lim

𝑚→∞

(︂
log𝑚−

𝑚+𝑛∑︁
𝑘=𝑛

1
𝑘 + 1

)︂

= lim
𝑚→∞

(︂
log𝑚−

(︂ 𝑚+𝑛∑︁
𝑘=0

1
𝑘 + 1 −

𝑛−1∑︁
𝑘=0

1
𝑘 + 1

)︂)︂

= lim
𝑚→∞

(︂
log(𝑚+ 𝑛) −

𝑚+𝑛∑︁
𝑘=0

1
𝑘 + 1

)︂
+𝐻𝑛 = −𝛾 +𝐻𝑛. �

Proposition 5.1. For 𝑥 = 𝑝/𝑞 with (𝑝, 𝑞) = 1, we have

(5.3) 𝑉 (𝑝, 𝑞) = 1
𝜋𝑞

∑︁
𝑘>0

𝑞−1∑︁
𝑟=1

𝑟(1 − 2𝑟𝑥)
(𝑘 + 1 − 𝑟𝑥)(𝑘 + 𝑟𝑥) .

Proof. We have

𝑉 (𝑝, 𝑞) =
𝑞−1∑︁
𝑟=1

{︁𝑟𝑝
𝑞

}︁
cot

(︁𝜋𝑟
𝑞

)︁
=

𝑞−1∑︁
𝑟=1

𝑟

𝑞
cot

(︁𝜋𝑟𝑝
𝑞

)︁
.

By reflection formula (5.1) we have

cot
(︁𝜋𝑟𝑝
𝑞

)︁
= 1
𝜋

(︁
𝜓

(︁𝑞 − 𝑟𝑝

𝑞

)︁
− 𝜓

(︁𝑟𝑝
𝑞

)︁)︁
.

From relations (1.7) and (2.5) we have

𝜓
(︁𝑞 − 𝑟𝑝

𝑞

)︁
− 𝜓

(︁𝑟𝑝
𝑞

)︁
= 𝑞

∑︁
𝑘>0

𝑞 − 2𝑟𝑝
(𝑞(𝑘 + 1) − 𝑟𝑝)(𝑞𝑘 + 𝑟𝑝) .

Then

𝑉 (𝑝, 𝑞) = 1
𝜋

𝑞−1∑︁
𝑟=1

∑︁
𝑘>0

𝑟(𝑞 − 2𝑟𝑝)
(𝑞(𝑘 + 1) − 𝑟𝑝)(𝑞𝑘 + 𝑟𝑝) ,
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and we obtain

𝑉 (𝑝, 𝑞) = 1
𝜋𝑞

𝑞−1∑︁
𝑟=1

∑︁
𝑘>0

𝑟(1 − 2𝑟𝑥)
(𝑘 + 1 − 𝑟𝑥)(𝑘 + 𝑟𝑥) . �

As an immediate consequence we derive

Corollary 5.1. Let 𝑞 be a positive integer; we have

𝑉 (1, 𝑞) = −𝑞(𝜓(𝑞) + 𝛾 − 2) + 2
𝜋

+ 1
𝜋

∑︁
𝑘>1

𝑞−1∑︁
𝑟=1

𝑟(𝑞 − 2𝑟)
(𝑞(𝑘 + 1) − 𝑟)(𝑞𝑘 + 𝑟) ,(5.4)

𝑉 (1, 𝑞) = −𝑞(𝜓(𝑞) + 𝛾 − 2) + 2
𝜋

− 1
𝜋

∑︁
𝑘>1

⌊𝑞/2⌋∑︁
𝑟=1

(𝑞 − 2𝑟)2

(𝑞(𝑘 + 1) − 𝑟)(𝑞𝑘 + 𝑟) .

Proof. From (5.3), special case 𝑝 = 1, we can get

𝑉 (1, 𝑞) = 1
𝜋𝑞

∑︁
𝑘>0

𝑞−1∑︁
𝑟=1

𝑟(1 − 2𝑟/𝑞)
(𝑘 + 1 − 𝑟/𝑞)(𝑘 + 𝑟/𝑞)

then we have

𝑉 (1, 𝑞) = 1
𝜋

∑︁
𝑘>0

𝑞−1∑︁
𝑟=1

𝑟(𝑞 − 2𝑟)
(𝑞(𝑘 + 1) − 𝑟)(𝑞𝑘 + 𝑟)

and

𝑉 (1, 𝑞) = 1
𝜋

𝑞−1∑︁
𝑟=1

𝑞 − 2𝑟
𝑞 − 𝑟

− 1
𝜋

∑︁
𝑘>1

𝑞−1∑︁
𝑟=1

𝑟(𝑞 − 2𝑟)
(𝑞(𝑘 + 1) − 𝑟)(𝑞𝑘 + 𝑟)

= 1
𝜋

(𝑞(2 −𝐻𝑞−1) − 2) + 1
𝜋

∑︁
𝑘>1

𝑞−1∑︁
𝑟=1

𝑟(𝑞 − 2𝑟)
(𝑞(𝑘 + 1) − 𝑟)(𝑞𝑘 + 𝑟) .

From (5.2) we obtain (5.4). To end the proof we use that for 𝑡+ 𝑟 = 𝑞, we have
1

(𝑞(𝑘 + 1) − 𝑟)(𝑞𝑘 + 𝑟) = 1
(𝑞(𝑘 + 1) − 𝑡)(𝑞𝑘 + 𝑡) ,

𝑟(𝑞 − 2𝑟) + 𝑡(𝑞 − 2𝑡) = (𝑞 − 2𝑟)2. �

Proposition 5.2. The sum 𝑉 (1, 𝑞) has the following integral representation.

(5.5) 𝑉 (1, 𝑞) = − 1
𝜋

∫︁ 1

0

(𝑞 − 2)𝑥𝑞 − 𝑞𝑥𝑞−1 + 𝑞𝑥− 𝑞 + 2
(𝑥− 1)2(𝑥𝑞 − 1) 𝑑𝑥.

Remark 5.1. Note that from (5.5) and (2.6) we deduce that

𝑔
(︁1
𝑞

)︁
= 1
𝜋𝑞

∫︁ 1

0

(︁ (𝑞 − 2)𝑥𝑞 − 𝑞𝑥𝑞−1 + 𝑞𝑥− 𝑞 + 2
(𝑥− 1)2(𝑥𝑞 − 1) − 1

)︁
𝑑𝑥.
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Proof. From the relation (5.4) we have

𝑉 (1, 𝑞) = 1
𝜋

𝑞−1∑︁
𝑟=1

𝑟
∑︁
𝑘>0

𝑞 − 2𝑟
(𝑞(𝑘 + 1) − 𝑟)(𝑞𝑘 + 𝑟) ,

𝑞 − 2𝑟
(𝑞(𝑘 + 1) − 𝑟)(𝑞𝑘 + 𝑟) = 1

𝑞𝑘 + 𝑟
− 1
𝑞𝑘 + 𝑞 − 𝑟

=
∫︁ 1

0
(𝑥𝑞𝑘+𝑟−1 − 𝑥𝑞𝑘+𝑞−𝑟−1)𝑑𝑥.

Then ∑︁
𝑘>0

𝑞 − 2𝑟
(𝑞(𝑘 + 1) − 𝑟)(𝑞𝑘 + 𝑟) =

∫︁ 1

0

𝑥𝑟−1 − 𝑥𝑞−𝑟−1

1 − 𝑥𝑞
𝑑𝑥

which gives

𝑉 (1, 𝑞) = − 1
𝜋

∫︁ 1

0

∑︀𝑞−1
𝑟=1 𝑟(𝑥𝑟−1 − 𝑥𝑞−𝑟−1)

𝑥𝑞 − 1 𝑑𝑥.

On the other hand
𝑞−1∑︁
𝑟=1

𝑟𝑥𝑟−1 =
(︁𝑥𝑞 − 1
𝑥− 1

)︁′
= (𝑞 − 1)𝑥𝑞 − 𝑞𝑥𝑞−1 + 1

(𝑥− 1)2 . �

Thanks to Proposition 5.2 we give a few values of 𝑉 (1, 𝑝)

Example 5.1. 𝑉 (1, 2) = 0,

𝑉 (1, 3) = − 1
𝜋

∫︁ 1

0

𝑑𝑥

𝑥2 + 𝑥+ 1 = − 1
3
√

3
, 𝑉 (1, 4) = − 2

𝜋

∫︁ 1

0

𝑑𝑥

𝑥2 + 1 = −1
2 ,

𝑉 (1, 6) = − 1
𝜋

∫︁ 1

0

(︁ 3
𝑥2 − 𝑥+ 1 + 1

𝑥2 + 𝑥+ 1

)︁
𝑑𝑥 = − 7

3
√

3
.

6. Another estimation of 𝑉 (𝑝, 𝑞) + 𝑉 (𝑞, 𝑝)

In this section we establish another asymptotic formula for the sum 𝑉 (𝑝, 𝑞) +
𝑉 (𝑞, 𝑝). For this we prove the lemma

Lemma 6.1. Let 𝑝 be a positive integer. We have
log 𝑝
𝑝

=
∑︁
𝑘>1

1
𝑘(𝑘 + 1)

{︁𝑘
𝑝

}︁
,(6.1)

𝑝𝑞−1∑︁
𝑟=1

{︁𝑟
𝑝

}︁{︁𝑟
𝑞

}︁
= (𝑝− 1)(𝑞 − 1)

4 .

Proof. We have∑︁
𝑘>1

1
𝑘(𝑘 + 1)

{︁𝑘
𝑝

}︁
=

∑︁
𝑘>1

{︁𝑘
𝑝

}︁ ∫︁ 1

0
(𝑥𝑘−1 − 𝑥𝑘)𝑑𝑥

=
𝑝−1∑︁
𝑟=1

∑︁
𝑖>0

{︁𝑟
𝑝

}︁ ∫︁ 1

0
(𝑥𝑖𝑝+𝑟−1 − 𝑥𝑖𝑝+𝑟)𝑑𝑥
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= 1
𝑝

∫︁ 1

0

∑︀𝑝−1
𝑟=1 𝑟𝑥

𝑟−1

1 + 𝑥+ · · · + 𝑥𝑝−1 𝑑𝑥 = log 𝑝
𝑝

.

Thus we obtain (6.1). Let us write
𝑝𝑞−1∑︁
𝑟=1

{︁𝑟
𝑝

}︁{︁𝑟
𝑞

}︁
=

𝑝−1∑︁
𝑖=0

𝑞−1∑︁
𝑡=1

{︁ 𝑖𝑞 + 𝑡

𝑝

}︁{︁ 𝑡
𝑞

}︁
= 1
𝑝𝑞

𝑞−1∑︁
𝑡=1

𝑡

(︂ 𝑝−1∑︁
𝑖=0

𝑝
{︁ 𝑖𝑞 + 𝑡

𝑝

}︁)︂
and we take 𝑟 = 𝑝{ 𝑖𝑞+𝑡

𝑝 }, observe that 𝑟 is integer and runs from 1 to 𝑝− 1. Then,
we have

𝑝𝑞−1∑︁
𝑟=1

{︁𝑟
𝑝

}︁{︁𝑟
𝑞

}︁
= 1
𝑝𝑞

𝑞−1∑︁
𝑡=0

𝑝−1∑︁
𝑟=1

𝑡𝑟 = (𝑝− 1)(𝑞 − 1)
4 . �

Remark 6.1. Another proof of relation (6.1) is given in [10].

The geometry of 𝜓( 𝑟
𝑝 ) is studied in [14, 24]. In the next corollary we write

log 𝑝 as a linear combination of 𝜓( 𝑟
𝑝 ) for 1 6 𝑟 6 𝑝− 1.

Corollary 6.1. Let 𝑝 be a positive integer. Then we have

log 𝑝 = 1
𝑝

𝑝−1∑︁
𝑟=1

𝑟
(︁
𝜓

(︁𝑟 + 1
𝑝

)︁
− 𝜓

(︁𝑟
𝑝

)︁)︁
.

Proof. We start with the equalities

log 𝑝
𝑝

=
∑︁
𝑘>1

1
𝑘(𝑘 + 1)

{︁𝑘
𝑝

}︁
=

𝑝−1∑︁
𝑟=1

(︂ ∑︁
𝑖>0

1
(𝑖𝑝+ 𝑟)(𝑖𝑝+ 𝑟 + 1)

)︂{︁𝑟
𝑝

}︁
and from (2.4) we have

∞∑︁
𝑖=0

1
(𝑝𝑖+ 𝑟)(𝑝𝑖+ 𝑟 + 1) = 𝜓(𝑟 + 1)/𝑝− 𝜓(𝑟/𝑝)

𝑝

thus the result follows. �

Proposition 6.1. Let 𝑝, 𝑞 be two coprime integers and put

Δ(𝑝, 𝑞) = 2
𝜋

(︁
1 + max

{︁ (𝑝− 1)(𝑞 − 1)
4 𝜓

(︁ 1
𝑝𝑞

)︁
,min{𝑞 − 𝛾 − 𝜓(𝑞), 𝑝− 𝛾 − 𝜓(𝑝)}

}︁)︁
.

Then we have

Δ(𝑝, 𝑞) < 1
𝜋

log 𝑝𝑞−1𝑞𝑝−1 − 𝑝𝑔
(︁1
𝑝

)︁
− 𝑞𝑔

(︁1
𝑞

)︁
− 𝑉 (𝑝, 𝑞) − 𝑉 (𝑞, 𝑝)(6.2)

6
2 + 2

√
𝑝𝑞 log 𝑝 log 𝑞
𝜋

.

Proof. From equality (6.1) we remark that

⟨𝑣𝑝, 𝑣𝑞⟩ 6
∑︁
𝑘>1

1
𝑘(𝑘 + 1)

{︁𝑘
𝑝

}︁
= log 𝑝

𝑝
and ⟨𝑣𝑝, 𝑣𝑞⟩ 6

∑︁
𝑘>1

1
𝑘(𝑘 + 1)

{︁𝑘
𝑞

}︁
= log 𝑞

𝑞
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we deduce that ⟨𝑣𝑝, 𝑣𝑞⟩ 6
√︀

log 𝑝 log 𝑞/𝑝𝑞. For 𝑞 < 𝑝 we have

⟨𝑣𝑝, 𝑣𝑞⟩ > 1
𝑝𝑞

𝑞−1∑︁
𝑘=1

𝑘

𝑘 + 1 .

Similarly if 𝑝 < 𝑞 we have ⟨𝑣𝑝, 𝑣𝑞⟩ > 1
𝑝𝑞

∑︀𝑝−1
𝑘=1

𝑘
𝑘+1 . Therefore we have

⟨𝑣𝑝, 𝑣𝑞⟩ > 1
𝑝𝑞

(︂
𝑞 −

𝑞−1∑︁
𝑘=1

1
𝑘 + 1

)︂
or ⟨𝑣𝑝, 𝑣𝑞⟩ > 1

𝑝𝑞

(︂
𝑝−

𝑝−1∑︁
𝑘=1

1
𝑘 + 1

)︂
.

From (5.2) we have

⟨𝑣𝑝, 𝑣𝑞⟩ > 1
𝑝𝑞

(𝑞 − 𝛾 − 𝜓(𝑞)) or ⟨𝑣𝑝, 𝑣𝑞⟩ > 1
𝑝𝑞

(𝑝− 𝛾 − 𝜓(𝑝))

and then ⟨𝑣𝑝, 𝑣𝑞⟩ > 1
𝑝𝑞 min{𝑞 − 𝛾 − 𝜓(𝑞), 𝑝− 𝛾 − 𝜓(𝑝)}. Finally we obtain

1
𝜋𝑝𝑞

min{𝑞 − 𝛾 − 𝜓(𝑞), 𝑝− 𝛾 − 𝜓(𝑝)} < 1
𝜋

⟨𝑣𝑝, 𝑣𝑞⟩ 6
√︀

log 𝑝 log 𝑞/𝑝𝑞.

In addition we have

𝑝𝑞⟨𝑣𝑝, 𝑣𝑞⟩ = 𝐺(𝑝, 𝑞) =
𝑝𝑞−1∑︁
𝑟=1

(︁
𝜓

(︁𝑟 + 1
𝑝𝑞

)︁
− 𝜓

(︁ 𝑟

𝑝𝑞

)︁)︁{︁𝑟
𝑝

}︁{︁𝑟
𝑞

}︁
and for 𝑥 > 0 and 0 < 𝑦 < 1, from Sulaiman [27, Theorem 2.2] we have the
inequality 𝜓(𝑥 + 𝑦) − 𝜓(𝑥) > 𝜓(𝑦). Taking 𝑥 = 𝑟

𝑝𝑞 and 𝑦 = 1
𝑝𝑞 , from the above

inequalities we obtain

𝐺(𝑝, 𝑞) > 𝜓
(︁ 1
𝑝𝑞

)︁ 𝑝𝑞−1∑︁
𝑟=1

{︁𝑟
𝑝

}︁{︁𝑟
𝑞

}︁
>

(𝑝− 1)(𝑞 − 1)
4 𝜓

(︁ 1
𝑝𝑞

)︁
.

Furthermore
1
𝑝𝑞

max
{︁ (𝑝− 1)(𝑞 − 1)

4 𝜓
(︁ 1
𝑝𝑞

)︁
,min{𝑞 − 𝛾 − 𝜓(𝑞), 𝑝− 𝛾 − 𝜓(𝑝)}

}︁
< ⟨𝑣𝑝, 𝑣𝑞⟩ 6

√︀
log 𝑝 log 𝑞/𝑝𝑞.

Then we have
2
𝜋

max
{︁ (𝑝− 1)(𝑞 − 1)

4 𝜓
(︁ 1
𝑝𝑞

)︁
,min{𝑞 − 𝛾 − 𝜓(𝑞), 𝑝− 𝛾 − 𝜓(𝑝)}

}︁
<

2
𝜋
𝐺(𝑝, 𝑞) 6 2

𝜋

√︀
𝑝𝑞 log 𝑝 log 𝑞.

From (1.8) we obtain
2
𝜋
𝐺(𝑝, 𝑞) + 2

𝜋
= 1
𝜋

log 𝑝𝑞−1𝑞𝑝−1 − (𝑉 (𝑝, 𝑞) + 𝑉 (𝑞, 𝑝)) − 𝑝𝑔
(︁1
𝑝

)︁
− 𝑞𝑔

(︁1
𝑞

)︁
.

This implies relation (6.2). �
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