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SILVA DISTRIBUTIONS FOR CERTAIN
LOCALLY COMPACT GROUPS

SUZANA METELLO DE NAPOLES

We define axiomatically a space of distributions or generalized functions for
a class of locally compact groups, the parametrizable groups (cf. Th. 1), using
a method inspired in the papers by J.S. Silva concerning distributions on IR"
(cf. [6]).

We establish an isomorphism between the space we define and the space of
distributions by Bruhat (cf. [1]).

1 — Notations and preliminary results

Let G be a locally compact abelian and connected group. There exists an
indexed family FF = {K, : a € A} of compact subgroups of G, such that
Naca Ko = {0}, Ko N Kg € F, Ya, € A and each G/K, is a Lie group
Lo Weset a < & Ky D Kg.

Let ¢o and ¢,3 be the canonical homomorphisms, ¢, : G — G/K,,
bap: G/K3— G/K,. The projective limit of the projective system (Lq, ag)a,sea
is identical with G and the canonical map from this limit onto each L, is identical
with ¢q.

Note that if we take ay € A and consider the subset Ag = {a € A: a > ap}
we have G = liin L, = liin L. So, without less generality, we can suppose that

acA a€cAp
the set A has a first element «.

The continuous homomorphisms ¢, and ¢, are open and proper.
If we suppose that G is metrizable, we have G = lim Lj;.
iEN
As G is locally compact and connected, G = ;e Wj, where each W is an
open subset of G which is relatively compact and such that W; C W,y (j € IN).
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If B is any compact subset of G, there exists j € IN such that B C W .

For each j € IN we set j = Ko, + W, and A; = K, + W,. We obtain a
sequence of compact subsets of G such that, if B is any compact subset of G,
B C Aj for a certain j € IN. We also have ¢, (¢a(A;)) = A; for each a € A
and each 5 € IN.

We use the symbol G to denote the Lie algebra of G (cf. [2]) that is
G = lgn L, each L, denoting the Lie algebra of L,. The canonical homomor-

acA
phisms d¢: G — L, and dog: Lg — L, are onto and induced by ¢, and ¢ng.

The exponential map exp: G — G is defined by exp(Xa)aca = (exp Xa)acA-

We denote by n, the dimensions of each L,. If o < 3 we have n, < ng.

The exponential exp is an analytic diffeomorphic map from an open neighbor-
hood B,, of zero in L, onto an open neighborhood V,, of zero in L. Let U, C V,
be such that U, + U, C V,; we consider the canonical identification of £, with
IR and we call the couple (&4, Uy) with &, = (exp|v, )~ !|v.,, the canonical chart
of L.

For each ay € L, we set U,, = aq + Uy and &, (uq) = o (uq — aq). We call
canonical atlas of L, to {(&,,Uqs): aa € Lo}

Let Q, = {(t;) € R"™: |t;| < &;}. We call V,, = aq +£,(@,) an elementary
neighborhood of a,, € L.

For each p = (p;) € IN(*, let NP(@Q,) be the subspace of the space C'(Q,) of
continuous complex-valued functions defined in @, of the type

Ne Pi—1
Oats, rtng) = D O thhi(t, oy tn,)
i=1 k=0
with h;y, € C(@Q,) and independent of ¢;. The elements of NP(®,) are called
pseudo-polynomials in ®,, with degree less then p.
A function f, € C(V,,) such that foexp € NP(£y(V,, — aq)) is called a
pseudo-polynomial on V,, with degree less then p.
We call fundamental family of one parameter subgroups of L., the family
of parameter subgroups determinated by the elements of one basis B, of L,,
that is, z4(t) = exptX,, t € R, X, € B,. Each basis B, of £, determines a
fundamental family S, of one parameter subgroups of L.
Note that we can write

Vaa = {aa + nza$i7a(ti): T € Sa, (751) € Qa} .
=1

Theorem 1. Let G be an abelian locally compact group, connected and
metrizable, G = lim L;. There exists a family S of one parameter subgroups of
i€INg
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G and fundamental families S; of one parameter subgroups of L; (i € INg) such
that, Vx € S, p;ox =x; € S; or ¢, 0ox =0, each x; € S; being obtained as the
image of just one element x € S.

Proof: As kerdp; D kerdp;,11 (i € INg), we consider H; such that
H; @ kerd¢; = ker dgpy. We have H; C H;+1 (i € INp).

We choose basis B} of each H; such that B C B}, : we have d¢;(ker dog) =
ker dego;, so Bo; = d¢;(B]) is a basis for ker dgy; (i € IN).

If we take Hy such that Hy @ kerdgg = G and a basis B of Hy then By =
doo(Bg) is a basis of Ly. We obtain a sequence of basis (B;) of (£;) setting
By = dgﬁo(BE’;) and B; = d(Z)Z(Bg) U By;, Vi € IN: we have d(ﬁU(B]) = B;U {O}
(i,j € No, i < j).

Let’s take B; = B; U {0} (i € INg) and B = |J; B}. We have that d¢;(B) = B;
(i € INg), each X; € B; is obtained as the image of just one element X € 5 and
B = lim Bz

i€y

We complete our proof by taking S = {z(t) = exptX : X € B} and

S; = {xi(t) = exptX;: X; € B;}. n

Note: The construction of the family S, related with well choosen families S;
in the way expressed in the precedent theorem, can be done under more general
hypothesis. In fact let G = T x IRP with p € IN and J any set of indexes: if we
take the family (N,) of the finite parts of J and if we set a« < & N, C N, we
have G = liin(TNa x IRP). In IRP we take, as usually, p one parameter subgroups

«
y1(t) = (¢,0,...,0), ..., yp(t) = (0,...,0,¢) and for each j € J and each N, we set
2j.a(t) = (e95%!) e, and z;(t) = (¢%#!) e s. The families

Sa = {(2j,0,0) }jena U (0, ym) 1<m<p
and
S ={(24,0)}jes U{(0,ym) h1<m<p

with (Zj7a70)(t> = (Zjﬂ(t)?())v (zj70)(t) = <Zj(t)ﬂ0)7 and (anm)(t) = (Lym(t))
verify the statement of our theorem:.

We call parametrizable groups the abelian locally compact and connected
groups G = lim L, for which we can find families S and S, satisfying the condi-

acA
tions expressed on Theorem 1. We call the family S a fundamental family of one

parameter subgroups of G.
Now on we are only going to deal with parametrizable groups (in particular
with metrizable groups).
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Let G = lim L, be a parametrizable group, S = {x;: i € I} a fundamental

acA
family of one parameter subgroups of G, 2 an open set in G and f € C(Q): fis

partially differentiable with respect to x; in € if for every a € €}, the real-valued
function t — f(a + x;(t)) is differentiable in a neighborhood of 0 € R.
We set

Dy f(a) = & flatmi(r)]_,

an more generally
d
Dy, fla+zi(t)) = af(a + z;(t)) -

If Dy Dy, f and Dy Dy f exists in C(2) we have Dy Dy f = Dy Dy, f.
If p = (p;) € IN}, we set D? = [[;¢; D¥:.

If G is a lie group L, the partial-differentiation operators D, coincides with
the usual operators respecting to a fundamental family of one parameter sub-
groups of L.

Let A be the closure of an open relatively compact subset Q of G, f € C(A)
such that D,,(f|q) can be continuously extended to A. We also use the symbol
D, f to denote the continuous function in A whose restriction to £ coincides
with Dy, (fla)-

We denote by E(G) the subspace of C(G) formed by the functions having
the following property: for each a € G there exists a € A and a function f,
continuous on a neighborhood V,, of an, = ¢a(a) such that f = f, 0 ¢q in
Vo= o3 (Va,).

If A is the closure of an open relatively compact subset of G, we denote by
E(A) the subspace of C(A) formed by the functions that admits in A, for a
certain a € A, a decomposition of the type f = f, 0 ¢ with f, € C(da(A)).

We take on F(G) and F(A) the topologies induced by the usual topologies of
C(G) and C(A) respectively.

If G is not a Lie group, we have E(G) & C(G) (cf. [4]).

For each o € A let D(L,,) denote the space of infinitely differentiable complex-
valued functions defined on L, having compact support, with the usual topology
and Dy (G) = {f = fa o da: fa € D(La)}. We define ¢, : D(Ly) — Do(G) by
setting Yo (fo) = fa © ¢ and we take on D, (G) the topology transported by 1,.

Following Bruhat, we define the space D(G) of infinitely differentiable
complex-valued functions defined on G having compact support, by setting
D(G) = Unea Da(G) and we equip D(G) with the inductive limit topology of
the spaces Do (G). We can write D(G) = lim D(Lq).

acA

Let us consider the sequence of compacts (A;)jen (cf. p. 2) and let D(A;) be

the subspace of D(G) formed by the functions having their support contained in
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Aj. Let Aj o = ¢da(Aj), Vo€ A: we have D(Aj) = Upea Ya(D(Aja)) so we can
write D(A;) = lim D(Aj o) and D(G) = lim D(4A;).
OLEA j;]N

The partial-differentiation operators corresponding to a fundamental family
S of one parameter subgroups of G are related with the partial-differentiation
operators corresponding to the fundamental families S, of one parameter sub-
groups of each L, (cf. Th. 1) in the following way: Dy, (fo © ¢a) = (Du, , fa) © ¢a
if po 02 = i 0.

We can easily show that those operators are continuous in D(G).

Let G = L, L a n-dimensional Lie group, and V, an elementary neighborhood
of a € L. We can define in C(V,) an operator P,,, right inverse of D, in C(V},),
by setting

Pt = [ 8o () 40+t
' VieC(Vy), VueV,,

with (b;) € @ = &u(Va). We easily verify that Py, Py, = Py, Pry, 1 < i,j < n.
If p = (pi) € INY, we set PP =[], PP

2 — Axiomatic definition of a space C(G) of distributions on G

Let S = {x;: ¢ € I} be a fundamental family of one parameter subgroups of
G = lim L, and A the closure of an open relatively compact subset of G. We set
acA

M = {p = (p;) € INJ: p; = 0 except for a finite number of indexes i € I} .

The following axiomatic is formulated in terms of “continuous functions”,
“addition” and “differentiation”, its logical universe being the space F(A) that
we characterize as follows:

Axiom 1. E(A) D E(A).

Axiom 2. There exists an operation named “addition” that to every couple
Ty, Ty € E(A) associates an element 7' € E(A), named the addition of T} and Tp
and denoted by T + T», such that if 71 = f; € E(A) and Ty = fo € E(A) then
T, + T5 is the addition in the usual sense.

Axiom 3. For each i € I there exists an operator D,,: E(A) — E(A) such
that:
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1) If T = f € E(A) and D,,f € E(A) then D,,T = D,, f.

2) Do, (T 4+ Ty) = D, Ty + D, Ts.

3) Dy, D, T = D, D, T, Vi,j € I.

We name the operator IND;EZ (iel ) ‘generalized partial differentiation operator
with respect to ;7. If p = (p;) € IN} we set DP = [Licr Db b

Axiom 4. For each T" € E(A) there exists a finite number of continuous
functions fr € E(A) and a finite number of multi-indexes py € M such that

m

Z DP* fy. .

Axiom 5.
m _ S "
> DPfy=73 DPig;
k=1 7=1

with fx = fa, © @ay, 1 < k < m, and g; = ga; © ¢0;, 1 < j < s, if and
only if there exists r € M, r > pi,...,pm,q1,..-,qs such that we have, for
Y > 1y ey O, B1, .-+, Bs, for each a € A and for each elementary neighborhood

Va, of ay = ¢4(a),

Z pPn ((fak © Payy)
k=1

Va,y) Zpr q’( 98; O¢ﬁﬂ)‘ ) = h,

h being a pseudo-polynomial in V, with degree less then r (cf. n°1).

To construct a model for our axiomatic, we consider the set P(M x E(A)) of
the finite parts of M x E(A) and the equivalence relation * defined as follows:

{(phfal © ¢a1)7 ey (pmvfam © ¢am)} * {(qlvgﬁl © ¢ﬁ1)7 ooy (QS7QﬁS o ¢,@s)}

if and only if there exists r € M, r > p1, ..., Pm, q1, ..., ¢s such that we have, for
Y > a1y, Oy B, - Bs, for each a € A and each elementary neighborhood Vi,

of ay = ¢,(a),

ZPT pk( fak Oﬁbak'y ‘ ) Zpr q]( 9g; O%ﬂ)‘ ) = h’y )

h~ being a pseudo-polynomial in V,,, with degree less then 7.

Denoting by [{(p1, f1), -, (Pm, fm)}] the equivalence class of {(p1, fa; © day),
] (pma fam o (bam)} we set
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1) H(phfl)a i) (prmfm)}] + [{((h;gl)a ) (QS7gS)}] =
= [{(pb fl)a ) (pm7 fm)} U {(ngl)’ ) (CI&QS)H;

2) )‘[{(plafl)v ) (pmafm)}} = [{(pla)\fl)7 ey (pmakfm)”: Ve C;
3) Bl‘j [{(p17f1)7-~-7 (pmyfm>}] = [{(QLfl)y e (QWafm)}]v

with pr = (pr,i)ier, 1 <k <m, and qr = (qr,i)icr, 1 <k < m, such that

(i fi#]
BT\ ppa+1 i =,
Taking EN'(A) = P(M x E(A))/+ with the operations defined above, we easily
verify that E(A) satisfies the precedent axioms.
For each multi-index p € M we set

Ey(A) ={T € E(A): T = DPf with f € B(A)}
and

Ny(A) = {f € B(A): D*f =0}

and define an isomorphism DP f — f+ Ny(A) between each EP(A) and each quo-
tient vector space E(A)/Ny(A). We take on each E,(A) the quotient topology.
The sets

Byn={T=Df: fe B(A) and ||f| <1/n}, neN,

form a basis of balanced neighborhoods of zero in EP(A).

We take on E(A) the finest locally compact topology for which the natural
injections of EP(A) into E(A), p € M, are continuous.

The operators D are continuous on E(A).

Let us consider the sequence of compacts (Aj)jen (cf. p. 2). We can define
homomorphisms p;; : E (Aj) — E(Ai), using the restriction mapping, that is

k=1 k=1

We obtain a projective system of topological spaces, (E(Aj),pij)ihjeIN, and we
set E(G) = lim E‘(Aj). As E(G) & C(G), we call distribution on G to every
jeN
element of the completion C(G) of E(G). Observe that if we denote by C(A) the
completion of each E(A), we have C(G) = lim C(A;). When G = IR" the space
jeN
C(@G) coincides with the space of distributions constructed in [6].
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3 — Relation between the spaces C(G) and D'(G)

The space D'(G) of the Bruhat distributions, being the strong dual of D(G),

is the topological projective limit of the spaces D'(Ly), D'(G) = lim D'(L,) and
acA

the canonical maps are the transposed "1, and 1,3 of ¥, and 1,z respectively.

We also have D'(A;) = lim D'(A; ) and D'(G) = lim D'(4;).
agA j<€_]N

Let A be the closure of an open relatively compact subset of GG, u the Haar
measure of G, § € C(G) and T € E(A). From Axiom 4 we have T = Y7 | DPk f,
with fr € E(A). As D(G) is dense in Cp(G) (cf. [1]), there exist sequences
(hir)renw in D(G), 1 < k < m, such that hy, — f , uniformly on A. Then, the
sequence (hy)rew in D(G), hy = >0, DPr hi,» converges to T' in E(A)

We set, by definition:

[ 7@ 0w dua(w) =tim [ o) 00) dutu)

when this limit exists and is independent of the sequence (hy),cN.

Lemma. FEach space E(Aj) is isomorphic to a topological subspace of
D'(4A;).

Proof: If G =IR" or G is a n-dimensional Lie group, the expression

T(0) = [ T(w) 0w duu(w)

defines a topological isomorphism 7 « T between E (A)) = C (Aj) and D'(Aj).
The first case was studied in [6]. For the second case, we can cover the compact
A; by a finite number of elementary neighborhoods and take a partition of unity
in D(G) subordinated to this covering. It is then sufficient to use again [6] and
the canonical atlas of G.

In the general case G = lim L,, we take for each a@ € A the Haar measure

oagA

fa = ¢alp) of Lo, and we define a topological isomorphism H, from C (Aja)
onto D'(Aj o), To < Tq, by setting

Ta(ea):/& To(ta) Ba(tta) dia(ta), Vo € D(Aja) .
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Detailing, if T, = > 71, Epkfa,k, we have for each 0, € D(A; ),

(Hja(Ta))(0a) = Ta(0a) = Z /A (Epkfa,k)(ua) Oa(Ua) dita(Ua)

k=1 g

We consider continuous homomorphisms 1;@5: C (Aja) — C (A ) defined by

Yas(DP fo) = DP?(fo © ¢ag) With po = (pai) € ING® and pg = (pg;) € N’
such that .
Pa,i if (baﬂ 0Zig = Tia € Sou
bgi =

0 if(f)aﬁoxi”g:o,

We also consider the continuous homomorphisms 1y : C(Ajo) — E(A))
defined by b (DPe f,) = DP(fa o ¢o) with p = (p;) € M such that

o Pai if ¢ 0y = Tia € Sas
bi 0 if po0ox; =0,

and we obtain _ o
E(A)) = [ %a(C(Aja)) -
acA
Ifa<p
(Hj,ﬁ(ﬁpﬁ (fao ¢aﬁ)))(9a o ¢aﬁ) =

— /A‘ﬁ(ﬁpﬁ(fa 0 ¢ap))(ug) (0o © pag)(ug) dus(up)

= / (f)pa fa)(ua) Ha(ua) dua(u@)
Aj o

= (Hj’a(f)pafa))(ea) )
and so
(Hj5(hap(Ta))) (000 bag) = (Hja(Ta))(0a), VTa € C(Aja), Vba € D(A;4) .

Then we can consider a homomorphism H; : E(A;) — D'(A;) defined by
H;(Ya(To)) = (Hj g(Yap(Ta)))g>a- As each Hj, is one-to-one, H; is also one-
to-one. We easily verify that

(H0)(0) = (15 (35 D% 5))0) = [ Ty 0w) dGa =
k=1 J

- i(_nlpkl/ fr(w) (DP*0)(u) du(u), YT € E(Aja), Y0 €D(AL) .
k=1 Aj
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To prove that H; is continuous it is sufficient to verify that if (7}),cmn is a
sequence in E »(Aj) such that T, — 0 there, that is T, = DPf, and f, — 0
uniformly on Aj, then H;(7,) — 0 on every bounded subset B of D(A;). From
[1] there exists o € A such that B = 1 (B,) with B, bounded subset of D(A; ).
Then there exists b € R™ such that

sup |(DPO)(u)| = sup [(BP6a)(ua) < b, V6 € B
u€A; U EA; o

and

(H;(T;))(6) = | / (D £,) () 0(u) dp ()]

= |09 [, e 0) ) die)
< Sup‘fr( )‘bu( ])7 Vo e B,

UCA;
so H;(T,) — 0 in D'(Aj).
Let us prove that H; is bicontinuous.
We consider a basis of neighborhoods of zero in E,(Aj), p € M,

By ={T=Df: fc B(A;) and ||f| <1/n}, neN,

The balanced convex hulls of the sets ¢ s Bpn, n € IN, form a basis of neigh-
borhoods of zero in E(A;), {B,: n € IN}. We consider in each C(A ;) the cor-
responding basis of neighborhoods { B, »: n € IN}: we have B, = U,ea Va(By).

As each Hj, is bicontinuous, W, ., = Hj a(Bn «) 18 a neighborhood of zero
in D'(A;). Let us take W,, = twa (W, ) N H;(E(Aj)): Wy is a neighborhood
of zero in H; (E(A )) for the topology mduced by D'(A;). We must prove that

-1
H(W,) C Bn.

Noting that
(“a(Hj © $a) (Ta)) (0a) = ((Hj © Fa) (Ta)) (6a © 60)
-/, (@) (@) (6o 0 62) () )
:/A To(ta) O (ua) djia(ua) = (Hja(Ta))(0a) |

Jhro

VT, € C(Aja), Ya € D(Aj4),
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we have 9, 0 Hj 09pq = Hj o, Va € A, so

Bpa = H;  (Waa) = 05 [Hy (95 (Waa) 0 B (E(A)))) N 0a(C(A0))]

Finally,

H (W) = U [H; X (W) 10 (C(A))]
acA
= U [H; (" (Waa) 0 HG(B(87))) 000 (C(A0))]
acA

= |J Ya(Bna) =By . n

a€A

Corollary. The space E (GQ) is isomorphical to a topological subspace of
D'(G). w

Theorem 2. The space C(G) is isomorphical to the space D'(G).

Proof: As D(G) is dense in D'(G) (cf. [1]) and D(G) C E(G), E(G) is also

dense in D'(G). As D'(G) induces on E(G) its own topology, the completion
C(Q) of E(Q) is isomorphical to D'(G). n

Final Remark. As J.S. Silva refers, namely in the introduction of his paper
“Integrals and orders of growth of distributions” (Proceedings of an International
Summer Institute held in Lisbon, September 1964), we believe that the character-
ization of the distributions T on G in terms of “continuous functions”, “addition”
and “differentiation” can afford the introduction of the Fourier transformation
for distributions by means of the integral

~

| T x(-wdutw), xeG.
G

without assuming any previous theory of the same transformation for functions.

We hope to publish soon a paper about the Fourier transformation theory for
distributions on parametrizable groups.
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