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POSITIVE SOLUTIONS OF ELLIPTIC EQUATIONS
IN TWO-DIMENSIONAL EXTERIOR DOMAINS

ADRIAN CONSTANTIN

Abstract: We consider the semilinear elliptic equation Au + f(x,u) = 0 in a two-
dimensional exterior domain. Sufficient conditions for the existence of a positive solution
are given.

1. We consider the semilinear elliptic equation
(1) Lu=Au+ f(z,u) =0, x€G,,

in an exterior domain G, = {z € R?: |z| > a} (here a > 0) where f is nonnega-
tive and locally Holder continuous in G, X R.

Let us introduce the class R of nondecreasing functions w € C*(R,, Ry) with
w(t) > 0 for t > 0 satisfying limy_,o w(t) = oo and [;° % = 00.

Equation (1) is considered subject to the assumptions:

(A) f € C.(Gq x R) for some A € (0,1) (locally Holder continuous);
(B)0 < f(x,t) < a(\x|)w(ﬁ) for all x € Gy and all t > 0 where a €

C(R+,R+) and w € R with w(0) = 0.
We intend to give sufficient conditions for the existence of a positive solution
of (1) — a C?-function satisfying (1) — in G, = {x € R?: |z| > b} for some
b > a.

2. Denote S, = {x € R*: || = b} for b > a. We will make use of the
following.
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Lemma [2]. Let L be the operator defined by (1) where f is nonnegative
and satisfies assumption (A) in G,. If there exists a positive solution u; and a
nonnegative solution ug of Luy < 0 and Lugy > 0, respectively, in Gy, (b > a)
such that uz(x) < uy(z) throughout Gy U Sy, then equation (1) has at least one
solution u(x) satisfying u(x) = uy(z) on Sy and uz(z) < u(x) < uq(x) throughout
Gp.

We prove now

Theorem. Assume that (A), (B) hold and that

oo
(2) / ra(r)dr < oo .
a
Then there is a b > a such that (1) has a positive solution in Gy,

Proof: We consider the nonlinear differential equation

(3) %{T%}+r&(r)w<lnlzr)>:0, r>e,

where we define w(—y) = —w(y) for y > 0 (we can extend w this way since
w(0) = 0). As one can easily check, the so-defined w belongs to C!(R, R).
Liouville’s transformation r = e®, h(s) = y(e®) changes (3) into
h(s)
s

(4) R (s) + €2 afe®) w( ) =0, s>1.

Let us show that equation (4) has a solution h(s) which is positive in [c, 00)
for some ¢ > 1.

Hypothesis (2) guarantees (see [1]) that for every solution h(s) of (4) there
exist real constants m, [ such that h(s) = ms+ 1+ o(s) as s — oo (m =
limgs_,o0 /(). We will show that any nontrivial solution h(s) of (4) is of constant
sign for s in a neighbourhood of co and since w is odd on R, this gives a solution
of (4) which is positive in [c, co) for some ¢ > 1.

Assume that there is a nontrivial solution h(s) of (4) which has a strictly
increasing sequence of zeros {s, }n>1 accumulating at co. Then we have that the
corresponding m, [ are both equal to 0, i.e. limg_ o h(s) = lims_o h'(s) = 0.
Denote

K =sup{|h(s)[} >0, M = sup {|u'(u)[} >0
521 lul <K
and observe that |w(u)| < Mlu| for |u] < K (by the mean-value theorem since
w(0) = 0).
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Since lim,,_.o s, = oo and faoora(r) dr < oo, there exists an ng such that
fSO: e a(e®)ds < 4. The relation h(sn,) = 0 implies |B'(sy,)| > 0 (we have
local uniqueness for the solutions of (4) since w € C*(R, R) so that h(s,,) =
R ($py) = 0 would imply h(s) = 0 for all s > 1) and since limg_,o h'(s) = 0, there
is a root s, of h(s) with |W/(s)| < 5 [I/(sn,)| for s > s,,. Let T € [sp, 5n,] be
such that |h/(s)| attains its maximal value on this interval at T.

Since |W/'(T')| is by construction equal to supsnogs{]h’(s)]}, we have by the
mean-value theorem that

[h(s)] = [h(s) = h(sno)

< (S_Sn()”h/(T)" Sng <s )

and we obtain

h
[A(s)] <|W(T)|, sng<s.

S =

Integrating (4) on [T, s] (T < s), we get

h'(s)—h’(T)+Ase27a(67)w(’h(T)’>dT:0, T<s,

thus

B/(T)| < |W(s)] +/T°o ezTa(eT)w(’h(T)’)dT, T<s.

Letting s — oo (remember that lims_. A'(s) = 0) we get, in view of the previous
remarks,

< [T e aenyw( M2 )d<uw/ B g <

< MW(T |/ ™V dr < M |B/(T |/ (") dr < |K(T)|

a contradiction which shows that equation (4) has a solution h(s) which is positive
n [c,00) for some ¢ > 1.

To this solution there corresponds a solution y(r) of (3), defined for r > e and
that is positive on [e€, 00).

Let us define ui(x) = y(r), r = |z| > b = max{a,e‘}. We have

rLuy () ddr{ Zi}+7’f($ u1(z))
) (2
gdii{ 22}4—7"04()10([?2(72)) 0, r>b,
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so that Luj(x) < 0 for all z € G}. Clearly ua(x) = 0 satisfies Lua(z) > 0 in
Gp. The Lemma shows that (1) has a solution u(z) in Gy with 0 < wu(z) <
ui(x) = y(r) for |z| = r > b and w(z) = uy(z) > 0 for || = b. Let now
d > b. Since u(z) > 0 for |x| = d > b, by the maximum principle (Au(z) <0 in
{x € R?: b < |z| < d}) we get that u(z) > 0 for b < |z| < d. This shows (d > b
was arbitrary) that u(z) is a positive solution of (1) in Gp. »

3. To show the applicability of our result and its relation to other similar
results from the literature ([2], [3], [4]) we consider the following

Example: The semilinear elliptic equation

Au+uln<u+1>20, lz| > 1,
[t \ =
has a positive solution in G} for some b > 1.

Indeed, we can apply our theorem with a(r) = % for r > 1 and w(s) =
sin(s + 1), s > 0. We cannot apply the results of [2], [3] or [4] since it is
impossible to find a function g € C} (R4 x Ry) with g(r,t) nonincreasing of ¢ in
R, for each fixed r > 0, such that f(t,x) < tg(|z|,t), |x| > 1,t > 0.
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