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SINGULAR KLEIN MANIFOLDS

N.H. ABDEL-ALL

Abstract: The aim of the present paper is an effort to make more exact some aspects
of seven-parameter group of collineations in a five-dimensional Klein projective Space.
Using the J-variation of invariants in the first order contact elements, we derive several
types of Klein manifolds on the Klein absolutum. Our study is carried out using Cartan’s
methods of moving frames [1], [2], [3].

1 — Introduction

The space P3 is defined as a homogeneous space P3 = (Ps,S5), where S
is a subgroup of the projective group PG(3,IR). We will now assume that all
transformations of S will be collineations of a 3-dimensional projective space P
that leave fixed two real points and a real plane through one of them [4]. The
coordinate transformations in S are given by

(]—) fi:aijxju i7j:17273747
where (a;;) is a non-singular matrix with the stationarity conditions

2 @13 = a3 = G24 = 34 = a43 =0,
2

a4 = a41, @12 =a3z2, a1 = ass—+asy -

Hereafter, we assume that the Latin and Greek indices run over the ranges
{1,2,3,4} and {1,2,3} except the indices u, v and n run over the ranges {1,2}
and {3, 4} respectively.

We introduce a special family of frames {4;} (A; are linearly independent
points) such that the vertices As and A4 coincide with the two fixed points,
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but the invariant plane is determined by means of the points As, A4, A7 + As.
Therefore the fundamental equations of the frames are given by

(3) dA; = Wl A; .
The one-forms wzj satisfy the stationarity conditions
I e o s s e
wi=wd, wl=wi+wd, Wwit+wi+2w3+wi=0.

Thus, we have wf with the conditions (4) are the invariant one-forms of a seven-
parameter group of collineations. The integrability conditions of the invariant
group S are given by

Duf =i Awh, D= —wi A, Dui =0,
Dwi = w3 A (W} + w3 —wd),

o) DU =~ A (o + o — )
Dwi = —wi A (2w + 3wi +wd) + wi Aws ,
Duwj = —wi A (W3 + 2w3 + 2w3) + w3 Awi .

For a general discussion of Klein-representation (for brevity K-R) of line man-
ifolds on the Klein-quadric (K-absolutum), the reader is referred to [5], [6], [7]. It
is well-known that a line £ C Pj is represented by a point £* of a Klein five dimen-
sional projective space F];. The locus of ¥ as the line ¢ varies is the Grassmann
manifold Gr(1,3) of all lines in P3. The manifold Gr(1,3) is equivalent to the
K-R of the lines of P3 by K-points (P¥) (i < j, P¥ = —P7%) of the K-absolutum
Q; c Pr.

We introduce the K-frames in ?lg as a six-hedron moving K-frame {A4;;} in
which A;; are the K-images of the edges (4;, 4;) of the frame {A;} C Ps. The
infinitesimal displacements of the K-frame {A;;} are given by

(6) dAij = wf Akj + w}“ Azk

up to the stationarity conditions (4).

2 — Characterization of K-absolutum

From the displacements (6) with (4), it is easy to see that the space ﬁ’g
contains a degenerate K-absolutum Q. The absolutum @Z consist of two in-
variant K-planes P! = (A3, Aoz, A3y), P? = (A1g, Agg, Aszq), invariant K-point
Az = P' N P? and invariant K-line Ly = (Agg, A14 + Aszq) C P2
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Thus, we have the following:

Lemma 1. The K-absolutum @i C ?lg consist of two fixed planes P!, P?,
fixed point P' N P? and fixed line L;, C P?.

From (6), (4) and (3), we have Det Q(dA12,dA12) = 1, trac Q(dA12,dA12) =0
where 2 is a quadratic form defined as the following

(L i#jEmAn,
Q(A;;, A =60 =
(Aij, Amn) m { 0, otherwise .
Thus, we have proved the following:

Lemma 2. The K-absolutum @Z C ?lg is a minimal hyper surface with
Gaussian curvature equal one.

The coordinates of the i-th vertex of the frame {4;} are 5; Thus the coordi-
nates A% = of the K-R to the line A,,, are given by A% = § 6/ — ¢ 8/ and so
we have the following:

Lemma 3. FEach pair of the K-points P;j, Py, whose index pairs contain
at least one common number, satisfy

Q(Pyj, Pmn) =0

In the case of Lemma 3, the lines P;;, Pp,, are called in involution (projectively
orthogonal).

3 — Three-dimensional K-manifolds

We establish the fundamental equations of a 3-dimensional K-manifold (line
complex in P3) immersed in @Z C Plg, for brevity M§ C @Z - Flg. From the
displacement dA12 in (6), it follows that the principal forms on the K-absolutum
@Z are w) and from (5) we have Dwi = 0 (mod w3). Thus, the differential
equation of the K-manifold M¥ can be written as the following

(7) w3 = B, 6%,
where (%) = (w},w},w]) are the principal forms on M¥ and B, are real valued

functions on the first order contact element U;.
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Exterior differentiation of (7) leads to the quadratic exterior equation
(8) {dBi+ Bi(Bi01 + 02 — 03) — 3B20° } A 0" +
+ {dB + By(Bi61 + 40) + B1Bsf' } A 0% +
+ {dBs + By(0 + 305+ 0") + At } A 6P =0,

where AT = By + B1Bs.
The variations 0 B, of the invariants B, are given by [8]

9) 0By = —M,pg7s ,

where 6%(8) = 0, 05(8) = 75, (05) = (w},w3,w3) and § is the differentiation
with respect to the secondary parameters. The matrix (M,g) in (9) is called the
attitude matrix and is defined in terms of the invariants B, as the following

Mll = B%? M12 = _M13 = _Bl, M22 = O, M23 = 4Bl s
(10) 4My = Myi3Mas, Mss = 3B3 =3Mss ,
AM31 = 4M3o Mg + Mos .

In general the matrix (M,g) has rank h = 3, that is ByBa AT # 0. From (6)
ad (7), we get

dAis = o1 (BlAlg — A23) + 92(321413 — A24) + 93(33/113 + A14) (mod A12) .
Using Lemma 3, we have the quadratic form
(11) Q(dA1g,dA1) = a3 0°6°

defined on the K-manifold Méf, where a11 = 0, a19 = —B1, a13 = —1, ags = —2Bs,
ag3 = —Bs, azz = 0 and its determinant is A~ = By — B Bs. In general (A~ # 0)
the rank A’ of the quadratic form (11) is three.

The following definitions are very important in the sequel [5].

Definition 1. The K-manifold M¥ for which h < 3 is called singular of rank
3—h, h<2.

Definition 2. The K-manifold M¥ for which A’ < 3 is called special of order
3—h, N <2

From (11), one can see that A’ can not be equal to zero or one and hence
h' = 2 in the case where A~ = 0. Thus, we have
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Lemma 4. The K-manifold Méf characterized by A~ = 0 is of type special
of order one.

The definitions (1) and (2) lead to the following

Lemma 5. Singular K-manifolds M. éf of rank one and non-special are divided
into three subclasses given by

wg’ = B292 + B393, (Type Tl)
w% = B191 + B393, (Type TQ)
wi = B10' — B1B36? + B363, (Type T)

Lemma 6. Singular K-manifolds M¥ of rank two and special of order one
are given by the following w3 = B3#3. We denote its type by Tj.

Lemma 7. Singular K-manifolds Mglf of rank three and special of order one
are given by the holonomic equation w3 = 0.

In each of the above types, the existence theorem can be proved using Cartan’s
common methods. Thus, we have:

Theorem 1. The range of existence of the K-manifolds of types To(T})
comprises one arbitrary function of two arguments (one argument).

For the general K-manifold (7), we may specialize the frames such that
(12) 0o = Cop” .
Using Cartan’s lemma in (8), we have
(13) dBy 4+ Mup 05 = Eap0”

where E,z are invariants defined in the 2nd order contact element U C U; on
the K-manifold Mzif The invariants E,g satisfy the integrability conditions

(14) Eig = F2 +2Bs+ A",  FEs3=FEsy, FEi3=FEs+Bs.
From (12), (13) and (14), we get

(15) dBy = bap 0
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where
bia = Fia — Bl(Blcla — Cyo + Cga) + 3B2<Oé — 1) (3 — a) ,

boo = Foo — Ba(B1C1a +4C3,) — B1B3(2 — ) (3 — ) /2,

ba = Byq — (A+cm + B3(Coq +3C30 + (2—a) (3 —q) /2)) :
The Gauss equation is given by
(16) d* A2 = b250%0° Ars — anp 0% 0° Ay .

The quantities biﬁ are the components of covariant quadratic symmetric tensor
defined in terms of the quadratic tensors ang, Eng, Cag as the following:

b}, = En1 + Bs — Bi(1+ Cs1 — Ca1) |
b3y = Ego + By(Bs — 4Cs3) |
b33 = Es3 — Bs(Cas + 3Cs3) |
bly = 2E15 + B1(2B3 — O + Ca) — 4B2(1 + C31) |
by = 2E13 — B3(2 + Ca1 + 3C31) — B1(Cs3 — Ca3) |
b33 = 2Eh3 + Bs(Bs — Caz — 3C32) — 4B2Cs3 .
The Wiengarten equations are
dAgy = — (0" + (Cha + Ca) 0°) Ass
dAyz = (0" 4 203, 0%) A1z — 6% A3y + C1o0% Aoz .

In our present investigation we are again concerned with the K-manifold Mé“
given by (7) and we continue to require that h = 3, b’/ = 3.

4 — Two-dimensional K-manifold

If there exists a relation between the forms 6% on M¥, we have a 2-dimensional
K-manifold. Without loss of generality, if we take

(17) wy = By g,

where (¢*) = (6"), such that the equation (7) for (17) represents a two-dimensional
K-manifold (line congruence in P3) immersed in the K-manifold M¥ and we de-
note it by M%. This immersion is given by [9], [10]

(18) wg = E,LL ¢H7 w% = Eﬂ wu 9
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where Eu = B, + B3E, and E, are functions defined in the 1st order contact
element U; of the K-point A1 on

= =2
My c My cQ, .

Exterior differentiation of (18) and using Cartan’s lemma, there exist the real
valued functions Fj,: Uy C U; — IR such that

(19) dE; + Mio 0o = Eiy 9"

where (E,) = (Eu) and the invariants Eiu satisfy the integrability conditions
Eiy— Ey =3Ey, FEsy—Ey = FEy—E+ My, .

The invariants ]\Za are defined in terms of E,, Eu as the following:

My = Ei(Ba+ Ey), M= My3=—2E,
My, = E1Ey + E7, My = —Mo3 = —E ,

Msy = E\Ey — Ef, Msy = —Mss = —F |

My, = Ez(Ez + E1), My =0, My=—4E; .

Using (12), the forms 6, on the K-manifold M} are given by

~

0o = Aau ?[)“, Cau = Cau + Ca3E,u .

The Gauss and Wiengarten equations of the immersion (18) are given as the
following

dAip =t e, (modAiy),
(20)
d* A1z = 9" Ay + ¢ Arg + 9% A3y (mod Ar2,dAra)

where e, = E, A + E A1z — Ny, Ni = Agz, Ny = Aoy, o™ = Fy, kY,
P13 = F2, i, ¢* =Gy, v ¥ = Q(dAra, dAr), Arg € My,
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The invariants FJ,, @, are symmetric in the indices p, v and are given by

Fly = B3 + 261G, Fpy=FEp—Er+E 1,
~ 1 ~
Fly = E3 + §E2(1 +()+EiG - B,
F? = En —1+Ei(C_q, F3, = By — €E2(032 + C33E3) ,
P P 1
Fiy = Ep + §E2 (3 —4(C31 + 033E1)) + §E1C—1 ;
ann =—2E1, app= _(El +E3), axp= —2F, ,
€ =Cop +eCs9+ (C3a+eC33) B2 and
Cg:C21+€CSI+(CQ3+€C33)E17 e=4=41.

In [6], a computational technique for the Gaussian curvatures K and K of the
K-manifold M¥ and the immersion M} is given. Thus, we have

K = Det(b25)/A
(21)

o~

K= (Det(Fﬁy) + Det(Fil,)) / Det(@u,), respectively .

5 — CK-curves

On the K-manifold M¥, if there exist two independent relations between the
forms 6¢ as the following

(22) O =¢"0°, w=¢"60", ¢ =B.¢"+Bs.

The system (22) represent a K-curve (ruled surface in P3) immersed in the
K-manifold M¥ or for brevity, a CK-curve.
Exterior differentiation of (22) and using Cartan’s lemma, we get

(23) do® =X Mpp 05 + F* 63,

where Mag are the elements of an attitude matrix attached to the CK-curve (22)
and are given by

3My = —3Mzy = —Ms3 = 3¢°, Mg = Mz = —2¢',

Moy =1, My =—My=—¢>, Mz =0.
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The functions ¢%, F'“ are invariants in the 1st, 2nd order contact elements
Ui, Us (Uz C Uy) of the K-point Aj2 on the CK-curve (22) respectively.
The §-variations of the invariants ¢ (F'*(§) = 0) are given by

(24) 5% =% Mupsms .

For a general CK-curve, the matrix (Mag) has rank three. The curves (22) are
singular of rank one and two if the following conditions

(Il) ¢3:07 ¢17é07 BM¢HZ_B37
(I2) ¢*=0 ¢' =0, ¢*=—(B3/Bs), B #0,

are satisfied respectively.
We denote the classes of CK-curves according to the conditions I,, by C,
respectively.
In the following, we consider differential projective invariants of all orders on
the C), curves.
For this purpose, we derive the projective Frenet—Serret formulae and the
differential equations of the classes C), of CK-curves.
The class C is characterized by the differential equations
0'=0, wi=0, 6*=¢0",
(25)
DO =0 (mod6?), Bo¢?+¢>=0.
The motion along a CK-curve of the class C is given by
dA12 = —0°(¢* Aoy + Ans)  (mod Aya) |
d2A12 = F2(93)2 A24 (mod Alg, dAlg) 5
d3A12 =0 (HlOd Alg, dA12, d2A12) .

Thus, the CK-curves of the class C7 are plane curves in the K-plane
(Ao, A14, Ag4) with projective curvature equal to the invariant F2. Thus, we
have proved the following

Theorem 2. The CK-curves of the class C are plane CK-curves (developable
ruled surfaces of a line complex in P3) with curvature equal to the invariant F2.

The CK-curves of the class Cy are characterized by the system of differential
equations

(26) O =" 0%, w3 =0, B,¢"=-Bs, DOP*=0 (mod6?).
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From (26) and (12) we get
(27) 0o = (Cop 9" + Casz) 0° .

Putting Fr= F“/(ng)l), d/d@3 =D, ht= (03#4—602#) O+ Cs3 4+ Cos, e = £1.
From (3), (6), (7), (26) and (27) we get

(28) DA =Q"Q, (modAj2,Q1,Q2,...,Qr—1) (r=1,2,...,5),
where Q1 = ¢ N,y — Ay, Q2 = Agg — FP N,
Q3 =Aoa+ A3, Qi=Ni,
Qs =Qy+ F'N, and
f=(F'(Dlog|F'|+2h! — F1)) /0P .
The invariants 2" are given by the relations
Ql=-1, 0?=-2¢",
Q* = F?(Dlog|F? — F' + b))
(29) 0! = 0%(Df + 1((Con +3Cn) 61 + (Cia + 3Czn)
+C33—|-3C23) +(fﬁ2—ﬁ1)> ;
0 =-0t.

The invariants Q° (i # 1) are called the projective curvatures of CK-curves
(non developable ruled surfaces in P3) of the class Co. Thus, we have proved the
following

Theorem 3. The infinitesimal displacements of the Frenet—Serret frame
{A12,Q,} are given by (28) and the projective curvatures are given by (29).
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