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A NOTE ON THE SEQUENCE (W,),>0 OF A.F. HORADAM

(GHEORGHE UDREA

1. In 1965, A.F. Horadam [2] considered the sequence (W,,),>0, defined by
the following conditions:
Wn = Wn(ay b; b, Q)
=p Wn1—q¢ Wpo, Wo=a, Wi=b,
where n € IN, n > 2, and a, b, p,q € Z.
For this sequence, one has (if p? — 4q # 0)
A-a"—B-pg"
1.2 Wy=——
(1.2 =S
where A=b—a-08, B=0b—a-«a, a and 8 being the roots of the associated
characteristic equation of the sequence (W,),>0:
(1.3) M —_pA+¢=0

(see [5], p. 138).
The sequence (W),)n>0 generalizes the Fibonacci sequence (F3,)n>0, since

(1.1)

Fp=Wn(0,1;1,-1) = O‘Z%gn
» :\}5[<1+2\/5>"_<1—2\/5>"]7 nelN .

The sequence (Wp,)n>0 generalizes, also, other important sequences, for in-
stance:

a) the fundamental Lucas sequence (Hy,)p>0, where

(15)  Hyp = Wa(0,1:p,q) = i%gn _
R =]
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b) the Lucas sequence (Ly,)n>0, where
L= Wa(2,131,-1) = % [(Lf)" - (1 _2\/3)1
n—1 B I
[ N e L

c) the Pell sequence (P,,)n>0, where

-5

(1.6)

(1.7 ( )= =1

d) the Tagiuri sequence (7;,),>0, where

T = Wala, b1, —1) = % . {b. Kl +2\/5>” - (1 _2\/5)1
—a- {1—2\/5. <1+2\/5)”_ 1+2\/5. (1_2\/3)1}7 N

(1.8)

Also, we have

(1.9) Ewdg'—A-B:p-a-b—q-aQ—b2.

2. fweputp=2z,¢q=1,a=1b=zorb=2z 2 € C, in (1.1),
we obtain the sequences of Chebyshev polynomials of the first and second kind,

respectively:
(2.1) To(x) =W,(1,z;22,1), n>0, z€C,
(2.2) Un(z) = Wp(1,2x;22,1), n>0, z€C.

Also, we obtain

(2.1) Er=2>-1, zeC,
respectively
(2.2") Ey=-1.

Some important properties of the polynomials (2.1) and (2.2) are given by
the formulas

(2.3) To(cosp) =cosnp, neIN, pe,
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and

sin ne

(2.4) Un—1(cosp) =

- , neN* peC, sinp#0.
sin ¢

From (2.1) and (2.2) it follows that the sequence of Chebyshev polynomials of
the first kind, (73,)n>0, and the sequence of Chebyshev polynomials of the second
kind, (U, )n>0, have the same properties as the sequence (W, )n>0 (see [3], [4], [5],
[8], [10]).

3. Conversely, we have:

Jp2— 2
A) a,ﬁ—pi+24q—\/§-<2'p;ﬁ:t (L)—)—\/@(cosgo:ti-singo),

where cos ¢ = 2-%/6’ v € C;

Hy = Wa(0,15p,9) = aa :g = (Vo)

n—1 n—1 D
=q 2 -Up_1(cosp)=¢q 2z -Up_ (—)
1(cos ) 2 7

sin ne

sin ¢

Hence
(3.1) Hn:q’Bl.Un_l(p>, neN* .
2-\/4q
1
B) W, = (A-a"—B-p") =
) Wa= = (A-a"~ B ")
= 15'[14 (v/Q)" - (cosnp + i -sinny) — B (ﬂ)”(cosngo—i-sinngp)}:
o —
= (v/9) -[(A—B)-cosng0+i-(A+B)~sinmp}
a—p3
n [A—DB . +B . }
=q2 S CoSNY + 1+ - sInnp
(o Y
e %._a.cosn +w51nn:|
— 1 L 4 2,/q-sinp v
Zq%-_a-T(cos¢)+72.b_a.p'U 1(00580)}
I n 2-\/6 n
no P 2-b—a-p P
- et ()]
| 2.7 2.7 "\2- /g
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So that, we obtain

(3.2) W@zq%[aT(Qxf) 2;:2m-u,«2i@ﬂ, neN* .

Also, we get

q? - [\ﬁZIUn1<2p\/§> —a-Ung(Q.pﬂﬂ, neIN,

n > 2, since T, (z) =z - Up—1(x) — Up—2(z), (V)z € C, (V)m € IN, m > 2.
On the other hand,

3.3) W,

Wy, = va)" : {(A—B) -cosn<p+i-(A+B).sinngo]

' A-B
g7 -2-i-sinp | V(A-B)Z+ (i (A+B))?

- COS TP

i-(A+B |
VM—B¢+@%Q+BW A=BP+ (- (A B))?

ZVEq%{A—B +.A+B . }
= . +COSN 2+ —— -SInn
Vp? —4q 2VE 7 2VE 4

+ - sinng

= @ . {cosqﬁ -cosny —sin ¢ - sinngp}
VP-4
2VE - g% 2VE - g2 ( ¢ )
= —=——=C0s + @) = —F—=————= Tnlcos|le+—) ],
—y (ne + ¢) e (w n)
where cos<p—2—\/q,g0€(]3 and cos ¢ = 2@,q§€® (see [6], [9]).
Consequently,
WE - g2
(3.4) Wh(a,b;p,q) = \/27 ~cos(ng +¢), nelN,

@€ C,and cosp == Vp 4q,¢EC

where cos p = 25_,

Remarks I. We have:

: 1 1

—

/T\

N | .

N———
Il
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So that, we have

(3.6) Ln:z'?’"-z.Tn(%), nelN .

1
) Po=Wn(0,1;2,-1) =i"""- Un—1<2) =" Uy (i) =
= Z'n—l . (_1)71—1 . Un—l(i) — 3(n—1) | Unfl(i), neN* .

Hence,

(3.7) Poy1 =" Uy(i), nelN.

a %—a L,—F,
—~.L Fo—q.2r T
g tmt Ty
since L, — F,, = 2F,,_1, (V)n € IN*.

+b-F,=a-F, 1+b-F,, necIN",

Remarks II. We observe that the identity
(*) Wa Whgrys — Wair - Woys = Ew - ¢" - H, - Hy

(see [4]), is a consequence of the formula (3.4).
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Indeed, we have:

) Wi Wihirys = T q* cos(ny + @)
P —4q
2\/E n+r+s
c——=———=-q 2 -cos{(n+r+s)p+
N (¢ )o+0)
_ 4 q2n+2r+s cos(ny + ¢) COS((TL +r+s)e+ ¢) ;
p* —4q ’
.o 4E 2n+r+s
i) Wair Ways = P’ —dg q 2 COS((”—H“) ©+ ¢> : COS((”+3) ®+ ¢>7

n,r,s € IN .

From i) and ii) we obtain

Wi, - Wn+7‘+s - Wn+7‘ : Wn+s =

4E 2n+r+s
— S Joostng 4 0) cos(nt 4 9) 0 4 0)

- cos((n—l—r)cp—i—gb) -cos((n—i—s)go—i—qﬁ)]

4E 2ntrts lcos((?n‘i‘?“-i—s) '90+2<b) +cos(r+s) ¢
2 .
2

p— . q
p*—4q
cos (20 + 7+ 5) o + 26) + cos(r — 5) o
2
_4AE 2ntrots cos(r + s) p —cos(r — s) ¢
= p2 — 4q . q . 2

4E 2n+r+s
q 2

:]m -(—1)'sinrg0-sinscp

4F 2ntrds  SINTQ  sin s
3 . q 2 . .
P —4q

4E 2n+r+s
21 -q 2 -Uy_1(cos) - Us_1(cos @)

G ] o) v ()

2n+r+s—2

B () ).

= (—sin® p) - : :
sing singp

= (cos’p — 1) -
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i.e.,

(a) Wy, - Wn+r+s - Wn+r : Wn+s =
2n+4r+s—2 p p
:E'q 2 'Urf ()Us <>7 n,r,sE]N*.
"\2yq 24

On the other hand, we have

r—1 p s—1 p
E-¢"-H  -Hi=FE-¢"-¢% -U_ -] - U [ 2
q r s q q? r 1(2\/a> q 2 s 1<2\/a)

2n4r+s—2 p P
=E-¢ 2z U_i|—) U_1(—],
q 2 1(2\@) 1 2\@)

ie.,

2n+r4+s—2

Pnirys2 p p \
3)  E-q"-HpH, = E-¢™% .w_(__dlk_<__>7 s e N
(8) (3) v (3

From (a)) and () we obtain the identity (x), g.e.d..

b
4. It is well-known that if A = (z d) € M3(C), then
Al — \p A=t
— 84 T AL # A
(41) A"=<S M- TN 1#

n A A—(n—1)-04- A2 I, A =X =,

where 64 = det A = ad — be, I = (é (1)), A1 and Ao being the roots of the

associated characteristic equation of the matrix A:
(4.1 M —(a+d) -A+64=0.

On the other hand, we have

AT — D n=1 (a+d>
=W,(0,1; d,os)=H,=6,2 -Up_1|—1|, ¢ 0.
N (0,1;a+d,04) A \ovm AF
Hence,
not a+d 1 a+d
=57 [ () sk (Y ]
(42) A "\ 264 A \2vea)
' n—1 a—+d a—+d 1 a+d
=67 U, (A- N o [ I o (R I
Holoa(Grs) (- ) v () o

if)\l#/\z and 5,47&0
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For 64 = 1 we obtain, from (4.2),

d
A”=Un_1(“;d) ‘A—Un_Q(“; )-12

(4.3)
a+d a+d a+d
—U,_ A- L)+ T, .
1(2)(A22>+(2)2
Also, we have, for d4 = —1,
d d
(4.4) A = 3=1) [Un_l(i-a—; )-A—}—i'Un_Q(a; -i)-[g} :

where 2 = —1, n € IN*.
From (4.4) we deduce, for a +d =1,

(4.5) A"=F, - A+ F,_1-I,, neIN*,
where (F},)n>0 is the Fibonacci sequence.

Remarks III.

a) For A = (} (1]) we have 04 = —1 and a + d = 1. Hence

An—Fn'A+Fn—1'I2_<Fn+1 Fn ) ’

Fn Fn—l
i.e.,
11 n_ Fn+1 Fn *
(4.6) (1 0) = ( E o E_ ) , (V)xzeIN*,
(see [1]).

From (4.6) we deduce

. o2 1 1 ”_ 1 1 n_ i
Foy1-Fra Fn—det(1 0) = det 10 =(-1)",

i.e.,
(4.7) Foi1-Fo1— F2=(-1)", necIN*.

The identity (4.7) is in fact the Catalan’s Identity for m = n and r = 1 (see
(4.1)).
b) For A = (_31 %) we have a +d = 3 and d4 = 1.
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Hence,

v (8)-a-va(2)
~oa () 4-0((5))
~0 s (5) () 4
-0t (B () A ea(n(3)) -2
(3)

= (-1 L. % |:U2n—1(%'> CA+ Uzn_3<%) 'Iz}

3 1 " FQ(n+1) F2n
4.8 = )
(48) < -1 0 > ( — oy —Fan-1)
where n € IN* and (F},)n>0 is the Fibonacci sequence (see [13]).
From (4.8) we get

o) (22

151

Fynt1)y Fon 2
= det ( —F(zn ) ) > = F3 — Fo(n-1) - Fans1) »
ie.,
(4.9) Fy, - Fyy  Fonyny =1,  (V)n €IN™.

Also, the identity (4.9) is in fact the Catalan’s Identity for m = 2n and r = 2

(see (4.11)).
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Remark IV.
a) Clearly, in (4.8) we utilized the identity
(410)  Upa(Tu() = 240 oy keN, see;
Uk-1(2)

b) The Catalan’s Identity for Fibonacci numbers is
(4.11) Foy Fpr + (=)™ - F2 = F2 |
where m,r € IN, m > 2, m > r (see [7]).

5. In [11] and [12] T established the following identities for the Chebyshev
polynomials (77,)n>0 and (U,),>0, respectively:
To Togor — (2* = 1) - U2, =T,
Tsvar - Togar — (2% = 1) - Uy = Ty,
(5.1) T Togar — (2% = 1) - U3,y = Ty o,
4-Ty - Toyr - Togar - Toyar + (2% = 1)*- UL, - Us g =
= (Tn - Tnysr + Tngr - Togar)?
4-Toyr Toror - Toyse - Togar + (2* = 1) - U7, - U,y =
= (Tns2r - Tnssr + Tnar - Tngar)®
4-Toyr T2yo Toysr + (2° = 1)2- UL =
= (Thir - Thisr + TT%HT)Q , n,reIN*;

Up - Unor +UZy = Ultr
Upt2r - Upgar + UZ = U2 5,
(5.2) Un - Untar +Usr ) = Ul io,
4-Up Unir - Unyor - Unysr + Uy - Us, g =
= (Un - Untsr + Unir - Uniar)®
4-Upnir  Unyor  Unysr - Unpar + Uf_l . U22T_1 =
= (Um+2r - Un+sr + Umgr - Umgar)”
4 Upr Ul iop - Unasr + Ul =
= (Untr - Unssr + Uz 90)?, m,r € IN* .
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Now, we define Sy, = T,(A) and Ry = Ur(A), A € M,(C), p,k € IN, p > 2
(Mp () is the set of square matrix of order p with complex elements).
From (5.1) and (5.2) we obtain the following theorems:

Theorem (S). For the sequence (Sp)n>0 the product of any two distinct
elements of the set

{Sm Snt2r, Sn+ar; 4+ Sntr + Snyor - Sn+3r}

increased by (1)t - (A% — L)' - R} _, - Rig;l), where t = 1 or 2 depending on
whether 2 or 4 factors occur in the product and Ry_1, Ry_1 are suitable elements
of the sequences (Ry)n>0, Is a “perfect square” (in M,(C)), (V)n,r € IN, (V) A €

Theorem (R). For the sequence (R,)n>0 the product of any two distinct
elements of the set

{Rm Rytor, Rntar; 4+ Rpgr - Rogor - Rn+3r}

(t=1)
1

increased by R,%_l . Rz , where t = 1 or 2 depending on whether 2 or 4
factors occur in the product and Ry,_1, Ry_1 are suitable elements of the sequence
(Rn)n>0, is a “perfect square” (in M, (C)), (V)n,r € IN, (V) A € M,(€), p € IN,

p>2.

Remarks V.

a) The analogues of the Catalan’s Identity for the sequences (Sy)n>0 and
(Rn)n>0 can be considered as the identities

(5.3) Sp v Spir— (A2 = L) -R?_ | =82
respectively
(54) Ry Rpqr + 33_1 = R?%, )

where m,r € IN*, m > r.

ab

b) Since for every A = ( J
c

results

) € My(€) we have A2 = (a+d)- A — 84 I, it

(5.5) A2 = (a+d)- A" —§,-A",  (V)neIN*.
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If we denote Wn = A" we obtain the sequence (W,,)n>0:

(5.6)

Woio = (a+d) - Wns1 —064-Wn, nelN,
Wo=1IL, W =A.

For this sequence we have (see [4])

i.e.,

(5.7)

Eg =(a+b) I A—6y-I3 - A*=(a+b)-A—64- I, — A* =0y,

Consequently,

Theorem (O). The set

{Wru Wn+2ra Wn+4r; 4- WnJrr : I7[//vn+2r : WnJrSr} ,

n,r € IN, is a (trivial) solution, in M2(C), of the Problem of Diophantos—Fermat

(see [4], [10]).
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