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NOTES ON GALOIS EXTENSIONS
WITH INNER GALOIS GROUPS

X.-L. Jiang and G. Szeto

Abstract: Let S be a ring with 1, C the center of S, G a finite inner automorphism

group of S of order n for some integer n invertible in S where G = {g1, g2, ..., gn} and

gi(s) = Ui sU−1
i for some Ui in S and all s in S, and R the subring of all elements fixed

under each element in G. Then, S is a G-Galois extension of R which is an Azumaya

C-algebra with a Galois system {n−1Ui, U−1
i } if and only if S is a projective group ring

RGf for some factor set f which is an H-separable extension of R and R is a separable

C-algebra. Moreover, some correspondence relations are given between certain sets of

separable subalgebras of such an S.

1 – Introduction

Let S be a ring with 1, G a finite automorphism group of S, G = {1, g2, ..., gn}

for some integer n and R the subring of the elements fixed under each element

in G. R. Alfaro and G. Szeto ([1] and [2]) studied the G-Galois extension S of

R which is an Azumaya algebra. Let G be an inner automorphism group with

gi(s) = Ui sU
−1
i for some Ui and all s in S and assume n is a unit in S. When

R is commutative, F.R. DeMeyer [5] showed that S is a central Galois R-algebra

if and only if S is an Azumaya projective group R-algebra, where a projective

group algebra RGf is an R-algebra with a basis {Ui / i = 1, ..., n}, r Ui = Ui r

for all r in R and Ui Uj = f(gi, gj)Uk where gi gj = gk and f : G × G → U(R)

(the units of R) is a factor set. When R is not commutative, S.L. Jiang [8], D.X.

Deng and G. Szeto [6] studied the G-Galois extension of R with Galois system
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{n−1Ui, U
−1
i }. The purpose of the present paper is to characterize such an S in

terms of H-separable extensions when R is an Azumaya algebra over C where

C is the center of S and two correspondence theorems are also shown between

certain sets of separable subalgebras of S.

2 – Preliminaries

Throughout, we assume n is a unit in S and keep the notations as given above.

A ring extension A over a subring B is called a separable extension if there exist

elements {ai, bi} in A, i = 1, 2, ...,m, for some integer m such that
∑

ai bi = 1

and
∑

a ai ⊗ bi =
∑

ai ⊗ bi a for all a in A where ⊗ is over B. A separable

extension of its center is called an Azumaya algebra. If A⊗A is isomorphic with

a direct summand of a finite direct sum of A as an A-bimodule where ⊗ is over B,

then A is called an H-separable extension of B. It is known that an H-separable

extension is a separable extension and that an Azumaya algebra is anH-separable

extension. Let S be a ring with a finite automorphism group G as given above.

Then S is called a G-Galois extension of R if there exist elements {ci, di} in S,

i = 1, 2, ..., k, for some integer k such that R = SG = {r inS / g(r) = r for all

g inG}, and
∑

ci g(di) = 0 for each g 6= 1 in G and
∑

ci di = 1. We call {ci, di} a

G-Galois system for S. A projective group ring RGf is defined in the same way

as a projective group algebra of a group G over a ring R. Let B be a subring of

a ring A, VA(B) denotes the commutator subring of B in A.

3 – Characterizations of Galois extensions

In this section, we shall give characterizations of a G-Galois extension S of R

with Galois system {n−1Ui, U
−1
i }, and of a G-Galois extension S of R which is

an Azumaya algebra over the center C of S.

Theorem 3.1. By keeping the notations of Section 2, the following state-

ments are equivalent:

(1) S is a G-Galois extension of R with Galois system {n−1Ui, U
−1
i }.

(2) S = RGf .

(3) {Ui} are linearly independent over R.

(4) {gi Ri} are linearly independent in Hom(S, S) over R, where Ri(s) = sUi

for each i and all s in S.



NOTES ON GALOIS EXTENSIONS WITH INNER GALOIS GROUPS 267

Proof: (1)→(2). The proof of RGf ⊂ S is given on pp. 289–290 in [5] with

G-Galois system {n−1Uj , U
−1
j }. That is, we first claim that {Ui} are linearly

independent over R. Let
∑

ri Ui = 0 for some ri in R. Then for each gk in G,

0 =
∑

n−1 Uj

(

∑

ri Ui

) (

g−1
k (U−1

j )
)

=
∑

n−1 Uj

(

∑

ri gi

(

g−1
k (U−1

j )
)

Ui

)

=
∑

ri

(

∑

n−1 Uj

(

gi g
−1
k (U−1

j )
)

)

Ui

= rk Uk

(for {n−1Uj , U
−1
j } is a G-Galois system). Thus rk = 0 and so {Ui} are linearly

independent over R. Next, we define f : G×G→ U(R) by f(gi, gj) = Ui Uj U
−1
k ,

where gi gj = gk. Then it is straightforward to verify that f is a factor set such

that RGf =
∑

RUi ⊂ S. For S ⊂ RGf , we first claim that RGf is a G′-Galois

extension of R with Galois group G′ induced by and isomorphic with G. Clearly,

RGf is invariant under G. Let gi = gj acting on RGf . Then gi(Uk) = gj(Uk),

Ui Uk U
−1
i = Uj Uk U

−1
j for all k = 1, ..., n. Hence (U−1

i Uj)Uk = Uk (U
−1
i Uj).

Thus U−1
i Uj is in R, Uj = Ui t for some t in R. But {Ui} are R-linearly inde-

pendent in RGf , so i = j. This implies that G′ ∼= G. Next, since {n−1Ui, U
−1
i }

is a G-Galois system contained in RGf , RGf is a G′-Galois extension of R with

G′ ∼= G. Moreover, since S is also a G-Galois extension of R, S = RGf .

(2)→(1). The proof is given by Theorem 3 in [5] to show that {n−1Ui, U
−1
i } is

a G-Galois system for S over R. (2)→(3) is clear. (3)→(1) is immediate because

that {Ui} are linearly independent over R implies that S = RGf . (4)→(3).

Let
∑

ri Ui = 0 for some ri in R. Then
∑

ri (Ui sU
−1
i )Ui = 0 for all s in

S,
∑

ri gi(s)Ui = 0, that is,
∑

ri gi(sUi) = 0, or,
∑

ri gi Ri(s) = 0. Hence
∑

ri (gi Ri) = 0 in Hom(S, S). This ri = 0 for each i by (4). (3)→(4) is immediate

by reversing each step of (4)→(3).

Let S be a G-Galois extension of R with Galois system {n−1Ui, U
−1
i } as given

in Theorem 3.1. When S is also an Azumaya algebra over its center C, we shall

characterize such an S in terms of H-separable extensions. We note that C ⊂ R

for G is inner.

Theorem 3.2. The following statements are equivalent:

(1) S = RGf and S is an Azumaya C-algebra.

(2) S = RGf , S is an H-separable extension of R and R is a separable

C-algebra.
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(3) S is a G-Galois extension of R with Galois system {n−1Ui, U
−1
i } and R

is an Azumaya C-algebra.

Proof: (1)→(2). Since RGf is an Azumaya C-algebra and RGf is a free

R-module of rank n, RGf is an H-separable extension of R ([7], Theorem 1).

Also, noting that R is an R-direct summand of RGf and that RGf is separable

over C, we have that R is a separable C-algebra ([4], the proof on p. 120).

(2)→(1). By the transitivity of separable extensions, RGf is a separable

C-algebra. Since RGf = S, RGf is an Azumaya C-algebra.

(1)→(3). Let ∆ = VS(R) the commutator subring of R in S. Then RGf =

R∆ (for {Ui} ⊂ ∆). Since R is an R-direct summand of RGf and RGf is a free

R-module of rank n, R is a separable C-algebra ([4], the proof on p. 120). Also,

S = RGf so S is a G-Galois extension of R with Galois system {n−1Ui, U
−1
i } by

Theorem 3.1. Noting that RGf is an Azumaya C-algebra by hypothesis, R is an

Azumaya C-algebra ([3], Theorem 4.4, p. 58).

(3)→(1). By the transitivity of separable extensions and Theorem 3.1,

RGf = S and is an Azumaya C-algebra.

Next we derive a structure theorem for the skew group ring of G over RGf as

given in Theorem 3.2.

Theorem 3.3. Let S with center C be given in Theorem 3.2 and denote the

skew group ring of G over S by S∗G. Then S∗G ∼= Mn(R), the matrix ring of

order n over R.

Proof: Let ∆ = VS(R) where S = RGf by Theorem 3.2. Then ∆ =
∑

CUi

by a direct computation. But ∆ is a C-algebra, so Ui Uj = f(gi, gj)Uk is in

∆ where gi gj = gk in G. Hence f : G × G → U(C) (=units of C). Thus

S = RGf
∼= R ⊗ CGf where CGf is a projective group algebra over C, where ⊗

is over C. Therefore,

S∗G ∼= HomR(R⊗ CGf , R⊗ CGf )

∼= R⊗HomC(CGf , CGf )

∼= R⊗Mn(C)

∼=Mn(R) .
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4 – Correspondences of separable subalgebras

In this section, we shall give two correspondence theorems for an Azumaya

projective group ring as given in Theorem 3.2. Let RGf be an Azumaya algebra

over its center C, C = {separable C-subalgebras of RGf contained in R} and

D = {separable C-subalgebras of RGf containing CGf}. We shall show that C

and D are in a one-to-one correspondence. We begin with a lemma for a separable

subalgebra of an Azumaya algebra.

Lemma 4.1. Let A be an Azumaya algebra over its center C and T a

separable subalgebra of A. Then

(1) T and VA(T ) (the commutator subring of T in A) are Azumaya algebras

over the same center D,

(2) T ∩ VA(T ) = D.

Proof: (1) By the commutant theorem for Azumaya algebras ([3], Theo-

rem 4.3), VA(T ) is a separable subalgebra of A and VA(VA(T )) = T . Let D be

the center of T . Then D ⊂ VA(T ) and D ⊂ T = VA(VA(T )). Hence D ⊂ the

center of VA(T ). Conversely, the center of VA(T ) ⊂ VA(VA(T )) = T , so the center

of VA(T ) ⊂ D. Thus (1) holds.

(2) D ⊂ T ∩ VA(T ) is clear. Conversely, for any d in T ∩ VA(T ), d is in T and

in VA(T ), so d is in D because T = VA(VA(T )) again.

Lemma 4.2.

(1) Let B be a separable subalgebra of RGf containing R. Then B ∩ (CGf )

is a separable subalgebra contained in CGf .

(2) Let E be a separable subalgebra of RGf containing CGf . Then E ∩ R is

a separable subalgebra contained in R.

Proof: Let S be RGf and T be CGf .

(1) Let A = VS(B). Then A is a separable subalgebra contained in T . Since

T is an Azumaya C-algebra, VT (A) and VS(A) (= B) are separable subalgebras

such that VT (A) = B ∩T . Hence B ∩T is a separable subalgebra contained in T .

Part (2) is similar.

Theorem 4.3. The map α : C → D by B → B(CGf ) for any B in C is

bijective with the inverse map β : A→ A ∩R for any A in D.



270 X.-L. JIANG and G. SZETO

Proof: Let S be RGf and T be CGf . Since B is a separable subalge-

bra contained in R and T is an Azumaya subalgebra of the Azumaya algebra S,

α(B) = BT is in D. But R is a C-direct summand of S, so βα(B) = BT ∩R = B.

This implies that α is an injection. Next, let E be a separable subalgebra contain-

ing T . Then VS(E) ⊂ R (for T ⊂ E and VS(T ) = R). Hence VS(E) = VR(E).

Denote VR(E) by F . Since E is a separable subalgebra of the Azumaya al-

gebra S, F is also a separable subalgebra contained in R by Lemma 4.1; and

so E, F (= VS(E)) and VR(F ) are Azumaya algebras over the same center

D by Lemma 4.1 again. VR(F ) ⊂ VS(F ) = VS(VS(E)) = E as Azumaya al-

gebras over D and T is an Azumaya C-algebra contained in E, so VR(F )T

is an Azumaya D-subalgebra of E. Thus E ∼= VR(F )T ⊗ VE(VR(F )T ) by

the commutant theorem for Azumaya algebras where ⊗ is over D ([3], Theo-

rem 4.3). Noting that VR(F ) = VR(VS(E)) = R ∩ VS(VS(E)) = R ∩ E and that

VE(VR(F )T ) = E ∩ (VS(VR(F )T )) = E ∩ VR(VR(F )) = E ∩ F (for VS(T ) = R),

we have that E ∼= (R ∩ E)T ⊗ (E ∩ F ) ∼= (R ∩ E) (E ∩ F )T by the multipli-

cation map ([3], Theorem 4.3). Since E ∩ F ⊂ E ∩ R, E = (E ∩ R)T . Since

E ∩ R = VR(F ) is in C by Lemma 4.2, α is a surjective with the inverse map β.

Therefore C and D are in a one-to-one correspondence.

In the following, we want to establish a one-to-one correspondence between

the set of separable subalgebras containing R and the set of separable subalgebras

contained in CGf . Let C
′ = {separable C-subalgebras of RGf containing R} and

D′ = {separable C-subalgebras of RGf contained in CGf}. Then we have

Theorem 4.4. Let RGf be an Azumaya C-algebra as given in Theorem 3.3.

Then C′ and D′ are in a one-to-one correspondence under α : B → B ∩CGf with

the inverse map β : E → RE for any B in C ′ and E in D′.

Proof: Let S be RGf and T be CGf . At first, we note that α is well de-

fined by Lemma 4.2 and αβ(E) = RE ∩ T = E for any E in C ′, so β is an

injection. Next we claim that B = R(B ∩ T ) for any B in C ′. In fact, since

R ⊂ B is a separable C-subalgebra of S, VS(B) ⊂ T is a separable subalge-

bra with the same center as B by Lemma 4.1. Let the center of B be D and

VS(B) be F . T is an Azumaya C-algebra, so VS(F ) is a separable subalgebra

with the same center D as F by Lemma 4.1 again. But R and T are Azumaya

C-algebras, so RVT (F ) ⊂ R(VS(F )) = B as Azumaya subalgebras over D.

Thus B ∼= R(VT (F )) ⊗ VB(R(VT (F ))), where ⊗ is over D. Moreover, VT (F ) =

T ∩ VS(F ) = T ∩ VS(VS(B)) = T ∩ B, and VB(R(VT (F ))) = T ∩ VB(VT (F )) =

T ∩ B ∩ VS(VT (F )) = B ∩ VT (VT (F )) = B ∩ F = D by Lemma 4.1. Thus
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B ∼= R(VT (F )) ⊗ D ∼= R(VT (F )) = R(T ∩ B). Noting that T ∩ B is in D′, we

conclude that α is surjective.

We close the paper with three examples:

(1) S is a G-Galois extension of R such that S = RGf , C ⊂ R, and R is an

Azumaya C-algebra,

(2) S is a G-Galois extension of R such that S = RGf , C ⊂ R, but R is not

an Azumaya C-algebra,

(3) S is a G-Galois extension of R but {n−1Ui, U
−1
i } is not a G-Galois system.

Example 1. Let R be a 2 by 2 matrix algebra over the rational field Q, S =

R[i, j, k], the quaternion ring over R, and G = {1, gi, gj , gk} where gi(s) = i s i−1,

gj(s) = j s j−1, and gk(s) = k s k−1 for all s in S. Then

(1) SG = R.

(2) S is a G-Galois extension of R with a G-Galois system {4−1, 4−1i, 4−1j,

4−1k; 1, i−1, j−1, k−1}. Hence S = RGf .

(3) The center C of S = Q ⊂ R.

(4) R is an Azumaya C-algebra.

Thus S satisfies the hypotheses of Theorem 3.2.

Example 2. Let R and S be given in Example 1, G = {1, gi}. Then

(1) SG = R[i].

(2) S is aG-Galois extension ofR[i] with aG-Galois system {2−1, 2−1i; 1, i−1}.

Hence S = SG Gf .

(3) The center of SG = Q[i] 6= Q = C, so SG is not an Azumaya C-algebra.

Thus S satisfies the hypotheses of Theorem 3.1 but not Theorem 3.2.

Example 3. Let S be a 2 by 2 matrix algebra over the rational field Q,

G = {1, g}, g(s) = U sU−1 where U =
[

0 1
1 0

]

for all s in S. Then S is a

G-Galois extension of SG with a G-Galois system,
{[

0 1
0 1

]

,
[

1 0
1 0

]

,
[

0 1
0 1

]

,
[

1 0
1 0

]}

;

but
{

2−1
[

1 0
0 1

]

, 2−1
[

0 1
1 0

]

;
[

1 0
0 1

]

,
[

0 1
1 0

]−1}

is not a G-Galois system. Thus

S 6= SG Gf by Theorem 3.1.
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