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ON THE LACK OF NULL-CONTROLLABILITY
OF THE HEAT EQUATION ON THE HALF SPACE

S. Micu* and E. ZUAzZUA®

Abstract: We study the null-controllability property of the linear heat equation
on the half-space with a L? Dirichlet boundary control. We rewrite the system on the
similarity variables that are a common tool when analyzing asymptotic problems. By
separation of variables the multi-dimensional control problem is reduced to an infinite
family of one-dimensional controlled systems. Next, the results for this type of systems
proved in [18] are used in order to show that, roughly speaking, controllable data have
Fourier coefficients that grow exponentially for large frequencies. This result is in contrast
with the existing ones for bounded domains that guarantee that every initial datum
belonging to a Sobolev space of negative order may be driven to zero in an arbitrarily

small time.

1 — Introduction. Problem formulation

Let © be a smooth domain of R® with n > 1. Given T' > 0 and an open
non-empty subset of the boundary of 2 we consider the linear heat equation:

ur — Au=0 in Q,
(1.1) u=uvly, on X,
u(z,0) = up(z) in Q,

where @ = Qx(0,7), ¥ = 00x(0,T) and ¥y = I'yx(0,7), Iy being an open,
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non-empty subset of 9§2 and where 1y, denotes the characteristic function of the
subset X of X.

In (1.1), v € L%*(X) is a boundary control that acts on the system through the
subset ¥ of the boundary and u = u(x,t) is the state.

System (1.1) is said to be null-controllable at time T if for any ug € L?(Q)
there exists a control v € L?(%g) such that the solution of (1.1) satisfies

(1.2) u(z,T)=0 in Q.

When (2 is a bounded domain of class C? it is well-known that system (1.1)
is null-controllable for any 7" > 0. We refer to D.L. Russell [20] for some partic-
ular examples treated by means of moment problems and Fourier series and to
A. Fursikov and O.Yu. Imanuvilov [9] and G. Lebeau and L. Robbiano [17] for
the general result covering any bounded smooth domain €2 and open, non-empty
subset I'g of 9. Both the approaches of [9] and [17] are based on the use of
Carleman inequalities.

None of the approaches mentioned above apply when €2 is an unbounded
domain.

This paper is devoted to analyze the particular case in which €2 is a half-space:

(1.3) Q =R} = {ac = (2, 2,): 2’ €R"Y 2, > O}
and
(1.4) Lo = 00 = R"' = {(/,0): o/ e R"1} .

As we shall see, the situation is completely different to the one we have described
above and, roughly speaking, one may say that there is no initial data in any
negative Sobolev space that may be driven to zero in finite time. Therefore, in
some sense, the situation is the opposite one to the one we encounter in the case
of bounded domains.

There is a weaker notion of controllability. It is the so called approximate
controllability property. System (1.1) is said to be approximately controllable
in time 7 if for any ug € L?(9) the set of reachable states, R(T;ug) = {u(T):
u solution of (1.1) with v € L?(%)}, is dense in L?(12).

With the aid of classical backward uniqueness results for the heat equation
(see, for instance, J.L. Lions and E. Malgrange [16] and J.M. Ghidaglia [10]), it
can be seen that null-controllability implies approximate controllability. Moreover
one can easily prove the approximate controllability directly both in the case of
bounded and unbounded domains.

Thus, taking into account that approximate controllability holds, it is natural
to analyze whether null-controllability holds as well.
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As we mentioned above, we start analyzing the case where (Q is a half-space
and I'gp= 0€2. Thus, we consider the system:

ur — Au =0 in Q@=R}x(0,T),
(1.5) u="v on ¥ =R""1x(0,T),
u(x,0) =up(x) in RY .

It is easy to see that we may not expect the null controllability result of the
case where () is bounded to be true in this case. Indeed, the null-controllability
of (1.5) with initial data in L? (R") and boundary control in L?*(X) is equivalent
to an observability inequality for the adjoint system

{got—i-Ago:O on (),

1.6
(1.6) p=20 on X .

More precisely, it is equivalent to the existence of a positive constant C' > 0
such that

i
(L7) o3y < € [ 52

holds for every smooth solution of (1.6).

When Q is bounded, Carleman inequalities provide the estimate (1.7) and,
consequently, null-controllability holds (see for instance [9], [7]).

In the case of a half-space it is easy to see that (1.7) may not hold. Indeed,
let ¥ € D (R) and ¢} (z) = ¢°(2/, z,,— k) with k > 0 large enough. Let ¢y be
the solution of (1.6) with initial datum ¢ at time t = T, i.e. ¢ (T) = ¢{ in R".
It is easy to see that

2
dz' dt

0
spk oo, as k— oo.

(18) ||SOI€ HL2 R"

Indeed, from the representation formula

1 _llz—gl?
ou(t) = =GR
(2 (T —t) ) "
where @) is an odd extension of ) from R to R™, we obtain that (o). (', 0,t)
decays exponentially when k& — co. Consequently [y, |(c,0k)m|2 dX tends to zero
when k goes to infinity whereas |¢x(0)1%,/0.y = |2(0)]|2,/ 5.+ Temains constant.
L*(R}) L2 (RY)

Hence (1.8) follows.
We refer to L. Rosier [19] for a similar negative result in the context of exact
controllability of linear, constant coefficient pde in one space dimension.
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However, this translation invariance argument does not allow to exclude
weighted versions of the inequality (1.7), and therefore, the null-controllability
of suitable initial data ug may not be excluded.

This paper is devoted to analyze the class of initial data ug such that the
solution of (1.5) may be driven to zero in time T by means of a L?-control v.

In the case of bounded domains, using Fourier series expansion, the control
problem may be reduced to a moment problem. However, since we are working on
R’ , we can not use Fourier series. Nevertheless, it was observed by M. Escobedo
and O. Kavian in [4] that, on suitable similarity variables and at the appropriate
scale, solutions of the heat equation on conical domains may be indeed developed
in Fourier series on a weighted L2-space.

We adapt this idea to our problem. Using similarity variables and weighted
Sobolev spaces and developing solutions in Fourier series we reduce the con-
trol problem to a sequence of one-dimensional controlled systems. The null-
controllability properties of this type of systems were studied in [18] where it
was proved that no initial datum wug belonging to any Sobolev space of nega-
tive order may be driven to zero in finite time. Moreover, this negative result
was complemented by showing that there exist initial data with exponentially
growing Fourier coefficients for which null-controllability holds in finite time with
L?-controls.

We use the results of the one-dimensional case to show that, roughly speaking,
the controllable initial data of the multi-dimensional problem have exponentially
growing Fourier coefficients.

The paper is organized in the following way. In Section 2 we introduce the
similarity variables. In Section 3, devoted to the 1 — d control problem, we recall
some of the results proved in [18]. In Section 4, we discuss the multi-dimensional
case and we give the main results. Finally, in Section 5, we briefly comment the
case of general conical domains and discuss some other extensions of the results
of this paper and open problems.

2 — Similarity variables and weighted Sobolev spaces

In this section we recall some basic facts about the similarity variables and
weighted Sobolev spaces for the heat equation. We refer to [4] and [14] for further
developments and details.
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2.1. The similarity variables

We consider the solutions u = u(x,t) of

ur —Au =0 in Q,
(2.1) u=v on X%,
u(z,0) = up(z) in Q,

where

(2.2) { =RL

Q=R1x(0,T), ¥ =R"1x(0,T)=0d0x(0,T) .

We now introduce the new space-time variables
(2.3) y:x/\/H——l; s = log(t+1) .
Then, given u = u(x,t) solution of (2.1) we introduce
(2.4) w(y,s) = 2 u(e??y, ef —1) .

It follows that w solves (2.1) if and only if w satisfies

’ws_A'w—y;w_gw:O in @7
(2.5) w=7v on i,
W(y,O) = UO(y) in Q )
where
(2.6) oy, s) = e (e, et —1) .

Here and in the sequel we use the notation ¥’ = (y1, ..., yn—1) so that y = (v, yn)-
On the other hand,

Q = 0x(0,9) = R"'x(0,9);
(2.7) B S =log(T+1).
¥ = 00x(0,5) = R"x(0, 9);

Obviously, analyzing the null controllability of system (2.1) in time 7 is equiv-
alent to studying the null controllability of system (2.5) in time S = log(7 + 1).
Therefore, in the sequel, we shall analyze system (2.5).
The elliptic operator involved in (2.5) may also be written as
y - Vw 1

5 = KW div(K (y) Vw)

(2.8) Lw:= —Aw —
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where K = K(y) is the Gaussian weight

(2.9) K(y) = exp(|y[*/4) -

We first analyze this operator in the whole space.

2.2. Weighted spaces and spectral analysis in the whole space

We introduce the weighted L2-space: L?(K) = {f: R"—=R: VK f € L*(R")}
1/2
endowed with the natural norm || f|z2(x) = (/ IfI? K(y) dy> . Obviously, it
R

is a Hilbert space.

We then define the unbounded operator L on L?(K) by setting
y - Vw

5
as above, and D(L) = {w € L*(K): Lw € L*(K)}.

Integrating by parts it is easy to see that

/ (Lw)w K dy :/ Vw* K dy .
n RTL

Lw = —Aw —

Therefore it is natural to introduce the weighted H!-space:
HY(K) = {f € L*(K): 0f /0w, € LA(K), i =1,...,n}

endowed with the norm

1/2
1y = [ / n(|f\2+|Vf|2)Kdy] .

In a similar way, for any s € N we may introduce the space
HY(K) = {f € L*(K): D*f € I*(K), Yo |a| <5} .

The following properties were proved in [4] and [14]:

(2.10) /f2|y\2K dy < 16/]Vf|2K dy, VfeH\K),
(2.11) the embedding H'(K) — L*(K) is compact ,

(2.12) L: HY(K) — (H*(K)) is an isomorphism ,

(2.13) D(L) = H*(K) ,

(2.14) L' L*(K) — L*(K) is self-adjoint and compact ,
(2.15) the eigenvalues of L are \; = m, j>1,

2
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and the corresponding eigenspaces
(2.16) Ker(L — A1) = span{Dagolz la] =7 — 1} ,

where 1 is the eigenfunction associated to the first eigenvalue A1, which is simple,
and is explicitly given by

(2.17) e1(y) = K ' (y) = exp(—|y|*/4) .

In one space dimension all the eigenvalues are simple. In dimensions n > 2
the multiplicity pu; of all the eigenvalues A\; with j > 2 is greater than one,
= (":ﬂ 12) We can then choose the eigenfunctions {¢j’€}1 gz such that they

St py
constitute an orthonormal basis of L?(K). Note that ¢, denoties an eigenfunc-
tion associated to the eigenvalue A\; and £ = 1, ..., u;, p; being the multiplicity of
Aj.

Using this spectral decomposition the solutions of the heat equation in similar-
ity variables in the whole space can be easily developed in Fourier series. Namely,

if w solves n
ws+Lw——w =0 in R"x(0,00),
(2.18) 2
w(y,0) = uo(y) in R",
with .
o0 J
w(y) =Y D ajepie
j=1 ¢=1
then,

oo N 1274
w(y,s) = Y e N° [ aje (Pj,f(y)} :
= =

2.3. Spectral analysis on the half-space

This similarity transformation may be used in any conical domain of R™.
Indeed, under the condition that € is a cone (i.e. AQ = Q, VX > 0), the equation
in the similarity variables is still posed in the domain € for any s > 0. The
operator L with Dirichlet boundary conditions on a cone has basically the same
properties as above, except for the fact that the spectrum is not the same (see
14]).

However, when € = R}, the spectrum may be easily computed explicitly.
In fact, with ¢;, as above, it is easy to see that ¢, is an eigenfunction of
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L satisfying the Dirichlet homogeneous boundary condition on 9 =R"7!, i.e.
on y, = 0, provided ¢;, is odd with respect to y,. Taking into account that
@i = cije D*K ™! for a suitable o = (av, ..., ) with |a| = j — 1, we see that this
holds if and only if a,, is odd.

In one space dimension (n =1) we deduce that ¢; is an eigenfunction of L
in Q = (0,00) with Dirichlet boundary conditions on the left extreme y = 0,
i.e. such that ¢;(0) = 0, if and only if j is even. Consequently, in this case the
eigenfunctions are

(2.19) Pm(y) = pam(y), m=1,
and the corresponding eigenvalues

2
(2.20) wm:)\ngTm:m, m>1.
When n > 2, and €2 = R} we have to exclude only the eigenvalue \;. There-
fore

n-—+m
(221) Wm = >\m+1 =

2 )

m>1,

and the corresponding eigenfunctions are then multiples of

(2.22) D*(K™'), with |a|=m, a,=odd .

Obviously, in this case, the multiplicity ji,, of each eigenvalue is strictly less

that ji,,. We shall denote by {¢y,¢} m>1  an orthonormal basis of L? (R%; K)

L=1, ptm
constituted by the eigenfunctions of L vanishing on y, = 0.

Here and in the sequel, by L? (R"; K) we denote the weighted L2-space:
L*RLK) = {f: R} —R: VK[ € L*(R})}
endowed with the canonical norm. We will also use the weighted Sobolev spaces:

H'(RYK) = {f € L*(RLK): Vf € (LR K))"}
and
HY(R; K) = {f € H'(RLK): f=0in y, =0},

endowed with the canonical norms. Finally, by H ! (R%; K) we denote the dual
of H} (R%; K).



THE HEAT EQUATION ON THE HALF SPACE 9

3 — The 1 — d control problem

In this section we recall some of the main results for the 1 —d control problem
in the half-line proved in [18]. We consider the control problem

Ut — Uge = 0, x>0, t>0,
(3.1) u(0,t) =v(t), t>0,
u(z,0) = ug(z), =>0.

Here, u = u(z,t) is the state and v = v(t) is the control.

Given T" > 0 we are interested on the structure of the space of initial data
that may be driven to zero in time 7' by means of a control v € L%*(0,T). In
other words, we want to describe the space of data ug for which there exists
v € L?(0,T) such that the solution of (3.1) satisfies

(3.2) u(z,T)=0, Vax>0.

We define w by means of the similarity transformation (2.4). Then, u solves
(3.1) and satisfies (3.2) if and only if w solves

1
ws—wyy—%—iw =0, y>0,0<s<5S,
(3.3) w(0,s) = v(s), 0<s<S,
w(y,O) = U‘O(y)v y > 0 )
and satisfies
(34) w(y,S)=0, Vy>0,
with
(3.5) S =log(T"+1),

and v as in (2.6).

Obviously, v € L?(0,T) if and only if 7 € L?(0, S). Therefore, the problem is
reduced to analyze the structure of the space of initial data ug for which there
exists v € L%(0, 9) such that the solution of (3.3) satisfies (3.4).

Let us rewrite the initial datum ug as

(36) UO(y) = Z Am ¢m s

m>1

where, recall, {@, }m>1 is an orthonormal basis of L?(R4; K) constituted of eigen-
functions of the operator L in Hg(R,; K) and eigenvalues wy, = m.
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The following controllability result was proved in [18]:

Theorem 3.1. There is no non-trivial initial datum wg which is null-control-
lable in finite time and with Fourier coefficients {a,,} satisfying

(3.7) lam| < Cse®™,  ¥Ym>1,

for all § > 0.
Moreover, for any § > 0 and S > § there exist non-trivial initial data ug that
are null-controllable in time S and such that

e(Sm eém

(38) Clm S |am| SCQW, Vle,
for suitable positive constants Cy, Cy > 0. In this case a control f € L?(0,5)

with supp(f) C [0, ] can be found.

Theorem 3.1 indicates, roughly speaking, that null-controllable initial data
have exponentially growing Fourier coefficients. Actually, the Fourier coefficients
need to be exponentially large for any 0 < s < S along the controlled trajectory.

Observe that ug € H *(Ry; K) with a > 0 if 3, < |am|[?m™® < co. Con-
sequently the null-controllable initial data that Theorem 3.1 provides satisfying
(3.8) do not belong to any Sobolev space of negative order H™%(Ry; K).

On the other hand, if up € H=*(R4; K) for some e > 0, we have

lam| = [{uo, ¢m)| < HUOHH*Q(R+;K) H¢mHHC¥(R+;K) .

Taking into account that ||¢m || ge(r, ;x) grows polynomially as m — oo we deduce
that (3.7) holds and therefore ug is not null-controllable, except when uy = 0.

Theorem 3.1 refers to the null-controllability of system (3.3) in the similarity
variables. However, due to the equivalence of the null-controllability of system
(3.1) and (3.3) the same holds for (3.1):

Corollary 3.1. There is no non trivial initial datum wg which is null-control-
lable in finite time for system (3.1) by means of L? boundary controls and such
that
(3.9) lam| < C5e®™,  VYm>1,

for all § > 0.

Moreover, for any 6 > 0 and T > €® — 1 there exist non-trivial initial data ug
for system (3.1) that are null-controllable in time T with L? controls supported
in [0,0] and such that its Fourier coefficients {a,} satisty (3.8).
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Remark 3.1. According to Corollary 3.1 we deduce, in particular, that the
following initial data are not null-controllable in any time 7" for system (3.1):

o ug(r) = z¥exp(—22/2), Vk > 0;

o up € D(Ry).

As we mentioned in the introduction, this result is in contrast with the existing
ones for bounded intervals that guarantee that any initial datum in any Sobolev
space of negative order is null-controllable in an arbitrarily short time.

The examples we have mentioned above show that the lack of null-controllabi-
lity on the half-line is not due to the lack of regularity or to the lack of decay at

infinity of the initial data. In fact, there is no initial datum ug € D(R;.), except
for the trivial one, that is null-controllable in any time! o

4 — The multi-dimensional case: The half space

In this section we discuss the case where =R, n>2, and the control acts
on the whole boundary 92. As we shall see, the situation is similar to the one
encountered in one space dimension. Namely:

a) Initial data with Fourier coefficients that grow less than any exponential
are not null-controllable in any time;

b) There are initial data with exponentially growing Fourier coefficients that
are null-controllable.

4.1. Reduction to the one-dimensional case

We consider the system in the similarity variables

wS—Aw—yéVw—gw:O in Qx(0,59),
(4.1) w="v on 90x(0,5S),
w(y, 0) = uo(y) in Q,
where
(4.2) Q=R", 9Q=R""'.

The space variable y = (y1,...,yn) will be split as y = (v, y,) with ¢/ =
(ylv"wynfl)-
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According to the analysis of Section 2.3 the eigenvalues of the corresponding
y-Vw

elliptic operator Lw = —Aw — 5= are:
(4.3) wm:”;m, Ym>1.

The corresponding eigenfunctions are of the form
(4.4) ¢ = DK7Y = Da[e—\yl2/4]

with a = (e, ..., ay,) such that

o] = a1+ -+ a, = m,
(4.5)

o, = odd .

We denote by [i,, the multiplicity of the eigenvalues w,,, which coincides with
the number of multi-indexes « satisfying (4.5).

The eigenfunctions may be chosen to constitute an orthonormal basis of
L? (R%; K). We shall denote them as {¢, ¢} mz1 - Then,

1<0<hm
(4.6) Gmi = Crmu Da[e*\y|2/4]

for some « as in (4.5).

We shall re-index the elements of the orthonormal basis {¢m ¢} m>1 in a
1<t<pm

different way. Let us define the set £ = {(o/,2j —1): j € N*, o/ € N*~1}. For
each (o/,27 — 1) € &€ there is an unique eigenfunction

borj = Cor D2 [~/

which belongs to the orthonormal basis {¢n, ¢} n>1 . In fact, all the elements
1<0<pm
of the orthonormal basis can be obtained in this way. Hence, {(ba/’j}(a/,gj,l)eg
forms an orthonormal basis of L?(R%, K).
To each eigenfunction ¢,/ ; corresponds an eigenvalue w,, = "ng where
m=ld|+25—1.
Any initial datum ug can be developed in Fourier series as

(4.7) w(y) = Y [Zaa’,j¢a’,j1-

O/GN”71 ]21

To simplify things we suppose that the control v = wv(y/,s) lies in L?(0, S;
L2(09; K)), i.e.

S
@8 Wlosenmn = [ [ 02009 K@) dds < oo
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Here and in the sequel by K (-) we denote the n — 1-dimensional gaussian weight

(4.9) K(y) = exp(|y'[2/4) .
Note that K denotes as well the gaussian weight in n variables.

The control v € L?(0,S; L?(R"~!; K)) may also be developed in Fourier series
as
(4.10) vy, s) = D var(s)var(y)

ao’eNn—1

where {1o }orenn—1 is the orthonormal basis of L?(R"~!; K) constituted by the
eigenfunctions of the operator —A’ — y/évl in R*!. Here and in the sequel A’
and V' stand for the Laplacian and gradient operators in the n — 1-variables 3.

The eigenfunctions v, are also explicit:

(4.11) Voo (y) = do D[ W] with o/ e NP1
To each eigenfunction v,/ corresponds an eigenvalue v; = "_§+j where j =
|o/| + 1 (see Section 2.2).
Let us remark that
2j—1
o _ o, o[l 9 —Jynl2/4
Gorj = Corj D [6 } 9y [6 }
Co/,j / an—l 7‘yn|2/4 Cal,j /
- da/ %'(y) Oy%jfl {e } - dea’ %' (y ) Qsj (yn) .

Taking into account that ¢; and 1), are both normalized in L?(R™; K) and
L?(R" 1 K) respectively, it follows that g:g’j, = 1. Hence

(4.12) barj = VoY) D5(Yn) -

Now, we reduce the controllability problem (4.1) to a family of one-dimensional
control problems. Let us decompose the initial datum ug as in (4.7) and the con-
trol v as in (4.10).

Then, the solution w of problem (4.1) can be written as

w(y,s) = Z Z wa/,j(s) ¢o/,j(y) = Z Zo/ (Yn, 8) %/(y')

01/€an1 ]21 04/6an1

where z,/(yn, s) is the solution of the one-dimensional heat equation

25—72—77_{’72:07 yn>070<8<8’

(4.13) 2(0,8) = var (), 0<s<S,

Z(ynvo) = Zo(yn)v yn >0,
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with zp such that

(4.14) Z Aot Parj = Z Ao j 05 (Yn) Yo (Y') = 20(yn) Yo (¥) -
i>1 j>1
Obviously, (4.13) is a 1 —d control problem similar to the one we have consid-
ered in Section 3. In fact, the equation arising in (4.13) can be easily transformed
into (3.3) multiplying z by a suitable time-dependent exponential. This explains
the analogy between the results of Sections 3 and 4. We have

Lemma 4.1. Let o/ € N*~! and let us consider an initial datum for (4.1) of
the form ug(y) = - ;51 Garj Garj- Let also zg be such that uo(y) = 20(yn) Yar (Y')-
Then ug is L*(0, S; L*(R"~!, K)) null-controllable if and only if the initial datum
2o of (4.13) is L*(0,S) null-controllable.

Proof: Let us suppose first that the initial datum 2o of (4.13) is L?(0,.5)
null-controllable. Hence, there exists v, € L?(0,S) such that z(y,,S) = 0.

If we define now v(y/,s) = vor(8) Y (v') € L?(0,8; L2(R"!, K)) we obtain
that the corresponding solution of (4.1) is w(y, s) = 2(yn,s) Yo (y'). Therefore,
the initial datum ug of (4.1) is L?(0,S; L?(R"~!, K)) null-controllable.

Let us now suppose that the initial datum ug of (4.1) is L2(0, S; L*(R"~}, K))
null-controllable. Hence, there exists v € L?(0,S; L2(R"~! K)) such that the
corresponding solution of (4.1), w, satisfies w(y, s) = 0.

Let us now introduce the adjoint system

£s+A§+y2v§+ E=0, yeR?, 0<s<3§,
(4.15) £(y',0,5) =0, Yy eR"™L 0<s <8,
. T) = &ly). yER .

Multiplying in (4.1) by ¢K and integrating by parts we deduce that

(4.16) wlK dy // ) (y 0,8) K(y') dy'ds = 0.
R7 Rt

Therefore,

(4.17) w(y,S)=0 in R}

if and only if

(4.18) //Rn v, s) (y 0,8) K(y) dy'ds = —/Rnuo(y)f(y,o)K(y)dy,

+

for all & € L*(R; K).
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Let us now consider & = o (y') Co(yn) where (o(yn) € L2(R4, K). The cor-
responding solution of the adjoint system (4.15) is £(y, $) = Yar (¥') ((yn, s) where
( is the solution of the adjoint one-dimensional system

C | yn O a1

CS+8—y,%+76—yn_ 5—C =0, y,>0, 0<s<S8,
(4193 ¢0,5) =0, 0<s<8
C(Yn,0) = Co(yn), Yn > 0.

From (4.18) we obtain that

i 0
/0 /R"‘lv(yly ) o (4) 3;71(0’ s)K(y') dy' ds =

- /Rn uo(y) Yor (¥') C(yn, 0) K (y) dy

+

for all ¢y € L*(Ry, K).
By taking into account that

[ 100) Yoy s O K0 dy = [ 20(30) ¢(010:0) K wn) dye
R™ R

+ +

we obtain that, for all (o € L*(Ry, K),
S oC¢

@20) [ Cvwls) - 05 ds = = [ a0(un) €0 0) K (1)
0 yn R+

where vq/(s) = [pn—1 (Y, 5) Yo (v) K (') dy'.
Since vy € L%(0,S), from (4.20) it follows that the initial datum zo of (4.13)
is L?(0, S) null-controllable and the proof finishes.

Remark 4.1. The previous Lemma allows us to reduce the multi-dimensional
problem to a family of one-dimensional problems depending on «'.

Roughly speaking, if all the corresponding 1 —d problems are null-controllable
then the multi-dimensional problem is null-controllable. Note however that, in
this situation, whether the control lies in L2(0,5; L?(R"!, K)) depends heavily
on how the size of the control of the 1 — d problem (4.13) depends on .

On the other hand, if there exists at least one 1—d problem which is not
null-controllable then the multi-dimensional problem is not null-controllable. o
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4.2. Main results

As an immediate corollary of the results of Section 3, the following holds:

Theorem 4.1. Assume that the initial datum ug with Fourier coefficients
{aw j}(ar j)ee s null-controllable for system (4.1) in time S.

Assume also that, for some o, the corresponding Fourier coefficients {an ;};
satisfy
(4.21) g j| < C5e®™,  as m — oo

for all § > 0. Then, necessarily,

(4.22) o j =0, Yj>1.

Proof: Since ugp = > yenn-122j>1 o j Por,j is null-controllable it follows
that, for each o’'e N"~1 w, = >_j>10a/,j Gorj 1s null-controllable. This is a direct
consequence of the orthogonality of the traces of the normal derivatives of the

eigenfunctions %j(y)’ag in L2(08; K|pq). If the control corresponding to ug
is Y oenn—1 Vo (8) Yo (y') then the control corresponding to wq is vy (S) Yo (¥').
Let zp be such that wg = zg Y. From Lemma 4.1 it follows that the solution of

0%z yn%+|o/|—1

Zs—aiy%—?ayn B ZZO, yn>0,0<8<5,
(4.23) 2(0,8) = v (s), 0<s<S,
Z(ynvo) = Zo(yn)v Yn >0,

is null-controllable. |

Let us now define ((yn,s) = z(yn, s) ¢~'515. Then ( satisfies

Cs_('?—y%_?@—yn_ic_o’ yn >0, 0<s<S,
(4.24) C(0,5) = var(s), 0<s<8,
C(ynao) = ZO(yn)a Yn >0 .

We can now apply Theorem 3.1 to deduce that an ;= 0, for all j > 1 and the
proof finishes. n

As a positive counterpart to this result we now show that there are initial
data with coefficients that grow exponentially and that are null-controllable:
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Theorem 4.2. Let the sequence of coefficients {an j} be such that

4.25 Ao’ j = 07 VO/ v
7]
where v = (Y1, ..., Yn—1) IS a given multi-index and such that
(4.26) ay;=F(G) e vix>1,
where n(i52)
sin(i 6 z
4.27 F = —=
with § > 0.
Then:

(a) The corresponding initial datum wug is null-controllable by means of a
control v € L*(0,S; L*(R"!; K)) in time S = 6.
(b) There exist positive constants C1,Co > 0 such that

626j 625j 4
(428) Cljgﬁ S ‘G”ij‘ S CQW’ VJ .

Proof: From (4.25) it follows that the corresponding initial datum ug has

the form:
Uy =D Gy hyj = [Z Qy,j %1 (L

J=1 j=1
Hence, the initial datum wg is null-controllable if and only if the following
one-dimensional problem is null-controllable

0%z y, 0z |yl -1

I =0 >0, 0<s<S

ZS 8y% 2 ayn 2 z 9 yTl 9 s )

) z(0,8) = v/ (5), <5< S,

(4.29) (0, 5) = var (s) 0<s<S
Z(yn,O) = Zo<yn)7 Yn > 0 5

where 2o = 3_ /> ay,j &5
Now we only have to apply Theorem 3.1 to this one-dimensional problem and
the proof finishes. n

Undoing the similarity transformation, i.e. going back to the original space-
time variables (z,t) and to the state u, as a consequence of Theorem 4.1 and 4.2
we can immediately deduce the corresponding results for the original system

ur — Au =0 in R% x(0,7),
(4.30) u="v on R*1x(0,T),

u(z,0) =up(r) in RY .
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Recall that the control v = v(2’,t) of system (4.30) and the control v = v(y/, s)
for system (4.1) are related by the transformation

(4.31) o(y,s) = esn/2v(es/2y', e’— 1) .

Up to now we have been dealing with controls v € L?(0,S; L?(R"!; K)).
Consequently:

o ~i 1 N2 |y/|2 /
/0 /Rn*l [0(y', s)|” exp W dy ds =
S 2 /12
= /0 e" /IRnfl v(es/gy/, e’— 1)’ exp(%) dy' ds
T

112
- t 1”/2/ 204!t <|x‘>d’dt
/0(+) oy V(2 1) exp i) E S

or, in other words,

(4.32) /T/ v2(z',t) e (ﬂ> do'dt < oo
' 0 Jrn-1 P\ '
The following holds:

Corollary 4.1. Assume that the initial datum ug with Fourier coefficients
{an ;} in L? (R"; K) is null controllable for system (4.30) in time T > 0 with
control v = v(a’,t) satisfying (4.32).

Then, if for some o'

(4.33) lao | < Cse®, Vi,
for all § > 0, necessarily
(4.34) o j =0, Vj.

Moreover there exist initial data with Fourier coefficients as in (a)—(b) of
Theorem 4.2 that are null-controllable in time T =e’— 1 with a control v=uv(2’, t)
satisfying (4.32) for system (4.30).

Remark 4.2. Very often the control is restricted to be with support on a
given subset of the boundary. Let I'o C R"~! be a bounded open subset of the
boundary of R”!. Let us denote by 1r, the characteristic function of this set.
Consider the control problem

ur — Au =0 in R% x(0,7),
(4.35) u=vlr, on R*1x(0,T),

u(z,0) =up(x) in RY .
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The negative result of Corollary 4.1 applies in this case as well. Indeed, taking
into account that v1p, satisfies (4.32) for any v € L?(T'9x(0,7T')) one deduces that
if the controllable initial datum wg for system (4.35) is such that (4.33) holds with
control v € L?(Tyx(0,T)), then, necessarily, (4.34) holds as well. o

5 — Further comments and open problem

5.1. General conical domains

Assume that €2 is a conical domains, i.e. such that 7Q = Q) for any 7 > 0.
Consider the heat equation with control

ur — Au =0 in Qx(0,7),
(5.1) U= on 00x(0,T),
u(z,0) = up(z) in Q.

Using the similarity transformation of Section 2, system may be transformed
into

ws—Aw—y.va—ngo in Qx(0,5),
(5.2) w="70 on 90x (0, 9)
w(y,0) = wo(y) in Q.

The operator L = —A—% defines an isomorphism L: H}(; K) — H1(; K)
with

L} (O K) = {f Q—R: /Qf2K<oo}
HY} (O K) = {f € L (O K): Ve (L*(Q;K))" f=0 on aQ} :

H~YQ; K) being the dual of H}(Q; K).

One can also obtain a spectral decomposition of L in L?(2; K). The eigenfunc-
tions of L may be written in separated spherical coordinates and they constitute
a two-parameter family ¢, ((y) = pm ¢(r) 6¢(c) where r = |y| is the radious and
ocesSvinQ.

The angular components 6, may be determined as the eigenfunctions of the
corresponding Laplace-Beltrami operator in S~ N Q with Dirichlet boundary
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conditions on the boundary and the radial components p,, ¢(r) are determined as
the solutions of a Bessel-like equation in R* with the integrability condition

o0
/ 1 % (r) e Mdr < .
0

We denote by A, ¢ the associated eigenvalues.

With this Fourier decomposition in mind the null-control problem may be
reduced to a moment problem:

5 n
0 Joa ov ’

{am,¢} being the Fourier coefficients of the initial datum to be controlled on the
orthonormal basis {¢y, ¢} of L?(%; K) and where d - /v denotes the derivative
in the direction of the unit outward normal.

Of course, the moment problem consists on finding ¥(y’, s) such that (5.3)
holds for all m, ¢ simultaneously. However, in this case we may not use the orthog-

onality of the traces of the normal derivatives of the eigenfunctions %'gif(w

‘ in
L2(09; K |sq). This fact was essential in Section 4 when analyzing the pro?)sfem
in  =R7%.

However, one expects negative results like those in Theorem 3.1 and 4.1 to be
true in this more general case.

The analysis of Section 4 may be easily extended to the case where, for instance
0= {y ER": y; >0, Vj= 1n} ,

or, more generally, to the case where the cone (2 is such that, by a finite number
of reflections one may cover R"™. This allows indeed to compute the spectrum of
L in H}(; K) which turns out to be a suitable subset of the whole spectrum of
the operator L in L?(R™; K).

However, the analysis of the general case remains to be done.

We refer to [14] and [3] for the analysis of the large time behaviour of solutions
of semilinear heat equations in conical domains.

We also recall that the approximate controllability problem for the semilinear
heat equation was studied in [22] in the frame of the weighted Sobolev spaces
above. The methods in [22] which are based on unique continuation properties
do apply in any conical domain. But, as we mentioned in the introduction, the
null-control property is stronger than the approximate controllability one and
requires further analysis.
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5.2. General domains

The problem of null-controllability of the heat equation arises in fact in any
domain € of R™. As we have described in the introduction, when €2 is bounded
and of class O the null-controllability is well known. In the context of unbounded
domains, in this work we have shown the lack of null-controllability (for “nice”
initial data) when, for instance, 2 = R’}. As we have described in the previous
section, the approach based on the use of the similarity variables may also be
used in general conical domains. But, due to the lack of orthogonality of the
traces of the normal derivatives of the eigenfunctions, the corresponding moment
problem is more complex and remains to be solved.

When (2 is a general unbounded domain, the similarity transformation does
not seem to be of any help since the domain one gets after transformation depends
on time.

Therefore, a completely different approach seems to be needed when €2 is
not conical. However, one may still expect a bad behaviour of the null-control
problem. Indeed, assume for instance that {2 contains R’!. If one is able to
control to zero in ) an initial datum wug by means of a boundary control acting
on 002x(0,T), then, by restriction, one is able to control the initial datum uo\m
with the control being the restriction of the solution in the larger domain ©2x (0, 7")
to R"1x(0,T). A careful development of this argument and of the result it may
lead to remains to be done.

The approximate control problem for the semilinear heat equation in general
unbounded domains was addressed in [23]. There an approximation method was
developed. The domain € was approximated by bounded domains (essentially
by QN Br, Br being the ball of radius R) and the approximate control in the
unbounded domain {2 was obtained as limit of the approximate control on the
approximating bounded domain Q N Bg.

However, this approach does not apply in the context of the null-control prob-
lem.

The approach described in [13] and [15] is also worth mentioning. In this
articles is proved that, for any 7'> 0, the heat equation has a fundamental solution
which is C'* away from the origin and with support in the strip 0 < ¢ <7T'. This
allows to build a solution u of the heat equation

(5.4) u—Au=0 in R"x(0,7T)
which is continuous in R x [0, 7], and that matches the initial and final conditions

(5.5) u(z,0) =up in R",
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(5.6) u(z,T)=0 in R",

for any continuous function ug.

This may also be interpreted as a null-controllability result in a general domain
Q. Indeed, by setting v = u|gax 0,1y, We deduce that u|g (o 1), the restriction of
u solution of (5.4)—(5.6) to 2x(0,T") satisfies

up —Au =0 in Qx(0,7),

U= on 00x(0,T),
(5.7) )

u(z,0) = up(z) in £,

u(z,T)=0 in Q.

This argument applies when 2 is unbounded as well. In particular, when
n =1 and Q = RT, this shows that for any vy € C(R™) there exists v € C[0,T]
and a solution u of

Up — Uypy = 0, 0<x, 0<t<T,
(5.8) u(0,t) = v(t), 0<t<T,

u(z,0) =up(z), 0<z,
such that
(5.9) uw(x,T)=0 in RT .

Note however that the solutions of (5.8)—(5.9) that the approach of [13] and
[15] provides do not feet in the context of our negative result since they grow too
fast as |z| — 0o and therefore, these are not solutions in the sense of transposition.

It is also worth comparing this result with the positive one of Section 3.
In Theorem 3.1 we prove that initial data with exponentially growing Fourier
coefficients are null-controllable by means of L?(0,T)-controls. Moreover, the
trajectory we obtain has necessarily exponentially growing Fourier coefficients
during the whole time interval. This is in agreement with the result of [13] and
[15] in which the trajectory has also a fast growth rate as || — oo.

5.3. More general equations

The same problems arise in the context of more general parabolic equations
including variable coefficients, semilinear terms, ...

We refer to the works [6] and [8] for the analysis of the null-control problem
of the semilinear heat equation in bounded domains and to [12] for the case of
linear heat equations with variable coefficients.
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The approach we have adopted in this work does not seem to extend to these
more general problems even in R’} except for very particular cases. Indeed,

Fourier series decompositions of the solutions apply for equations of the form
-Vw n
_y2 —§w+a(y)w+b(s)w:0.

Obviously, in order to get an equation of the form (5.10) in the similarity

(5.10) ws — Aw

variables, the original equation
(5.11) ug — Au+c(z,t)u = 0
needs to have a variable coefficient ¢(x,t) of a very special structure.

The extension of the results of this paper in, say R'}, to the general case of
coefficients ¢ € L> (R’ x(0,7")) remains to be done.

5.4. Necessary and sufficient conditions for null-controllability

The result of this paper show that, when Q = R" |

* Initial data with Fourier coefficients growing slower than any exponential
may not be controlled in finite time by means of controls in a suitable
weighted L? space of the boundary;

* Some initial data with exponentially growing Fourier coefficient are con-
trollable.

It would be desirable to obtain a more explicit characterization of the Fourier
coefficients of the null-controllable initial data.
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