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HOW MANY INTERVALS COVER A POINT
IN RANDOM DYADIC COVERING?

A.H. FAN and J.P. KAHANE

Presented by J.P. Dias

Abstract: We consider a random covering determined by a random variable X of
the space D = {0, 1}N. We are interested in the covering number N,, () of a point t € D
by cylinders of lengths > 27™. It is proved that points in ID are differently covered in
the sense that the random sets {t € D: N,,(¢) —bn ~ c¢n®} are non-empty for a certain
range of b, any real number ¢ and any 1/2 < a < 1. Actually, the Hausdorff dimensions
of these sets are calculated. The method may be applied to the first percolation on an

infinite and locally finite tree.

1 — Introduction

We consider the sequence space D = {0, 1} and a probability distribution
represented by a random variable X which takes values in the set of non-negative
integers (our methods also apply to the case of an infinite and locally finite tree
and a real-valued variable). For any finite sequence (e, ..., €,) of 0 and 1, we de-
note by I(e€y, ..., €,) the n-cylinder in D (also called interval of length 27") which
is defined in the usual way and by X, . ., a random variable which has the same
distribution as X. We consider X, . .,
der I(ey, ..., €,), that is to say, the cylinder I(ey, ..., €,) is cut off with probability
po=P(X=0) and is covered m times with probability p,, = P(X=m),
m = 1,2,.... In the sequel, we assume that all variables X, ., are independent
and they are defined on a probability space (2, .4, P).

as the covering number of the cylin-
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For t = (ty)n>1 €D, let

n
Nn(t) = ZXt17---»tk :
k=1

The quantity N, (t) is called the covering number (or more precisely the n-cover-
ing number) of the point ¢ by cylinders of lengths 27% (k =1,2,....n). As a
consequence of the law of large numbers and Fubini’s theorem, we have

lim —Nn(t)

n—oo n

=EX

almost surely (a.s.) for almost every point ¢ (with respect to Lebesgue mea-
sure on D). It is also well known in the theory of birth processes that a.s.
lim,, oo N, (t) = 0o for every t € D if and only if

po = P(X=0) <

DN | =

That is to say, a.s. every point is infinitely covered when the above condition is
satisfied.
Our aim in this paper is to study the behavior of N, (¢) by considering the

random sets N (¢
Eb—{tEID): limﬁ—b}
n—oo  n

for different b € R. If t € Ej, we may say that the point t is covered by about
bn cylinders of lengths > 27" (with the convention that the cylinder I(eq, ..., €,)
is covered m times when X, ., =m). Actually our method allows us to study
the subsets of E} defined by

Eys = {tG]D: Np(t) —bn ~ s, as n—»oo}

where s = {s,,} is a sequence of real numbers such that s,, = o(n).
We make the hypothesis that X is not constant and EeX < 0o for all t € R
(similar results hold when E X < co for some interval of t). Let

o(u) = Ee*X | c(u) =logy(u) .

The function c(u) is called the free energy of X. Notice that c(u) is strictly
increasing and strictly convex. Its Legendre—Fenchel transform is defined by

c*(s) = sup(su— c(u)) .

u€eR
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Notice also that c¢* is a well defined continuous convex function in the interval
[/ (=00), ¢ (+00)] which is contained in [0,400], and that it attains its minimal
value 0 at u = E X.

In the following theorems, dim means the Hausdorff dimension as well as the
packing dimension. See [M2] for the definitions of these two notions of dimension.
We recall the metric of D, which is defined as d(t,s) = 27" for t,s € D with
n=sup{m: t; =s;, V1 < j <m}. We denote

J = {bed(=00),d(+o0)]: ¢"(b) <log2} .

Theorem 1. Suppose X is a non-constant random variable taking values
in the set of non negative integers such that EeX < oo (Vt € R). Then for
any number b € J and any sequence of positive numbers s = (s,) such that

Sp — Sp—1 = o(1) and /nloglogn = o(s,), we have a.s.

dimEbS = dlmEb =1- C*—(b) .
’ log 2

The proof of Theorem 1 will show that the dimension of the set of points ¢ such
that liminfn='N,(t) > b is equal to dim E, when b > E X and the dimension
of the set of points ¢ such that limsupn !N, (t) < b is equal to dim Ej, when
b<EX.

What happens for E, when b ¢ J? This question is answered by the following
theorem.

Theorem 2. Suppose X satisfies the same condition as in Theorem 1. Let
A =inf J and B = sup J. Then we have a.s.

Ny Ny
A < liminf (*) < lim sup&

< B (VteD).

If lim N”T(t) doesn’t exist, we may say that ¢ is irregularly covered. The fol-
lowing theorem shows that many points are irregularly covered.
Theorem 3. Suppose X satisfies the same condition as in Theorem 1. Then

the set of irregularly covered points is a.s. of Hausdorff dimension 1.

The present study was partially motivated by Dvoretzky random covering
problem on the unit circle [D] (see [S, K2, FK, K5, K6] for the developments of
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the subject). Recent work on the circle related to ours may be found in [F3], the
results are less complete than those for the sequence space D studied here.

The restriction on D and the positivity assumption of X are not essential: the
above results can be generalized to tree-indexed walks. See [B, L, LP, BP, PP]
for related works on tree-indexed walks.

Using results on percolation in [L], Lyons and Pemantle [LP] have obtained

the dimension formula for dim Ej, but their method does not give results on
dim Ej 5.

2 — Preliminaries

Our main tool is multiplicative chaos (for a lower estimate for the dimension).
As usual, large deviation is used to get an upper estimate of dimension.

First of all, we recall the notion of the dimension of a measure [F2]. The
lower dimension of a measure i, denoted by dim, u, is the supremum of §’s such
that u(E) = 0 for any E with dim £ < . The upper dimension of a measure
i, denoted by dim*p, is the infimum of dim F' for F’s such that u(F¢) = 0. It is
clear that for a given Borel set A, we have

dimA > dim,p if p(A)>0.

When dim, p = dim*u = «, we write dim u = a.

The general theory of multiplicative chaos was developed by the second author
in [K3]. We recall it here briefly. The key part for us is the Peyriére probability
measure. Let (P,) be a sequence of non-negative independent random functions
defined on D such that E P, (t) =1 (V¢ € D). Consider the finite products

We call @,(t) an indexed martingale because it is a martingale for each ¢t € D.
It was proved in [K3] that for any Borel probability measure p on D, a.s. the
random measures Q,(t) du(t) converge weakly to a (random) measure that we
denote by Qu. The operator @ is called a multiplicative chaos. If the total mass
martingale

m:é%mww

converges in L', the measure Qu does not vanish and a probability measure
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Q = 9, on OxD, called Peyriere measure, may be defined by the relation

Jo P20 = E [ pl.0)dQu(t)

(for all bounded measurable functions ¢). A very useful fact is that if the dis-
tribution of the variable P,(t) is independent of ¢t € D, then P,(t,w) (n > 1)
considered as random variables on QxD are Q-independent. Furthermore, we

have the formula
Eo h(P,) = Eh(P,) P,

(for any Borel function h).
We shall use a particular class of multiplicative chaos. This corresponds to

where all the random variables {W;, ;. } are independent, non-negative and
normalized (i.e. EWy, 4, = 1), and for any n > 1, the subfamily of variables
{W4, ..+, } are identically distributed with common law represented by a variable
W,,. The corresponding chaos is called (generalized) random cascades determined
by Wn. When Wn are identically distributed, we recover the classical random
cascades, well studied in [KP, M1]. The following lemmas study the random
measure QA determined by a sequence {Wn} and the Lebesgue measure A = dt
on D. Recall that Y;, denotes the total mass martingale [ Q,(t) dt.

Lemma 1. Suppose that for some 0 < h < 1 we have

1i7h
lim inf L logs W

Im In h_1 > 1.

Then the martingale Y,, converges a.s. to zero. Consequently QX = 0 a.s..

Proof: The condition implies that EWJ- < 2M=1 for large j. Let B be an
arbitrary ball of radius 27". We have

EsupQn(t)" = [JEW}! < con(t-h

where C' is a constant independent of the ball B. We conclude by applying
theorem 3 from [K3]. m

Lemma 2. Suppose that for some h > 1 we have

E log, W}
lim sup — %82 Wn
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Then the martingale Y, converges in L". Consequently the Peyriére measure
Q = 9, exists.

Proof: The condition implies that there exists € > 0 such that 2!~"E Wj <
e“10=h) for large j. By the same calculation as in [K1] (p. 622), we have

E2Yh_/§>h—l

EVE,

EY", < EY" < EY" ,EW} 21h<1+

It follows that for large n, we have EY," | < 1/e. Thus the total mass martingale
is bounded in L".

Lemma 3. Let 0 < b/ <1 < h". Denote

]El Nh/ El —_N
D = 1—liminf 22082Wn 5y g g 21082 W

minf =" e

Then D, < dim, Q) < dim*QA < D_ a.s..

Proof: We follow [K4] using a result from [F1]. For § > 0, let W3 be
the variable such that P(Ws = 2°) = 279 = 1 — P(W3 = 0). The random
cascades determined by Wy (called S-model) gives rise to a multiplicative chaos
Q3. We construct Q3 independent of (). The product Qg @ is the chaos defined
by {Wps W,}. A simple calculation gives

logQ(Wn Wﬁ)h _ log, WT’}
h—1 h—1

Take 0 < 8 < D4 (there is nothing to do if Dy is negative). We have

+ 8 (Yh#£1).

- h/l
lim sup —lng(Wn Ws )

n—oo h” —1

= 1—D++ﬂ < 1.

By Lemma 2 and the main result of [F1], we get dim, QX > [ a.s..
Take 8 > D_. We have

- h//
lim inf —IOgQ(Wn W)

N 00 h' —1

=1-D_+p8 > 1.
By Lemma 1 and the result of [F1], we get dim, QA < [ a.s..n

Suppose ¢/ (\y) = b. Take &, = \y + 1, with 7, — 0 as n — oo. Consider
— egTLX

" ©(&n)
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where X is the variable determining our covering. For different choices {7, }, the
corresponding random measure QA may be singular each other, but they have
the same dimension.

Lemma 4. Let Q) be the random measure defined by the above sequence
{Whp}. Then

dimQXN = 1— c(b) .S..
log 2
Proof: Since £, — Ay and
lo Ef/vale c(& h) — c(&,
g _ & h) — (&) (e |

h—1 h—1
we have —
lim log EWy, c(Aph) —c(Ap)
n—oo h —1 h—1
The function ¢(+) being strictly convex, we have

c(Aoh) = c( M)

- C(/\b) .

— C()\b) > C/()\b) Ap — C(/\b) = C*(b) if h>1;

h—1
C()\b}fz)—_lc(/\b) —c(Xe) < )Xo —c(Ny) = (b)) if h<T.

Now we can apply Lemma 3. n

Now let us recall some properties of the free energy function of X and of its
Legendre—Fenchel transform. Let zyax (resp. Zmin) be the essential upper (resp.
lower) bound of the variable X. Then let

Pmin = P(X: xmin) 5 Pmax = P(X: wma.x) .

We first claim that (assuming ppi, > 0)

d(—0) = Tmin, ¢ (Tmin) = log .
Pmin

In fact, since
Ee = pum ™ (14+0(e!))  (t — —o0)
EXe' = poin Tmin €™ (1 + O(e"))  (t — —00) ,
we have

EXetX
) = it = T+ O() (= —00) |

() = td(t) — c(t) = Pmin Tmin €™ (1 + O(te'))  (t — —00) .
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We also claim that if 2, < 00

C,(+OO) = Tmax » c* (l'max) = log .
Pmax

In fact, the proof is the same as above because, assuming ppax > 0,
E Xe'™ = prax Tmax elmax(1 4 O(e™)) (t — 400) .

Consequently, we have ¢*(zpmin) < log?2 if and only if ppin > % If pmin < %,
there is a point 0 < ¢y < E X such that ¢*(¢p) = log2. Also if ppax < %, there is
a point by > E X such that ¢*(by) = log 2.

3 — Proof of Theorem 1

Let us first prove dimp Ep < 1 — ¢*(b)/log 2 where dimp denotes the packing
dimension. Notice that the interval J contains E X because EX = ¢/(0) and
c*(d(0)) = 0. Suppose b > EX. (The case b < EX may be similarly treated).
Fix a small 6 > 0. Let

Co = {I(tl,...,tm: S XKooty > (b—5>n} .
k=1

Let G,, be the union set of all cylinders in C,. It is clear that

EbCUﬂGn-

(=1 n=~
Then

o oo
dimp E, < supdimp ﬂ G, < supdimp ﬂ Gn
£21 n={ €21 n={
where dimp denotes the upper box dimension. Remark that when n > ¢, C,, is a

cover of N2, Gy, by cylinders of length 27". Thus we have

— X . Card C,,
dimp ﬂ G, < h}ln_)sotép W
n=~{

Now estimate the random variable Card C,,. It is obvious that

E Card C,, = Z P(Zth""’tk > (b—19) n) :
k=1

t1,...tn
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However, by the theorem of large deviation [E] (p.230), we have

c* (b—5)

P(Z th,...,tk > (5—5)7%) S e_nc*(b_d) = 2—7’L log 2
k=1

This, together with the preceding equality, gives us

_ c* (b—9) )

E Card C,, < o1~ Tog2

Then
> ,n(l,M)
E Zn*22 log2 ) Card C,, < 00.
n=1

It follows that almost surely we have

c*(b—45)
Card C,, = O(n2 91~ Togz ) )

Therefore Card C ‘(b5
lmsup S g C0—0)
n—oo  log2m log 2

Letting § — 0, we obtain the desired upper bound.

67

Suppose b is an interior point of J. In order to prove dimpy E,s > 1 —

c*(b)/log 2, we consider the random measure QA determined by

—~ ean

W ©(&n)

where &, € R is the solution of ¢/(&,) = b+ (sp,—s,—1). By Lemma 2, the Peyriere

measure Q is well defined. We have

E X efnX
EoXiy, o tn = —— = (&),
9t ¢(&n) (&)

EX2e6X (g,
EoX? = =
O tatn T (60 o)

Varg Xy, .1, = ¢ (&) -

Notice that the variables Xy, ;. (n=1,2,...) are Q-independent. Then by the

law of the iterated logarithm, Q-almost surely

Z Xty,ty—bn— s = O(\/nlog log n) )
k=1
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Since y/nloglogn = o(sn), QA(Ef,) =0 a.s.. Then
dimH Eb,s > dim* Q)\ a.s..

On the other hand, by Lemma 4,

c*(b)

log 2

Thus the formula is proved when b is in the interior of J.

Let A be the left end point of J. If ¢*(A) = log 2, the proof of the upper bound
shows that dim E4 = 0 then dim E4 ;= 0. Suppose ¢*(A) < log2. This implies
A = xpin = (—00) > —oo (see the definition of J and the strict convexity of ¢*).
=1 — log, ——, it suffices to consider the random

Pmin
cascade by choosing &, tending to —oo such that ¢/(x,) = ¢/(—00) + (8p— Sn—1)

dimQ)\ = 1 —

a.S..

In order to prove dim F s
to get the lower bound (the upper bound is proved as above).

Let B <400 be the right end point of J. As for the left end point, if ¢*(B) =
log2, we have dim Fp = dimEp = 0. Suppose ¢*(B) < log2. This implies

Tmax = ¢ (+00) = B < oo. In order to prove dim E, = 1 — logy Zﬁ, it

max,S

suffices to consider the random cascade by choosing &, tending to 400 such that
d(xn) = (4+00) + ($n— sn—1) to get the lower bound. u

4 — Proof of Theorem 2

Notice that

Nyu(t
Tmin < n( ) < Tmax -
n
So, there is nothing to prove for lim sup Nu(t) < supJ when supJ = xpax and

n
nothing to prove for lim inf N”T(t) > inf J when inf J = zpin.
Suppose that sup J < Zmax. That implies ¢*(¢/(c0)) > log2. Denote by [z]
the integral part of a real number x. Let v > 0 be a large number. For j > 4,

introduce the following notation
8it) = 2. >
[v(G—1) log(j—1)]<k<[vj log j]
Uj = maxS;(t), Vj = minS(t) .
Suppose U; = S;(to) for some point to. It is clear that U; < S;(¢t) for all ¢ in
the [vlog j]-cylinder containing tg. It follows that for any A > 0, we have

Ali < 2’710gj/ i) gt
D
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Taking expectation gives us

]Ee)\Uj < 2’ylogj (E 6)\X)'ylogj ]

Take B’ > B. Then ¢*(B’) > log2. By using Chebyshev’s inequality, we get

Take A > 0 such that ¢/(A\) = B’ and B'\ — ¢(\) = sup,(B't — ¢(t)) = ¢*(B').
Such a A > 0 does exist because ¢*(¢/(0c0)) > log 2. Then

P(U; > B'ylogj) = O(jee2=<"(B0)) |

Since log 2 — ¢*(B') is strictly negative, the series >, jyog2=c*(B") converges if
v is sufficiently large. According to the Borel-Cantelli lemma, almost surely for
large j

Uj < B'ylogj .

Thus we have

J J
Y U; < Zlog]—i—O < B'vyJlogJ + O(1) .
=1 =1

For any n > 1, there is a K such that [y(K — 1)log(K—1)] <n < [y K log K].
Then

n K
S Xeppoo < D U; < ByKlogK+0(1) ~ B'n
k=1 =1

Thus we have proved

Ny (t
lim sup # < B (VteD).

n—oo

Since B’ is an arbitrary number such that B’ > B, it follows from the last in-
equality that
Np(t
lim sup n(®)

n—oo n

<B (VteD).

The proof of the lower estimate is similar. We just point out what should
be changed. If V; = S;(to) for some point ¢y, then V; > S;(t) for all ¢ in the
[v log j]-cylinder containing to. This allows us to get that for any A > 0,

EB—AVJ- < 2710gj (Ee—AX)vlogj )
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By using Chebyshev’s inequality, for A’ < A we get
P(Vj < A'ylogj) < jolios?- (AR}
Take A > 0 such that A'(—\) — ¢(—=)\) = sup,(A’t — ¢(t)) = ¢*(A"). Then
P(V; < Alylogj) < jries2=<"(4)

5 — Proof of Theorem 3

Let (&,) be a sequence of positive numbers such that 0 < a <§&, <b< oo

which will be determined later. Consider the random measure QA defined by
EnX
—~ e

By Lemma 2, if b is small enough, the Peyriére measure Q exists. From now on,
we assume that b is small. Since

EQXel,..‘,ek = Cl(fk)a VarQ(Xel,...,ek) = C”(fk) ;
by the law of the iterated logarithm, Q-almost everywhere

ZXfla---7€k - Cl(fk) = O(\/OM)

k=1 k

n

—_

where .
on = (&) = n.
k=1

Thus a.s. Q-almost everywhere we have the equivalence
n
Na(t) ~ > (&) -
k=1

Take a rapidly increasing sequence of positive integers (ny) such that
n
lim —— & =1
k—oo N1 + ... + Ny

For any two given small numbers 0 < a < b, define the sequence (&;) in the
following way
§=a it nop <j <nogyr,

§=0b if ngeyr <j <nopga .
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Then we have

liminfl ic’({k) < d(a) < ) < limsupl Zn:c’(gk) :

k=1 n—oo k=1

Let E be the set of points t € D such that limN"T(t) doesn’t exists. Then
almost surely QA(E€) = 0. It follows that almost surely dim £ > dim Q\. By
Lemma 3, if b — 0 then dim@Q — 1. We get dimE = 1. »

6 — Poisson covering and Bernoulli covering

We look at two examples.

Example 1. Suppose X is a Poisson variable with parameter a > 0
(ie. P(X=k)=¢€¢"" “k—lf) Then

o(t) = e 1) c(t) = —a(1 —€) .

Let b= c/(t) = ae'. That means t = log g. We have

cf(b) = td(t) —c(t) = logg-lH—(a—b) .o

Thus we get

Theorem 4. Suppose X is a Poisson variable with parameter a > 0. Then
there is an interval J, such that for b € J,, almost surely

dim Eb =1

b
- —b)+blog—| ;
Tog 2 (a=b)+blog—):
for b & J,, Ey, = (. The interval J, consists of b > 0 such that F(b) < log2
where F(b) = a—b+b log L.

The interval J, may be calculated explicitly. Notice that z; = 0, Tmax = 00
and

c(0)=a, c"(0)=00.

Let B > a be the solution of F(B) =log2. If a <log2, J, = [0, B]. If a > log 2,
Jo = [A, B] where 0 < A < a is the other solution of F/(A) = log2.
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Remark that if a < log2, the above theorem implies that lim Nu() may be as

small as possible. But if a > log2, it is uniformly (in ¢) bounded f?om below by
A>0.

Remark also that the variable X takes all positive integers as values. A priori,
one might assume that lim Na(®) may take large values. But by the above theorem,

n

it is uniformly (in ¢) bounded by B.

Example 2. Suppose X is a Bernoulli variable with parameter p > 0
(ie. P(X=1)=p=1—P(X=0)). Then
ot) = 1—p+pe', ct)=1log(l—p+pel).

Let b={d(t) = #ipet' That means ¢t = log ;((11:]23. We have

1-b
1—p

.0

c(b) = td(t)—c(t) = b log; +(1—-10) log

Thus we get
Theorem 5. Suppose X is a Bernoulli variable with parameter 0 < p < 1.

Then there is an interval I, such that for b € I,

1 b 1-0
dmFE, = 1— ——|blog— + (1—-10) log
p L—-p

log 2
for b ¢ I,, Ey, = 0. The interval I, consists of 0 < b < 1 such that F(b) < log2
where F(b) = b log]% + (1-b)log }f_;.

a.s. ;

The interval I, may be calculated as follows. Notice first that zyim = 0,

Tmax = 1 and . .
, (1) =log— .
I—p P

Ifp=211,=1001. If p> 3, I, = [A 1] where 0 < A <p is the solution of
F(A) =log2; if p < %, I, = [0, B] where p < B <1 is the solution of F'(B) =
log 2.

Notice that if p < 1, limsupN"T(t) < B (Vt € D) for some B < 1; if p > 3,

limian”T(t) > A (Vt € D) for some A > 0.

c*(0) =log

Finally we remark that the condition \/nloglogn = o(s,) in Theorem 1 is
not always necessary. Consider the Bernoulli covering with 0 < p < 1/2. Let

0 = tog(— L (sn = s0-)

b
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Notice that &, — —oo because of s, —s,—1 = 0o(1). Consider the random measure

Q) defined by
N bk X

o(&)

It may be checked that the Peyriere measure Q is well defined and dim QX =
—log, 1 (by Lemma 2 and Lemma 3). Notice that X;, _;, =0 or 1. We have

EoXt,, ., = BoX? ;= EXy 0, Wiy 0 = (&) -
It follows that the variance

Varo Xy, 1, = Cl(fk) - Cl(fk)Q

Since .

/t — pe — p t 19 2t t _ ,
d(t) [ 1—p€+ (") (t— —0)

we have
EoXi,,..tp = VargXy, ., = sk — sk—1 + O((sk — se-1)?) -

Since s, — Sp—1 = 0(1), we have

n
Z Sk — 5k—1)" = 0(sn) .

By using the law of the iterated logarithm, Q-almost everywhere we have

Thus for the Bernoulli covering with 0 < p < 1/2, for any sequence such that
Sp — Sp—1 = o(1) we have a.s.
1 c*(0)

dimFEps = 11 =1- .
0. 0g21—p log 2
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