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AN ALTERNATIVE FUNCTIONAL APPROACH TO
EXACT CONTROLLABILITY OF REVERSIBLE SYSTEMS

A. HARAUX

Recommended by J.P. Dias

Abstract: A new functional approach is devised to establish an equivalence between
the null-controllability of a given initial state and a certain individual observability prop-
erty involving a momentum depending on the state. For instance if one considers the
abstract second order control problem y” + Ay = Bh(t) in time T by means of a control
function h € L?(0,T, H) with B € L(H), B= B* >0, a necessary and sufficient condi-
tion for null-controllability of a given state [y°,y'] € D(AY?)xH is that the image of
[4°, '] under the symplectic map lies in the dual space of the completion of the energy
space with respect to a certain semi-norm. A similar property is derived for a general
class of first order systems including the transport equation and Schrédinger equations.
When A has compact resolvant the necessary and sufficient condition can be formu-
lated by some conditions on the Fourier components of the initial state in a basis of
“eigenstates” related to diagonalization of the quadratic form measuring the observabil-
ity degree of the system under B.

The theory of exact controllability of infinite dimensional conservative systems
has experienced an important breakthrough in 1986 with the introduction of the
Hilbert uniqueness method by J.L. Lions [17, 18]. For instance if we consider the
wave equation

(0.1) ug —Au=0 in RxQ, wu=0 on Rx90
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where Q is a bounded smooth domain of R and the corresponding controlled
problem

(0.2) Yy — Ay = xow h(t,z) in (0,7)xQ, y=0 on (0,7)x00N

in time 7 by means of an L? control confined in an open subset w C €2, the HUM
method establishes an equivalence between the null-controllability of a given ini-
tial state [y(0),%'(0)] := [y°,%!] under (0.2) and the observability property

1
2

03) VIO eVt [0~ (@9)u| < C{ [ 0.m) drar)

where Q= (0,T)xQ, H=L*(Q), V=H}(Q), C is any finite positive constant and
#(t,r) € C(R, V)N CYHR, H) denotes the solution of (0.1) such that ¢(0) = ¢°
and ¢'(0) = ¢'. At least this result can be proved by the standard HUM method
when the uniqueness property holds true, in the sense that solutions of (0.1)
are characterized by their trace on (0,7")xw. Indeed, in this case, (0.3) exactly
means that the image of [y, '] under the symplectic map lies in the dual space
of the completion of the energy space with respect to the norm of that trace in
L?((0,T)xw). However when uniqueness fails, (0.3) still looks like a very reason-
able characterization of null-controllable states, and this result was established
in [11] by using a special eigenfunction expansion. This new result itself was
still unsatisfactory since one feels that (0.3) could very well give the right condi-
tions in a much more general context, independently of any boundedness of the
domain and for quite arbitrary operators. The proof of this natural conjecture
is the first object of this paper. Actually a similar property shall be first de-
rived for a general class of first order systems including the transport equation
and Schrodinger equations. Then we shall consider the general second order case.
In addition to that, we shall establish a simple and general property enlighting the
relationship between the first part of this paper and the results of [11]. This will
lead us to the notion of “eigenstates”, generally useful for second order problems
and leading also to explicit formulas in some specific first-order problems.

The plan of this paper is as follows: in Sections 1 and 2 we characterize
controllable states respectively for first and second order systems, in Sections 3
and 4 we develop the applications of eigenstates in both cases. Sections 5 and 6
are respectively devoted to point control of general second order problems and
boundary control of the wave equation.
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1 — The abstract Schrodinger equation

In this section we consider the first order evolution equation
(1.1) ¢ +Cp=0, teR

where C'is a skew-adjoint operator on a real Hilbert space H and the correspond-
ing controlled problem

(1.2) vy +Cy=Bh(t) in (0,7)
in time T by means of a control function h € L?(0,T, H) with

(1.3) BeL(H), B=B">0.

Theorem 1.1. For any y° € H, the two following conditions are equivalent:

i) There exists h € L*(0,T; H) such that the mild solution y of (1.2) such
that y(0) = y° satisfies y(T) = 0.

ii) There exists a finite positive constant C' such that

r %
(1.4) Ve H, 1%l < Of [ 1Bl

where ¢(t) € C(R, H) denotes the unique mild solution ¢ of (1.1) such
that ¢(0) = °.

Proof: We proceed in 5 steps

Step 1. Let ¢ and y be a pair of strong solutions of (1.1) and (1.2), respec-
tively. We have

< (wtt), ot1)) =

(v @), 0() + (), ¢ ®))
(=Cy(t)+ Bh(t), o) + (y(t), —Co(®))
= (Bh(t),¢(1)) -

By integrating on (0,7") we find

(1.5) (u(@). (D) = (40, 00)) = [ (Bh). plt)) dt
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By density, this identity is valid for mild solutions as well. Since B is bounded,
self-adjoint and B > 0,

T

/OT(B h(t), p() dt = /0 (h(t), Be(t)) dt

finally if there exists h € L?(0,7T; H) such that the mild solution y of (1.2) with
y(0) = y° satisfies y(T) = 0, we find as a consequence of (1.5)

T
~(90).00) = [ (nt). Bote)) at
0
and by the Cauchy—Schwartz inequality we obtain (1.4). Therefore i) implies ii).

Step 2. If B > a > 0 we have for any mild solution ¢ of (1.1)

/0 "(Bett). Bolt)) dt > o? /O (6000 dt = @ T[p(0)?

and in particular (1.4) is fulfilled. The proof of ii) = 1) in this special case is the
object of

Lemma 1.2. Assuming
(1.6) Ja>0, B>«

for each y° € H, there exists ¢ € H such that the mild solution y of (1.2) with
h =y e L*0,T; H) and y(0) = y° satisfies y(T) = 0.

Proof: We construct a bounded linear operator A on H in the following
way: for any z € H we consider first the solution ¢ of (1.1) such that ¢(0) = z.
Then we consider the unique mild solution y of

y' +Cy=Be(t) in (0,T), y(T)=0,

and finally we set

By formula (1.5) we find
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Hence A is coercive on H, and this implies A(H) = H. Given any y° € H, there
exists z € H such that A(z) = —y". This gives exactly the expected conclusion.

Step 3. We now use a standard penalty method. For each € > 0 we set
B.:=B*+c¢l.
As a consequence of Lemma 1.2 there exists a ¢*¢€ H such that the mild solu-

tion y. of (1.2) with Bh replaced by Bep. € L*(0,T; H) and y.(0) = y° satisfies
y(T) = 0. By (1.5) we find

_(y(()), QDE(O)> = /{)T(ﬁeSps(t)’ ‘Ps(t)> dt
ol [ensio)a)

< of [t pt0) )

In particular

T T T
(17) & [ lee®Fdt + [ (Beut) Beot) dt = [ (Bepelt)ou0)) dt < 2.
Step 4. Convergence of b, = B.¢. = ep. + B%p. along a subsequence. From
(1.7) it is clear that
(1.8) Vep. and By, are bounded in L*(0,T; H) .
Along a subsequence, we may assume
(1.9) By. —h weakly in L*(0,T;H) .
Then clearly
(1.10) b. = fepe = . + B*p. — Bh  weakly in L*(0,T; H) .
Step 5. Conclusion. By passing to the limit, it is clear that the solution y

of (1.2) with y(0) =4° and h as in step 4 satisfies y(T) =0. The proof of
Theorem 1.1 is now complete. n
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2 — The abstract wave equation

In this section, we consider a real Hilbert space H and a positive self-adjoint
operator A with dense domain D(A) = W. We also consider the space V = D(A%)
and its dual space V'. The equations (1.1) and (1.2) are replaced by the second
order equation

(2.1) "+ Ap=0, teR

and the corresponding controlled problem

(2.2) y"+ Ay = Bh(t) in (0,T)

in time T by means of a control function h € L?(0,T, H) with
(2.3) BeL(H), B=B">0.

In this section we shall represent a pair of functions by [f, g] rather than (f,g)
to avoid confusion with scalar products. On the other hand the symbol (f,g)
will represent indifferently either the H-inner product of f € H and g € H or
the duality product (f,g)v,y» when f € V and g € V', these two products being
equal when f € V and g € H.

Theorem 2.1. For any [y°,y'] € VxH, the two following conditions are
equivalent

i) There exists h € L?(0,T; H) such that the mild solution y of (2.2) such
that y(0) = y° and y/'(0) = y! satisfies y(T) = y'(T) = 0.

ii) There exists a finite positive constant C' such that
T 2
ea) Vi Plevxi, () - et <o { [IBePal

where p(t) € C(R,V)NCY(R, H) denotes the unique mild solution of (2.1)
such that p(0) = ¢° and ¢'(0) = .

Proof: It parallels exactly the proof of theorem 1.1.

Step 1. Let ¢ and y be a pair of strong solutions of (2.1) and (2.2), respec-
tively. We have

S 0,00) = (' 0).00) + (v 1), £0)

— (—Ay(t) + Bh(t), go(t)) + (y’(t)7s0/(t)) -
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On the other hand

% (e, 0) = (w0, £"0) + (0. £ 0)
= (), —Ap®) + (v (). ¢ (1)) -
By substracting these two identities we find

%[(y’(t),so(t)) ~ (s0).0'®)] = (Bh(t). o)) -
By integrating on (0, T) we get

T

(25 (VY 0.00) = (v ®)], = [ (Bt olt)) de .

0

By density, this identity is valid for mild solutions as well. Since B is bounded,
self-adjoint and B > 0,

/0 T(Bh(t), p(t)) dt = /O T(h(t), Be(t)) dt .

Finally if there exists h € L%(0,T) such that the mild solution y of (2.2) with
[4(0),%'(0)] = [y°, y'] satisfies y(T) = ¢/(T) = 0, we find as a consequence of (2.5)

T
0 1
,0(0)) — ,O:/ht,Btdt
(v-¢0) = (. 0(0) = [ (h0), Bo(t))
and by the Cauchy—Schwartz inequality we obtain (2.4). Therefore i) implies ii).

Step 2. Here the analog of Lemma 1.2, although slightly more difficult, is
basically well-known. Indeed we have

Lemma 2.2. Assuming
(2.6) Ja>0, B>«

for each [y°,y'] € Vx H, there exists [p°, ¢'] € Hx V' such that the mild solution
y of (2.2) with h = ¢ € L?(0,T; H) (the solution of (2.1) with initial data [¢°, p!])
and [y(0),y'(0)] = [y°, y'] satisfies y(T') = y'(T) = 0.

Proof: We construct a bounded linear operator A on HxV' in the following
way: for any [p°, '] € HxV’ we consider first the solution ¢ of (2.1) initial data
[©%, »!]. Then we consider the unique mild solution g of

y' + Ay = Bo(t) in (0,7), y(T)=y'(T)=0
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and finally we set
A([e% ¢") = [~v/(0), Ay(0)] -
By formula (2.5) we find

(A 0D 1% 0') = ((0),4/(0) = (4/(0), (0))

_/B<p dt>a/|cp (t)]2dt .

On the other hand it is known (cf. e.g. [5, 10]) that for any 7> 0

HxV'

T
/0 p®)2dt > o(T) {le(O) + 'O} = o) {|¢" + ' }

with ¢(T) > 0. Hence A is coercive on HxV', and this implies A(HxV') =
HxV'. Then the conclusion is obvious. u

Step 3. We now use the penalty method. For each £ > 0 we set
B: := B®>+¢I .
As a consequence of Lemma 2.2 there exists a pair [p*¢, p!¢] € HxV’ such

that the mild solution y. of (2.2) with Bh replaced by B.p. € L?*(0,T; H) and
[4=(0),y2(0)] = [y°, y'] satisfies y(T) =y'(T) = 0. By (2.5) we find

WO 0 ~ O 0:(0) = [ Bepelt), )
ol [0 0c0) )

c{f T<ﬁa%<t>,%<t>>dt}% .

1
2

IN

IN

In particular

1) < [Te0P dt+ [ (Beav), Boa®)dt = [ (Gueett) pel)at < €.

Step 4. Convergence of b. = B = €p: + BQ% along a subsequence. From
(2.7) it is clear that

(2.8) Veyp. and By, are bounded in L?(0,T;H) .
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Along a subsequence, we may assume
(2.9) By. —h weakly in L*(0,T;H) .
Then clearly
(2.10) b. = Bope = ep. + B*p. — Bh  weakly in L*(0,T; H) .
Step 5. Conclusion. By passing to the limit, it is clear that the solution y

of (2.2) with [y(0),%'(0)] = [¢°,y'] and h as in step 4 satisfies y(T) = ¢/(T) = 0.
The proof of Theorem 2.1 is now complete. n

3 — Eigenstates in the first order case. Examples

In our previous work [11] we noticed that in the case of the abstract equation
(2.1) and if A~! is compact, the quadratic form:

2o = [ 1Bo(t)

where ¢(t) € C(R, V)N CHR, H) denotes the unique mild solution of (2.2) such
that (0) = " and ¢'(0) = ¢! is diagonalizable on VxH and if [¢°, ¢!] is an
eigenvector of ®, the state J([¢", p']) = [p!, —A¢Y] is null-controlable with con-
trol proportional to By(t). A similar property holds for general first order sys-
tems, although generally there is no compactness. More precisely let (H, B, C')
be as in theorem 1.1, and let us denote by G(¢) the isometry group generated by
(—C) (or equivalently, equation (1.1)). We have the following simple result

Theorem 3.1. Let ¢ € H be such that for some A > 0

T
(3.1) / G(—t) B2G(t) p dt = Mg .
0
Then the solution y of
1 .
(3.2) y+Cy=-1B Gy in (0.7), y0)=¢

satisfies y(T') = 0.
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Proof: We have, by Duhamel’s formula

WT) = G0 5 [ 61 -0 B0l

— a(T) [go— }\/OTG(—t) B2GWp dt| = 0.

Remark. In the first order case, the operator

/0 Gt B2 (1) dt

is not compact except if B is compact, in which case controllabilty will only
happen for data in a dense subset of H. Therefore eigenstates will only appear
in special situations. We now consider two examples of application of the results
of Sections 1 and 3. o

Example 3.2. The periodic transport equation. Let
2=(0,2r), w=(wi,w2)CN.
We consider the problem
(3.3) Yot ye =xwh, y(t,0) =yt 2r).

As a consequence of Theorem 1.1, a given state y° € L?(2) = H is null-controllable
at t = T if, and only if
(3.4)

3C eRT, Vyoe L*Q), ‘/ v () o(x) da
Q

1

< C{/OT/UJcﬁQ(x—t) d:vdt}2

where ¢ is the 2m-periodic extension of ¢ on R.

1) First we notice that if 7'+ |w| < 27, the set of null-controllable states is
not dense in H. More precisely if y° € L?(Q) = H is null-controllable at t = T
we must have

| 9'@ () de = 0
for all ¢ € H such that ¢ =0 a.e. on (wi— T,wz). To interpret this necessary

condition we distinguish two cases

Case 1. T <wi. In this case J = (w; —T,wz) C Q2 and the other
2mm-translates of J do not intersect €2. The necessary condition reduces to

=0 ae on J9=(0,w;— T]U [ws,2r) .
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Case 2. T'>wj. In this case J = (w1 —T,wsy) and J+27 = (w1 —T+27, wy + 27)
are the only 2mm-translates of J which intersect 2. The necessary condition
becomes

=0 ae on [wy,w —TH+27] .

Actually the set of null-controllable states is rather complicated when T+ w| < 2.
For instance if we consider the special case

3
T: = —_—
T, w <7r, 2)

which is a subcase of case 2, the necessary condition is
3
supp(y’) C [07 2] .

It is, however, easy to see that for instance X(0,32) is not controllable. In order
12
to prove this, we first notice that by looking at the graphs

3r

/OT/W P*(x —t) dedt = /OTp(u) ©*(u) du

where
3 3
p(u) =u on (0, 72r) , o plu) = g on <72T,7r> , o plu) = g—u on <7T, ;)
Now we choose
o(x
Ve e (0,1), -(z)= X(ET)() .
‘We obtain as € — 0
3 du 1

(X(o,%’f)?%) 2/ o~ Logg

€

while also

5 3 du 1
/ p(u) o2 (u) du < C’+/ — ~ Log -
0 £ u g

{/03%0(@ e (u) du}“l’ < m

In particular, letting e — 0 we can see that (3.4) is not fulfilled.

and therefore
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On the other hand, it is easy to see that the condition

3fe20.2m), @) = xgu 2 (o —2) F(@)

is sufficient in order for 4" to be null-controllable in w at 7' = 7. In particular
the condition

37 c
3e>0, [9(=)] < Oxgsr [“j( - x)}

is sufficient.

2) If T+|w| > 2, the set of null-controllable states is equal to H. Indeed
in this case

T
3C eRT, Vpe L*(Q), |<p\H§C{//cﬁ2(x—t) dwdt}
0Jw
Especially interesting is the case
T=2m.

Indeed then by periodicity we have

21 21
Ve € L2(Q), / P2 —t) de dt :/ P —t) ditde = || |0l
0 Jw w JO

and this means that any y° € L?(Q2) = H is an eigenstate with eigenvalue |w|.
Applying Theorem 3.1 we obtain that any y° € L?(Q) = H is null-controllable in
w with control

(3.5) _|U1‘ Xol(z) 70 (z — 1) .

Of course a direct calculation confirms this result. Indeed if y is the solution of

1 _
vt ve =1 Xo(@) (@ —1),  y(t,0)=y(t,2m), y(0,.)=y"

we have by Duhamel’s formula

y(2r,2) = §°(x — 27) +/027r—ﬁ Ro(v—2r=1) (e —t —[2m—4]) dt,

1 271’~
(z) ]w\/ Xw(z+1)7 ( )dt = yo(ac)—myo(a:)/o Xw(@x+t)dt = 0
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since by periodicity

27 27
Vo € (0,2m), Xo(x+t)dt = | Xo(t)dt = |w| .o
0 0

Example 3.3. A one dimensional Schrédinger equation. Let
Q=(0,7), w=(wi,w) CN.
We consider the problem
(3.6) Yo+ iy = xwh, y,0)=y(t,m)=0.

As a consequence of Theorem 1.1, a given state y° € L?(€2,C) = H is null-controllable

at t =T if, and only if
T 9 5
<C{//|g0] (t,x)dmdt}
0 Jw

(3.7)
(3'8) ot +iper =0, So(ta O) = Sp(t7 27T) =0, 90(0’ ) = 900 .

Jun

3CeRt, Ve L2(0,C), ’/ 2) dz

where ¢ is the mild solution of

Here actually ¢ is given by
) L,
(3.9) p(t,z) = Z cme ™t sinma

with
o
= Z Cy, SIn M
m=1

or in other terms

s
Cm = f/ @ (x) sinmaz dx .
™ Jo

Then a standard application of a variant to Ingham’s Lemma (cf. e.g. [4, 6, 10])

shows that
//|cp|tx)da:dt>c /|<p\0x

with ¢(T,w) > 0. In particular (3.7) is satisfied for any y° € L?(2) = H, which
means that here any state is null-controllable in arbitrarily small time.
Especially interesting is the case

T =2m.
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Indeed then by periodicity we have

ve? € L3(Q) //\go| (t,z) dedt // lo|*(t, ) dt dzx
//27r S

Z cme ™ P sinma
m=1
= 27 Z!cm|2/ sin? ma da
m=1 w

=4 ol vm)?
m=1

2
Ym(x) ==/ = sinmz, I :/ sin? ma dx
™ w

and this implies that for any m > 0, sinmx is an eigenstate with eigenvalue

dt dzx

with

Vi = 4/sin2mxdx .
w

Applying Theorem 3.1 we obtain that any y° € L?(Q) = H is null-controllable in
w at time T'= 27 with control

(3.10) —Xw () Z Sm e=im*t sinma .
m=1 ™M

Of course a direct calculation confirms this result. Indeed let us compute

OQWG(—t) o G(t) sin ma] dt

where G(t) is the isometry group generated by (3.8). We have
G(t)sinmz = e ™t sinma

Then we expand

Xw(z)sinma = asinmz + Z cpsinpx .
pFEM

Multiplying by sinmz and integrating over 2 yields

a/ sin’ mz dx = / sin’® mz dz
Q w
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hence
Tr . 2
—a :/sm mx dx .
2 w

On the other hand
G(—t) [xw G(t) sinmz]| = e*imztG(—t) Xw Sin mx

. (02 —m2)t -
= asinmz + E cpel(p ™) sin pa

pFm
and now by periodicity we find
2
G(—t) [xw G(t)sinmz] dt = 2w asinmx
0

= 4sinmac/sin2 mxdx .
w

Then the conclusion follows easily for eigenstates by Duhamel’s formula and
finally by linearity and continuity in the general case. o

4 — The second order case. Some examples

Let (H, A,V,B) be as in theorem 2.1. We have the following result

Theorem 4.1. Let [p°, ¢!] € D(A)xV be such that for some A > 0

(@0 VO eV, [ (Bolt), BY®) dt = A4, 00) + (6", )]

where ¢ and v are the solutions of (2.1) with respective initial data [apo, gpl] and
[4°,91]. Then the solution y of

1 .
y'+ Ay =1 B%(t) i (0,7), y(0)=¢' ¢/(0)=—A¢"
satisfies y(T) = y/'(T) = 0.

Proof: Let [Y,1!] be any state in VxH and v the solution of (2.1) with
initial data [¢/°,¢1]. By formula (2.5) we find

1 T
W/ @.00) - GO0 = 5 [ (B, v

0

= (A ¥ + (o', vh)]
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hence

(/(T),%(T)) — (y(T),¢'(T)) = (y'+ A% ¢°) — (1’ =", ¥') = 0.

Since the abstract wave equation generates an isometry group on V x H, the pair
[(T),¢'(T)] is arbitrary in VxH, hence [)(T), —¢'(T)] fills a dense subset of
HxH. We conclude that y(T) = y/(T) = 0.

We now turn to the generalization of a result established in [11] in the special
case H = L?(Q2) and By = x,p, w C ). We assume

A" is compact : H — H
or equivalently
the inclusion map: V — H is compact .

We set
H:=VxH

and we define £ € L(H) by the formula:
T
(4.2) (el 0 1 01),, = [ (Bett), Bu) d

V[P, ol € H, V[i°,4'] € H, where ¢ andy are the solutions of (2.1) with
respective initial data [, p!] and [¢9, 1!]. Tt is clear by definition that £ is self-
adjoint and > 0 on H. If we introduce the duality map F: H — H' = V'xH
we have

Proposition 4.2. L£: H — 'H is compact and more precisely we have
T
(4.3) L=F"1 / S*(t) B2S(t) dt
0

where S(t): H — H is the compact operator defined by

Vil o'l e, SO’ ¢ = ()
and S*(t): H — H’ is the adjoint of S(t).

Proof: We have
T T
/ (Bep(t), By(t)) dt = / <B2S(t)[(po7¢1]’ S(t)[wo,wl]) ”
0 0
T
- /0 (S* B BS@, 0", [0 91 | dt

H'H

= [(F s @B S, o), 00, , i

HH



EXACT CONTROLLABILITY OF REVERSIBLE SYSTEMS 415

Then (4.3) follows at once. Moreover since S(t) € L(H,V) it follows easily that
Ji S*(t)B2S(t) dt is compact: H — H'.

The following result is a natural generalization of Theorem 1.3 from [11].

Let us denote by N the kernel of £ and let ®,, = [¢0, ¢L] be an orthonormal
Hilbert basis of Nt in H := V xH made of eigenvectors associated to the non-
increasing sequence \, of eigenvalues of L repeated according to multiplicity.
Then we have

Theorem 4.3. In order for [y°,y'] € H to be null-controllable under (2.2)
at time T it is necessary and sufficient that the following set of two conditions is
satisfied

(44) V[¢O, ¢1] € N? (yO, ¢1) = (y17 ¢O)
o {0 0h) - (5,0}
(4-5) nz::l { A } < 00 .

When these conditions are fulfilled, an exact control driving [y°,y'] to [0,0] is
given by the explicit formula

n=1 n

Proof: We procced in 3 steps

Step 1. In order to show that controllabilty implies (4.4), we establish
T
N ={ien ol en. [ (Bo, Bow)d— o
0
= {[¢0,¢1] €H, Bop(t))=0 on (O,T)} .
Indeed if [¢°, #'] € N,we have in particular
0 417 140 41 T
0 = (L6916, 0')),, = [ (Bolt), Bo(t) dt
0
and this is equivalent to B¢(t)) = 0 on (0,7'). Conversely this last statement
implies

(L6 0", [v°,¥'])

H

= [[Bow, Bowyd =0, 1.0 € H
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hence L[¢Y, ¢!] = 0 and therefore [¢°, ¢!] € N.

Step 2. We introduce

9

N
%
an =" en) = (W), Un =D anit
1

n

0 al 900 1 a 901
wN:Zan)\ina ¢N:Zan)\7n-
1 n 1 n
We have

(4.7) (W, L) — (4", v%) %an (v’ 0n) = (¥ o0 ;

) _ N4
i) S8

Also, by using the property of the eigenvectors @, = [¢2, ¢l] and introducing

3

Yoo
Uy = W)S)Vﬂrb]l\/] = ZG"T
1 n

we obtain successively

N oan (T N an
(4.8) - /0 (Bon(t), Bon (1) dt = 3 2% X (@, Uy )y
1 n 1 n
N N q)n N CL%
= ;an<®n7;an)\n>7{ ;Yn

as a consequence of orthonormality. By Theorem 2.1 we have, assuming [y°,y'] € H
to be null-controllable under (2.2) at time 7'

r )
0P k) - ok < e { [ 1BuvoP at}
and by (4.7)—(4.8) this is equivalent to

or finally
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Step 3. We construct a sequence of approximated controls under condition
(4.4). First of all we introduce the symplectic map J defined by

(4.9) Vigh,o'le VxH,  J([¢° ¢']) = [¢', —A¢"] .

Since the sequence ®,,= [©¥, ©l] is an orthonormal Hilbert basis of At in H :=
V xH, it follows that J®, = [pL, —ApY] is an orthonormal Hilbert basis of the
orthogonal of J(N) in JH := HxV’ for the corresponding inner product which
is in fact the usual one. Now we have

'yt e, Vool en,  (Iyy'] 1% 6') = (%6 + (' — A"

(yO’ 1) - (y17¢0)

and therefore (4.4) is equivalent to orthogonality of [y°,y'] to J(N) in JH.
Moreover if [y°,y!] satisfies (4.4), the Fourier components of [y°,%!] in the basis
J®, = [pl, — ALY of the orthogonal of J(N) in JH are precisely the coefficients

an = (4%, ) — (', on) -
Therefore the state

yNayN ZanJ‘I)

is an approximation of [y%,y!] in J(H). As a consequence of Theorem 4.1, for
each N the solution yy of

N+ Ayn = B2 Yn(t),  yn(0) =oR, un(0) =un
satisfies yn(T) = yy(T) = 0.

Step 4. Convergence of the approximated controls. Keeping the notation of
steps 3 and 4, we have for 1 < P < N

N
[ 13wt = BuewPar = [ (B3 St Bux(t) - Bun(t) i

T
/0 (B‘P"(t)v By (t) — Bwp(t)) dt

>|©
3 |3

An<q>n,\11N—x1/p>H

2
n

(30— e
n{ Pn, ann> = 3
7 Anln P

I
Mz sz sz S
|8

S
S
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as a consequence of orthonormality. Therefore { By }n>1 is a Cauchy sequence
in L2(0,T; H). Setting

= lim B
since yn (T') = y5(T) = 0 it follows immediately that

A}gnoo YN =Y
in C([0,T],V)NnCY([0,T), H) N L*([0,T],V"). In particular y(0)=y", v'(0) =y
and

y'+Ay=Bh(t), y(T)=y(T)=0.

Formula (4.6) is satisfied in the sense

00 0 .1 1,0 N 0 .1 1.0
2 : Y, gon -\, Spn . z : Yy, ()Dn -\, (pn
n=1 n — n=1 n

in the strong topology of L?(0,T; H).

Remark 4.4. In contrast with the first order case where diagonalization
of the basic quadratic form was generally impossible due to non-compactness, in
bounded domains Theorem 4.3 will be always applicable. o

We conclude this section by some typical examples borrowed from [11].
Example 4.5. Let
Q=(0,7), w=(w,w) CN.
We consider the problem
(4.10) Yt — Yoz = Xwh,  y(t,0) =y(t,m) =0.

As a consequence of Theorem 2.1, a given state [y",y!] € Hg(Q)xL?(£) is null-
controllable at ¢t = T if, and only if there exists C' € R such that

< {/OT/W o(t,2) do dt}2

Vie, '] € Hy(Q)xL*(Q) ,

[ o' @ ¢ @ e = [ 4 @) ¢ (@) da

Q

|=

where ¢ is the mild solution of

o — 0 =0, @t0)=p(t,7)=0, ¢0,.)=¢"  ©(0,.)=¢".
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Here ¢ is given by

o0
= Z {cm cos mt + d,, sin mt} sin mx

m=1
with
oo oo
= Z cmsinmz,  '(z) = Z dpm Sin ma
or in other terms

2 (7 2 (7
Cm = — / OO(x)sinmz de,  dpy = = / ol (x) sinmz dx .
m™ Jo m™ Jo

If T is small, by the finite propagation property of the wave equation, there is in
general an infinite-dimensional space of non-controllable states. For instance if

w1 >0, wy<wm and T <inf{w;,7m—ws},

it is easily seen that
[ '@ ¢ @z = [ v @) ¢ (@) do| = 0

for all oY, pl] € HL(Q)x L%(Q) with

WP=¢'=0, ae on [w—T,w+T].
In particular this implies
suppy® Usuppy? C [w1—T,wo +T) .
Especially interesting is the case
T=2m.
Indeed then by periodicity we have

Ve®, o] € Hy(Q)xL*(9) ,

2

2
/ O’ (t,x) dedt = 2(t,x) dtdx
0 Jw

S— >—

/
/

2
27 o 2
{ Z Cm cosmt + d,;, sin mt} sin mx} dt dx

m=1

(2, +d2) / sin? ma da
w

NE

= T

m=1
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and this implies that for any m > 0, [sinmz, 0] and [0, sin mx] are two eigenstates
with eigenvalue

2
Am = —2/sin2maﬁdm .
m= Jw

Applying Theorem 4.3, after some calculations taking account of the normaliza-
tion in V x H we obtain that any [y°,y'] € H}(Q)x L*(Q) is null-controllable in
w at time 7' = 27 with control

myl, sinmt — yl cosmt

h(t,:L‘) = Xw(x) Z

sinma
— 2 [ sin?mz dz
with 9 T 2 ™
0 == /yo(x)sinmxdx, yl == /yl(x)sinmxdx.m
m™ Jo ™ Jo

Example 4.6. Let
Q=0,7), w=(wi,w2) CN.
We consider the problem
(411) Yt + Yawae = Xoh s Y(t,0) =yt 7) = Yaa(t,0) = yea(t, 1) =0,

As a consequence of Theorem 2.1, a given state [y°,y'] € H> N H}(Q)x L%(Q) is
null-controllable at t = T if, and only if there exists C € R such that

< C’{/OT/W ©?(t, ) dﬂsdt}é

Pttt + Prazz = 0, (,D(t, 0) = @(ta 77) = ‘pxz(tv 0) = ‘prw(ta 7T) =0

Vi® o'l € H? N Hi(Q)xL*(Q) ,

[ '@ ¢ @dn = [ 4@ ¢ () do
Q Q

where ¢ is the mild solution of

such that
90(07 ) = 900’ @t(o’ ) = 301 .
Here ¢ is given by

oo
o(t,x) = Z [cm cos m?*t + d,y, sin mzt} sin mz
m=1
with
oo o0
O(x) = Z cmsinmz,  o'(z) = Z dp, sin mx
m=1

m=1
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or in other terms

2 2

s s
Cm = — / (z)sinmedr, dyp== / ol (z) sinma dz .
m™ Jo m™ Jo

As in the Schrédinger case, a variant to Ingham’s Lemma shows that any state
is null-controllable in arbitrarily small time. Here Theorem 2.1 is useless.

Especially interesting is the case
T=2m.
Indeed then by periodicity we have
Ve, o'] € H2 M HY(Q)xLX(Q) |

2m 2m
/ / O’ (t,x) dedt = / / O (t,x) dtdx
0 Jw wJ0

o0

2 2
= / / { Z [Cm cosm?t + d,, sinm2t} sin mx} dt dzx
w J0 m=1
=7 Z (2, +d2) / sin® ma dx
m=1 w

and this implies that for any m > 0, [sin mx, 0] and [0, sin mx] are two eigenstates
with eigenvalue

2
Ym = —4/sin2mxdx.
m w

Here we obtain that any [y°,y'] € H? N H}(Q)x L?*(Q) is null-controllable in w
at time T" = 27 with control

W, x) ( )i m?2y0 sinmt — yl cosmt |
.2) = Yol - sinma
X = 2 [ sin?madz
m= w
with 9 m 9w
P == / yO(x)sinmadr, yl == / y'(z) sinma dx . o
T Jo ™ Jo

5 — A natural framework for pointwise control

In this section, we consider a real Hilbert space H and a positive self-adjoint
1
operator A with dense domain D(A)=W. We also consider the space V=D(A2)
and its dual space V’'. We consider the following control problem

(5.1) '+ Ay=nh(t)y in (0,7)



422 A. HARAUX

in time 7' by means of a control function h € L?(0,T) with
(5.2) v e LV,R)=V".

In this section we shall represent a pair of functions by [f,g] rather than (f,g)
to avoid confusion with scalar products. On the other hand the symbol (f,g)
will represent the H-inner product of f € H and g € H and the duality product
(f,9)v,,v when f € V' and g € V will be denoted by (f, g).

Theorem 5.1. For any [y°,y'] € VxH, the two following conditions are
equivalent

i) There exists h € L?(0,T) such that the mild solution y of (5.1) such that
y(0) = y° and y/(0) = y! satisties y(T) = y/(T) = 0.

ii) There exists a finite positive constant C' such that
T 2
63) Ve e Vs, |0t - L) < O] [ et

where ¢(t) € C(R,V) N CYR, H) denotes the unique mild solution of (2.1) such
that p(0) = ©° and ¢'(0) = p!.

Proof: It parallels exactly the proof of theorem 2.1.

Step 1. Considering first the case were v € V, let ¢ and y be a pair of strong
solutions of (5.1) and (2.1), respectively, by a calculation similar to step 1 of
Theorem 2.1 we get

T T
(W (0 0(t) = (1), ¢ (1)] | = /O h(t) (7, 0(t)) dt .

By density, this identity is valid for mild solutions as well in the general case
v € V'. Therefore if there exists h € L?(0,T) such that the mild solution y of
(5.1) with [y(0),%'(0)] = [¢°, y'] satisfies y(T) = y'(T) = 0, we find

T
(0.9 (0) = (', 0(0)) = [ ht) (o o(e) at
and by the Cauchy—Schwartz inequality we obtain (5.3). Therefore i) implies ii).

Step 2. For each € > 0 we construct a bounded linear operator

M. € L(VxH,V'xH)
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in the following way: for any [p°, ¢!] € Vx H := H we consider first the solution
¢ of (2.1) with initial data [¢°, ¢1].
of

Then we consider the unique mild solution y

(5.4) y'+ Ay = (v, 0(t)y+ede(t) i (0,7), y(T)=y'(T)=0

and finally we set
M ([¢% ") = [=¥/(0), 4(0)] -
We find

(M), [ 01),, ), = W(0),¢(0)) = (5/(0), (0)
7 T T
= [[onpa + [ 1ol ar.
0 0

On the other hand it is known (cf. e.g. [10]) that for any 7" > 0

T 1 1
[1atela > o) {4360 + [P OF) = @) {6 + o'}
0

with ¢(T) > 0. Hence M, is coercive: VxH — V'xH, and this implies
M.(VxH)=V'xH.

Step 3. For each € > 0 we set

Bo(z) = (v, 2) y + Az .

As a consequence of step 2 there exists a pair [p%¢ €] € VxH such that
the mild solution y. of (5.1) with h(t)y replaced by B.p. € L*(0,T;V’) and
[9=(0),4.(0)] = [y°, y'] satisfies y(T) = y/(T') = 0. By (5.4) we find

WO, £0) ~ WO, p:(0) = [ (et 1)
<ol T<ws<t>>2dt}§

c{] T(ﬂgs%(t),sos(t))dt}“l’ |

IN

In particular

< [abepar + [ e = [ (Geeett), ey < 07
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Step 4. Convergence of b, = G.¢. along a subsequence. From step 3 it is
clear that
Ve, isbounded in L?(0,T;V")

and

he(t) = (v, ¢(t)) is bounded in L?(0,T) .

Along a subsequence, we may assume
he = h  weakly in L?(0,T) .

Then clearly
b = Bepe — h(t)y weakly in L?(0,T;V") .

Step 5. Conclusion. By passing to the limit, it is clear that the solution y
of (5.1) with [y(0),%'(0)] = [¢°,y'] and h as in step 4 satisfies y(T) = ¢/(T) = 0.
The proof of Theorem 5.1 is now complete. n

In the sequel we use a generalization of Theorem 4.1. Let (H, A,V) be as in
theorem 2.1 and let B € £(V, V') be such that B = B* and

(5.5) YoeV, (Bv,v)>0.
We have the following result

Theorem 5.2. Let [p°, ¢!] € VxH be such that for some A > 0

60 vt e Ve, [ 8o, vy de = A[iAu) + (o0

where ¢ and 1 are the solutions of (2.1) with respective initial data [¢°, p'] and
[49, 9!]. Then the solution y of

1 .
y' + Ay = " Be(t) in (0,T), y(0)=¢', 2/(0)=—A°
satisfies y(T) = y'(T) = 0.
Proof: Essentially identical to that of Theorem 4.1. n

We now turn to special case

(5.7) B(v) == (v,v) 7 -



EXACT CONTROLLABILITY OF REVERSIBLE SYSTEMS 425

We set
H:=VxH

and we define £ € L(H) by the formula:

59 (2l w0, 0),, = [ (Bott), vt ai

V[0, 1] € H, V[°, '] € H, where ¢ and 1 are the solutions of (2.1) with respec-
tive initial data [¢°, ¢!] and [¢°, 1!]. Tt is clear by definition that £ is self-adjoint
and > 0 on H. If we introduce the duality map F: H — H' = V'x H we have

Proposition 5.3. £: H — 'H is compact and more precisely we have
T
(5.9) L=F1 / S*(t) BS(t) dt
0
where S(t): H — V is the bounded operator defined by

Vi’ 'l e, SO’ ¢l = ()
and S*(t): V! — H’ is the adjoint of S(t).
Proof: Formula (5.9) is immediate to check along the lines of proof of (4.3).
However to prove that fOT S*(t) BS(t) dt is compact: H — H’ we need a specific
argument. Here compactness does not follow from an hypothesis on the imbed-

ding V — H but is a consequence of the special structure of 5. As a preliminary
step, we establish

Lemma 5.4. For any v € V' we have

(5.10) S*(t)y € C([0,T):H) .

Proof:  Since the mappings v — S*(t)y are uniformly equicontinuous:
V'— H', it is sufficient to prove (5.10) when for instance v € V. In this case
setting

z=7+Ay € V'

we have

vVt € [0,T), V8 €0,T],

5@y = 570

W ||<1>S||1;p<1‘<% S()® - S(0)®)

= sup ‘<z, S(t)j@—S(O)J(I)>

lellr<1

v

vl
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where J: H = VxH — D(A3)xD(A) C D(A)xV is defined by
Vo= [l € H, JO=[I+A)71, [+ 4) !
In particular we have
ST = SO0) T2y < Clt —0f || @[l
and therefore
vte[0,T], V0 e[0,T], [S*(t)y =S (Olw < Cllzlv [t -0
concluding the proof of Lemma 5.4. u

Proof of Proposition 5.3 (continued): We have for all ¢ € [0,T7],
vo = [ o'l € H,  S*(t)BS(t)® = (7, S(t)®) S*(t)7 .

By Lemma 5.4, for t € [0,7], S*(t)y remains in a fixed compact subset of V.
On the other hand for t € [0,T] and ® = [p% '] € H in the unit ball of H,
(7,S8(t)®) remains in a bounded interval of R. Therefore S*(t) BS(t)® remains
in a fixed compact subset of V' and so does the integral fOT S*(t) BS(t)® dt. The
conclusion follows easily. n

The following result is a natural generalization of Theorem 3.3 from [11].

Let us denote by N the kernel of £ and let ®,, = [¢!, L] be an orthonormal
Hilbert basis of Nt in H := V xH made of eigenvectors associated to the non-
increasing sequence \, of eigenvalues of L repeated according to multiplicity.
Then we have

Theorem 5.5. In order for [y°,y'] € H to be null-controllable under (5.1)
at time T' it is necessary and sufficient that the following set of two conditions is
satisfied

(5.11) Vo' o'le N, (0, 0") = (¥ e")

00 0,1y __ 1,0 2
(5.12) 5 {W° b B (W' e0)} e
n=1 n

When these conditions are fulfilled, an exact control driving [y°,y'] to [0,0] is
given by the explicit formula

0 0,1y __ 1,0
(5.13) 3y W) ZWbn) 4 o))
n=1 n
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In the special case
H=1%Q), ~y=6—x0), z0€Q
we obtain the point control problem
(5.14) y'+ Ay =h(t)d(x —x0) in (0,T)
in time 7' by means of a control function h € L?(0,T). Assuming
(5.15) D(Az) c C(Q)
with continuous imbedding, we obtain

Corollary 5.6. In order for [y°,y'] € H = D(A%)XIP(Q) to be null-control-
lable at xo at time T under (5.14) it is necessary and sufficient that (5.11) and
(5.12) be satisfied. When these conditions are fulfilled, an exact control driving
[v°, 4] to [0,0] is given by the explicit formula

(5.16) ht) = i (v°,en) — (', D) on(tozo) . m

n=1 n

Example 5.7. Let
Q=(0,7m), €.

We consider the problem

(5.17) Yit = Yoz = (1) 0(z =€), y(£,0) =y(t,m) =0.

As a consequence of Corollary 5.6, a given state [y°,y!] € H} () xL?(2) is null-
controllable at ¢t = T if, and only if there exists C' € R such that

<C{/gp tgdt}l

o —@ex =0,  @t,0)=pt)=0, ©0,.)=¢", ©(0,.)=¢".

Vig®, o'l € H&(Q)XLZ(Q) :

dw—/y x) dx

where ¢ is the mild solution of

Here ¢ is given by

o0
x) = Z {cm cosmt + dp, sin mt} sin mx

m=1
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with
oo oo
= Z cmsinmz,  oH(z) = Z d, sinmz
m=1 m=1

or in other terms

2 Q 0 . 2 4 1 .
cm:f/cp (z) sinmx dx , dm:f/go (x)sinmzx dx .
0 0

s

If T is small, by the finite propagation property of the wave equation,there is in
general an infinite-dimensional space of non-controllable states.
Especially interesting is the case

T=2m.
Indeed then by periodicity we have
VIe®, o'l € Hy(Q)xL*(Q) ,
02:02@7 &) dt = /0277{ i {cm cosmt + d,, sin mt} sin mg}th
m=1

oo
:WZC +d2 ) sin Zme

m=1

and this implies that for any m > 0, [sinmz, 0] and [0, sin mx] are two eigenstates
with eigenvalue

Tm = —3 sin® mé .
m

Applying Theorem 5.6, after some calculations we obtain that any [y°, '] €
H(Q)xL?(2) is null-controllable at ¢ int time T' = 27 if and only if

VmeN*, sinmé=0 = O =yl =0

and 1
e m2(y)? + (y)?} < oo
sin m&#£Q Sy
with 9 9w
o= [P@sinmede, gl [yt sinmede.
m™ Jo ™ Jo

In such a case a control is given explicitely by

(my® sinmt — yt cosmt) . o
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Example 5.8. Let
Q=(0,7), €.

We consider the problem
(518) ytt+y:pmmr = h(t) 5(:6_5) ) y(tv 0) = y(t7 7T) = Yza (ta 0) = yww(t7 ﬂ—) =0.

As a consequence of Corollary 5.6, a given state [y°,y'] € H}(Q)x L?(Q2) is null-
controllable under (5.18) at ¢t = T' if, and only if there exists C' € R such that

V®, o'l € H* N H(Q)xL*(Q) ,

\ [ @@ de - [ 4@ @) da

1

< 0{/0Ts02<t,£> )’

Yit + Przzx = 0, @(ta 0) = 80(757 7T) = (:Odfx(tv 0) = ()OSL‘JU(t? 7T) =0

where ¢ is the mild solution of

such that
80(07 ) = 9007 Sot(o) ) = 901 .
Here ¢ is given by

oo
o(t,z) = Z {cm cosm?t + d,, sin m2t] sin mz

m=1
with
oo oo
(z) = Z cmsinmz,  Y(z) = Z dp, sinmax
m=1 m=1

or in other terms

2 7T 0 . 2 4 1 .
Cm = — / e(x)sinmadr, dp=— / ¢ (x) sinma dx .
T Jo m™ Jo

Applying Theorem 5.6, after some calculations we obtain that any [y°, y'] €
H} ()< L2(Q) is null-controllable at ¢ in time 7' = 27 under (5.18) if and only if

VmeN*, sinmé=0 = 2 =yl =0

and

102
sin m&#0 sin” mg
with

0 _2 [T oy 1 _2 [Ty
Ypy = f/y (x)sinmxdx, vy, =— / y (z)sinmaz dz .
m™ Jo ™ Jo
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In such a case a control is given explicitely by

Wy =3

m=1

1
2sinmé

(m?y° sinmt — yl cosmt) . o

We conclude this section with an example which is available in any domain.
This case has been considered by Graham and Russell in [2]. In the case

H=L*Q), 7=x
we obtain the point control problem
(5.19) y" + Ay = h(t) xu(x) in (0,7)
in time T' by means of a control function h € L?(0,T). We obtain

Corollary 5.9. In order for [y°,y'] € H = D(A%)XLQ(Q) to be null-control-
lable at time T under (5.19) it is necessary and sufficient that (5.11) and (5.12)
be satisfied. When these conditions are fulfilled, an exact control driving [y", y']
to [0,0] is given by the explicit formula

(5.20) W) = 3 (yo"pb;l(yl"pg) /wgon(t, z)dz . u

n=1

6 — Boundary control of the wave equation

In this section, we consider the real Hilbert space H = L2(Q)) where Q) is a
bounded domain of RY and we set V = H}(Q), V' = H1(Q). We consider the
wave equation

(6.1) o —Ap=0 in RxQ, ¢=0 on Rx9df

and the boundary control problem

(6.2) yr — Ay =0 in (0,7)xQ, y= Bh(t,o) on (0,T)x00N
in time T" by means of a control function

h € L*(0,T,L*(I")
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with
(6.3) Be L(L*),L*(T), B=B*>0.

In this section we shall represent a pair of functions by [f, g] rather than (f,g)
to avoid confusion with scalar products. On the other hand the symbol (f,g)
will represent indifferently either the H-inner product of f € H and g € H or
the duality product (f,g)v,y» when f € V and g € V', these two products being
equal when f € V and g € H. The main result of this section is the following

Theorem 6.1. For any [y°,y!] € VxH, the two following conditions are
equivalent

i) There exists h € L*(0,T; L*(T)) such that the mild solution y of (6.2)
such that y(0) = y° and y'(0) = y' satisfies y(T) = y/'(T) = 0.

ii) There exists a finite positive constant C' such that
2 3
dt dU}

where o(t) € C(R, V)N CY(R, H) denotes the unique mild solution of (6.1) such
that p(0) = ¢ and ¢’ (0) = .

64 Vil e v, [0 -6 < of [ [ [BSE

Proof: It parallels the proof of theorem 2.1.

Step 1. Let ¢ and y be a pair of strong solutions of (6.1) and (6.2), respec-
tively. We have

W 0,0) = (" (1) 0(0) + (4 (1), #'(2))
= (Ay(t), p(t)) + (' (1), ¢' (1)) -

On the other hand

L), ¢ 1) = W(0), 6" 1) + W 1), 1)

= (1), Ap() + (' (1), ¢'(1)) -
By substracting these two identities we find

%{(y'(t)w(t)) - (y(t)7()0/(t))} = /Q((PAy_yA(,D) de — /F<(pg_i —yg—f)da .
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By integrating on (0, T) and using ¢ = 0 on Rx9J we get

©5)  [0/000) - o, ¢ @) =~ [ [ Bat.0) E(t.0) doar.

By density and as a consequence of the so-called “hidden regularity property” (cf.
e.g. [16, 19]), this identity is valid for mild solutions as well. Since B is bounded,
self-adjoint and B > 0,

//Bhta (t,0) dadt—//hta (t,o) dodt .

Finally if there exists h € L?(0,T; L*(T')) such that the mild solution y of (6.2)
with [y(0),4'(0)] = [y°, y'] satisfies y(T) = v/(T) = 0, we find as a consequence
of (6.5)

W0 0) ~ W pl0) = — [ [ bit.0) B (t,0) dorat
and by the Cauchy—Schwartz inequality we obtain (2.4). Therefore i) implies ii).

Step 2. For each £ > 0 we construct a bounded linear operator
L. € L(VxH,V'xH)

in the following way: for any [p°, p!] € Vx H := H we consider first the solution
¢ of (2.1) with initial data [p°, ¢!]. Then we consider the unique mild solution y
of

0
yn — Ay =—<eAp in (0,T7)xQ, y= —B2a—¢ on (0,7)x0Q ,

14

and we set
£:(1¢° ¢']) = [+4/(0), y(0)]
We find
(Ll D[ 0'D),, 0, = W(0).4(0) = (4/(0), (0))

T 1
—//B2gf gf (t, o) dodt +a/0 |A2 p(t)[2 dt .
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With A = —A. On the other hand for any 7" > 0

T 1 1
[1atera > @) {|A30F + K OF) = o) {|#F +1¢'}
0

with ¢(T) > 0. Hence L. is coercive: VxH — V'xH, and this implies
L (VxH)=V'xH.

Step 3. As a consequence of step 2 there exists a pair [p%¢ p1¢] € HxV’
such that the mild solution y. of
_ : 26905
yu — Ay = —e Ay in (0,7)xQ, -B 5 " (0, T)x00 ,
with
[9(0), 52(0)] = [, ")
satisfies
y(T) =y (T)=0
We find
0 1 1 _ &Pa 2
(17, 2(0)) = (7, 9(0)) = (t,0) dadt +e IAZ% t)|" dt
T 2 3
gc{// (t,0) dadt} .
0Jr
In particular
2 T
B2 o) dodt + - [arePar < 2.
0

Step 4. Convergence along a subsequence. From step 3 it is clear that
Ve, is bounded in L%(0,T; V")

and

8; is bounded in L*(0,T; L*(T")) .

Along a subsequence, we may assume

he = h  weakly in L?(0,T; L*(I)) .
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Then clearly

32% —~ Bh  weakly in L2(0,T; L3(T)) .
1%

Step 5. Conclusion. By passing to the limit, it is clear that the solution y
of (6.2) with [y(0),%'(0)] = [¢°,y'] and h as in step 4 satisfies y(T) = ¢/(T) = 0.
The proof of Theorem 6.1 is now complete. n

We now state a variant of Theorem 4.1 devised for the case of boundary
control.

Theorem 6.2. Let [0°, '] € D(A)xV be such that for some A > 0

(6.6) VO, € D(A)XV, //Ba@” B :A[(A¢0,A¢0)+<A¢17¢1>}

where ¢ and 1) are the solutions of (6.1) with respective initial data [¢°, p'] and
[4°,11]. Then the solution y of

yu — Ay =0 in (0,T)xQ, y= 32395 on (0,T)x09Q
(6.7) y(0) = Ap",  y/(0) = —A%°

satisfies y(T') = y/'(T") = 0.

Proof: Essentially identical to that of Theorem 4.1. For the details cf. [11],
proposition 2.2. m

The following result is a natural generalization of Theorem 2.3 from [11]. First
we define V = D(A)xV and £ € L(V) by the formula

W v, v v, (LG e, = [ [ B892 B3 o

By the standard trace theorem, £:V — V is compact. Let us denote by N/
the kernel of £ and let ®, = [¢%, L] be an orthonormal Hilbert basis of N+ in
'H := V x H made of eigenvectors associated to the non-increasing sequence A, of
eigenvalues of L repeated according to multiplicity. Then we have

Theorem 6.3. In order for [y°,y'] € HxV' to be null-controllable under
(6.2) at time T it is necessary and sufficient that the following set of two conditions
is satisfied

(6.7) Vig®, o'l e N, (0, 0") = (', "),
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o 0 1y _ /1 . 02
65 5 {0 ¢}) : (' %) } e
n=1 n

When these conditions are fulfilled, an exact control driving [y°,y'] to [0,0]
is given by the explicit formula

= (1, 00) — W', €0 0pn
. pr— _— B .
(6.9) h(t,o) 7;:1 " Y

Proof: Since it is a straightforward generalization of Theorem 2.3 from [11]
and we already gave many similar arguments in this paper, the details are left to
the reader. n

We conclude by recalling an example from [11].

Example 6.4. Let
Q=(0,m) .

We consider the problem
(6.10) Yt — Yoz =0,  y(t,0) = h(t), y(t,m)=0.

For any T >2r and any [y°,y'] € HxV' = L?(Q)xH Q) there exists
h € L?(0,T) such that the solution y of (6.10) with

satisfies y(T') = y(T) = 0.
In the special case

a control A is given explicitely by

[e.9]

h(t) =

1
0 & 1
(ym sinmt — — y,, Cos mt)

N —

=1

3

with

T 0 : d 1 _ 2 1 .
/0 y (xz)sinmzdr, y, =— <y (x), smmx>V/7V . u
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