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��& ��

ρ < 0
�
% < ρ

��& ��
ρ > 0

�
� % = 0

��& ��
ρ = 0

� � � ���& ��� �� �����&��� #��#����� %̂
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£¡� ������� �¡�¢ % > ρ
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ρ < 0
�
% < ρ
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ρ > 0

� � % = 0
¢¡� 
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ÒÓ ÔÕ Ö×ØÙÚÛÙÕ ÜÝ ÛÞÖß×ÚÕÓÚÜ ÜÝÚàáÛÕ× ÜÔ áÜÝÜÞÖÜâß áÜ ÔßÝ Ö×ßÙÜáÛÞÛÜÓÚßÝ ÜÝãÚÕáäÝÚÛÙßÝ ÕÓÚÜ ÛÓÙàÞÖÔÛÞÛÜÓÚßÝ áÜ ÔßÝ ÝàÖàÜÝÚßÝå æÕ×ÛÕÙÛßÓÜÝ ÜÓ ÔßÝ ÝàÖàÜÝÚßÝ çàÜ
ÝßÓ ÙßÞàÓÜÝ ÜÓ ÔÕ ÙßÚÛáÛÕÓÛáÕá áÜ àÓ àÝàÕ×Ûßè ÒÝÚß ÙßÓ ÜÔ ßéêÜÚÛæß áÜ ëÕÔÔÕ× ÝÛãÚàÕÙÛßÓÜÝ ÜÓ ÔÕÝ ÙàÕÔÜÝ Óß ÝÜ ×ÜÙßÞÛÜÓáÕ àÝÕ× ÔÕ ëÜ××ÕÞÛÜÓÚÕå ì ÕÔ ÚÛÜÞÖß ÖÔÕÓÚÜÕ×
ëÜ××ÕÞÛÜÓÚÕÝ Óß ÚÕÓ ÝÜÓÝÛéÔÜÝ ÕÓÚÜ ÜÔ ÛÓÙàÞÖÔÛÞÛÜÓÚß áÜ ÔßÝ ÝàÖàÜÝÚßÝè

ÒÓ ÜÝÚÜ ÝÜÓÚÛáßå ÜÓ íÜÛ îÅïïÈð ì ñÕÔÙØ×ÙÜÔ îÅïïòð ÝÜ ëÕ ÞßÝÚ×Õáß çàÜ ÜÔ ÜÝÚÛãÞÕáß× ÙÔØÝÛÙß áÜ ÔÕ óàÓÙÛôÓ áÜ ÕàÚßÙß××ÜÔÕÙÛôÓ îõö÷ð ÜÝ ÕÔÚÕÞÜÓÚÜ ÝÜÓÝÛéÔÜ ÕÓÚÜ
ÔÕ Ö×ÜÝÜÓÙÛÕ áÜ æÕÔß×ÜÝ ÜøÚ×ÜÞßÝå ÝÜÓÝÛéÛÔÛáÕá çàÜ ÙßÓÚ×ÕÝÚÕ ÙßÓ ÔÕ ×ÜÔÜæÕÓÙÛÕ áÜ
ÜÝÚÜ ÜÝÚÛÞÕáß× ÜÓ ÜÔ ÕÓØÔÛÝÛÝ áÜ ÝÜ×ÛÜÝ áÜ ÚÛÜÞÖßå Öß×çàÜ Õ ÖÕ×ÚÛ× áÜ ÔßÝ æÕÔß×ÜÝ
ÜÝÚÛÞÕáßÝ áÜ ÔÕ õö÷ ÝÜ ÖàÜáÜ ÛáÜÓÚÛùÙÕ× ÜÔ ÞßáÜÔßå ÝÜ ÙßÓÝÚ×àìÜÓ ÔßÝ ÜÝÚÛÞÕáß×ÜÝ
áÜ ÔßÝ ÖÕ×ØÞÜÚ×ßÝ ì ÝÜ ÕÓÕÔÛúÕÓ ÔßÝ ×ÜÝÛáàÕÔÜÝå ÜÓÚ×Ü ßÚ×ßÝè ûÜ Ôß ÕÓÚÜ×Ûß× ÝÜ ëÕ
ÖÔÕÓÚÜÕáß àÓ ÜÝÚÛÞÕáß× ×ßéàÝÚß áÜÔ ÙßÜùÙÛÜÓÚÜ áÜ Ùß××ÜÔÕÙÛôÓå ì ÖßÝÚÜ×Ûß×ÞÜÓÚÜ
àÓ ÜÝÚÛÞÕáß× ×ßéàÝÚß áÜ ÔÕ õö÷å ÜÝÚÛÞÕáß× çàÜ ÝÜ Ö×ÜÝÜÓÚÕ Õ ÙßÓÚÛÓàÕÙÛôÓè

ûÕáÕ àÓÕ ÞàÜÝÚ×Õ ÕÔÜÕÚß×ÛÕ
(x1, y1), (x2, y2), . . . , (xn, yn)

å ÜÔ ÜÝÚÛÞÕáß× áÜÔ ÙßÜãùÙÛÜÓÚÜ áÜ Ùß××ÜÔÕÙÛôÓ Ö×ßÖàÜÝÚß ÜÝÚØ áÕáß Öß×å

%̂xy =
δ2xy

δxxδyy

îüð
ÙßÓ

δ2xy = nk2[MADx][MADy]

n∑
i=1

ψ(zxi
)ψ(zyi

)

(
n∑
i=1

ψ
′(zxi

)

)(
n∑
i=1

ψ
′(zyi

)

) îÅð

áßÓáÜ
k
ÜÝ àÓÕ ÙßÓÝÚÕÓÚÜ ÖßÝÛÚÛæÕ áÜ ÜÝÚÕÓáÕ×ÛúÕÙÛôÓýå

ψ(·)
ì
ψ′(·)

ÝßÓ ÔÕ óàÓÙÛôÓ áÜ
éÛÙàÕá×ØÚÛÙÕ ÖÔÕÓÚÜÕáÕ Öß× þÜÕÚßÓ ÿ �à�Üì îüÆò�ð ì Ýà áÜ×ÛæÕáÕå ×ÜÝÖÜÙÚÛæÕÞÜÓÚÜè
�Õ óàÓÙÛôÓ éÛÙàÕá×ØÚÛÙÕ ÜÝÚØ áÕáÕ Öß×

ψ(z) =






z(1 − z2)2
ÖÕ×Õ

|z| < 1

0
ÖÕ×Õ

|z| = 1

î�ð

ÙßÓ
zt = xt−Medx

kMADx

å
Medx = mediana{x1, x2, . . . , xn}

ì
MADx = mediana|xt −

Medx|
è �Õ×Õ àÚÛÔÛúÕ× ÜÔ ÜÝÚÛÞÕáß×

%̂xy
ÜÓ ÔÕ ÜÝÚÛÞÕÙÛôÓ áÜ ÔÕ õö÷

−ρh−
å ÖÕ×Õ àÓÕ

ÝÜ×ÛÜ áÜ ÚÛÜÞÖß ÜÝÚÕÙÛßÓÕ×ÛÕ
y1, y2, . . . , yT

å ÔÕ ÜÙàÕÙÛôÓ îÅð ÝÜ Ú×ÕÓÝóß×ÞÕ ÜÓ

ϕh = Tk2MAD2
y

T−|h|∑
t=1

ψ(zyt
)ψ(zyt+|h|)

(
T∑
t=1

ψ
′(zyt

)

)(
T−|h|∑
j=1

ψ
′(zyt+|h|

)

) î�ð

��³ Â®¯Â¿±²µ³ À± �³� 	
��
� ±² k = 9� �³»¯® Â»³¶µ±³À¯ À±²À± »³² Â®¯Â´±À³À±² À± ¿¶³ À´²µ®´¹�¿½´�¶ N(µ, σ2)� À¯¶À± MAD ≈
2

3
σ � ³²�� ²´ k = 3d� ²± µ´±¶± �¿± kMAD ≈ d × σ � ±² À±½´® ³»½¯¶²µ®¿´® ±» ±²µ´º³À¯® ¶¯ ²± µ´±¶±¶ ±¶ ½¿±¶µ³ »³² ¯�²±®�³½´¯¶±² ³ º�² À± d

À±²�´³½´¯¶±² ±²µ�¶À³®À± »³ º±À´³·

�±�´²µ³ �¯»¯º�´³¶³ À± ¸²µ³À�²µ´½³ �� 	��
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ö ÖÕ×ÚÛ× áÜ î�ð ÜÔ ÜÝÚÛÞÕáß× áÜ

ρh
ÜÝÚØ áÕáß Öß×

ρ̂h =
ϕh

ϕ0

îÇð

-Ï .-.(591/,.
/Óß áÜ ÔßÝ ×ÜÝàÔÚÕáßÝ ÛÓÚÜ×ÞÜáÛßÝ áÜÔ Ú×ÕéÕêß ÜÝ ÔÕ 0ÜÓÜ×ÕÔÛúÕÙÛôÓ áÜÔ ÙßÓÙÜÖÚß

áÜ ÙßæÕ×ÛÕÓúÕå ×ÜÝàÔÚÕáß çàÜ ÝÜ ÞàÜÝÚ×Õ Öß×çàÜ Õ ÖÕ×ÚÛ× áÜ ÜÝÚÜ ÝÜ áÜÝÕ××ßÔÔÕ ÜÔ
óàÓÙÛßÓÕÔ ÕÝßÙÛÕáß Õ

%̂xy
è

1232 4565789:;8<:=6 >5 98 <?@87:86;8 >59 <?5A<:56B5 >5
<?77598<:=6

R?CF=G=DF E î
ψãFGHIJKILMIðN ûÕáÕÝ áßÝ æÕ×ÛÕéÔÜÝ ÕÔÜÕÚß×ÛÕÝ

X
ì
Y
å ÙßÓ óàÓãÙÛôÓ áÛÝÚ×ÛéàÙÛôÓ ÙßÓêàÓÚÕ ì ÝÜ0àÓáßÝ

ψãÞßÞÜÓÚßÝ ùÓÛÚßÝ î
E
[
ψ2(X)

]
< ∞

ì
E
[
ψ2(Y )

]
<∞

ðå ÔÕ
ψãÙßæÕ×ÛÕÓúÕ ÜÓÚ×Ü

X
ì
Y

ÝÜ áÜùÓÜ ÙßÞßO

γψXY
=

E [ψ(Zx)ψ(Zy)]

E [ψ′(Zx)]E [ψ′(Zy)]

îÈð

/Ó ÙÕÝß ÖÕ×ÚÛÙàÔÕ× áÜ ÜÝÚÕ áÜùÓÛÙÛôÓ ÝÜ ßéÚÛÜÓÜ ëÕÙÛÜÓáß
ψ(x) = x

å
ψ′(x) =

∂ψ(x)
∂x = 1

å
Zx = X−EX

ì
Zy = Y−EY

å áÜ áßÓáÜ
γψXY

= E [(X − EX)(Y − EY )]
å

çàÜ ÜÝ ÔÕ áÜùÓÛÙÛôÓ áÜ ÙßæÕ×ÛÕÓúÕ ÙÔØÝÛÙÕP è
R?CF=G=DF Q î

ψãFGJJRSITKULðN ûÕáÕÝ áßÝ æÕ×ÛÕéÔÜÝ ÕÔÜÕÚß×ÛÕÝX ì
Y
å ÙßÓ

γψXX
<

∞
ì
γψY Y

<∞
å ÔÕ

ψãÙß××ÜÔÕÙÛôÓ ÜÓÚ×Ü
X

ì
Y

ÝÜ áÜùÓÜ ÙßÞßO

%ψXY
=

γψXY

(γψXX
γψY Y

)
1
2

îòð

ûÜ Ôß áÜÝÕ××ßÔÔÕáßå ÜÝ ÙÔÕ×ß çàÜ ÜÔ ÙßÜùÙÛÜÓÚÜ áÜ Ùß××ÜÔÕÙÛôÓ áÜ �ÜÕ×ÝßÓ ÜÝ àÓ
ÙÕÝß ÖÕ×ÚÛÙàÔÕ× áÜ ÜÝÚÕ áÜùÓÛÙÛôÓè

1212 VW6<:?689 8X?<:8>? 8
%̂xy

YÜ áÜùÓÜ

τ̂2
xy = n

n∑
i=1

ψ(zxi
)ψ(zyi

)

(
n∑
i=1

ψ
′(zxi

)

)(
n∑
i=1

ψ
′(zyi

)

)

=

∫
ψ(zxi

)ψ(zyi
)dFn(∫

ψ
′(zxi

)dFn
) (∫

ψ
′(zyi

)dFn
) = T (Fn)

îZð

[¸²µ¯ ²± Â»³¶µ±³ ´¶´½´³»º±¶µ± Â³®³ Â¯»´¶¯º´¯²·

�±�´²µ³ �¯»¯º�´³¶³ À± ¸²µ³À�²µ´½³ �� 	��
�� ��
���
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áßÓáÜ
Fn

ÜÝ ÔÕ óàÓÙÛôÓ áÜ áÛÝÚ×ÛéàÙÛôÓ ÞàÜÝÚ×ÕÔè öÝßÙÛÕáß Õ
τ̂2
xy

ÝÜ ÚÛÜÓÜ ÜÔ óàÓÙÛßÓÕÔ

τ2
xy =

∫
ψ(zxi

)ψ(zyi
)dF(∫

ψ
′(zxi

)dF
) (∫

ψ
′(zyi

)dF
) = T (F )

îÆð

áßÓáÜ
F

ÜÝ ÔÕ óàÓÙÛôÓ áÜ áÛÝÚ×ÛéàÙÛôÓ ÖßéÔÕÙÛßÓÕÔè /ÓÛáß Õ Ôß ÕÓÚÜ×Ûß× ÝÜ ÖàÜáÜ
ÞßÝÚ×Õ× çàÜ

%̂xy =
τ̂2
xy

τ̂xxτ̂yy

îüïð

ö ÖÕ×ÚÛ× áÜ ÔÕÝ ÜÙàÕÙÛßÓÜÝ îÆð ì îüïðå ÝÜ ÚÛÜÓÜ çàÜ ÜÔ óàÓÙÛßÓÕÔ ÕÝßÙÛÕáß ÕÔ
ÜÝÚÛÞÕáß× ÖÔÕÓÚÜÕáß ÜÓ îüð ÜÝ ÜÔ ÙßÜùÙÛÜÓÚÜ áÜ

ψãFGJJRSITKUL Ö×ÜÝÜÓÚÕáß ÜÓ ÔÕ
áÜùÓÛÙÛôÓ Åå ÜÙàÕÙÛôÓ îòðå ÙßÓ

ψ(·)
ÔÕ óàÓÙÛôÓ éÛÙàÕá×ØÚÛÙÕ áÜùÓÛáÕ ÜÓ î�ðè

ÒÔ ßéêÜÚÛæß áÜ ÜÝÚÜ Ú×ÕéÕêß ÜÝ ÕÓÕÔÛúÕ× ÜÔ ÙßÞÖß×ÚÕÞÛÜÓÚß áÜ ÜÝÚÜ óàÓÙÛßÓÕÔå ÜÝ
áÜÙÛ×

%ψXY
=

γψXY

γψXX
γψY Y

îüüð
ÕÝàÞÛÜÓáß çàÜ ÜÔ æÜÙÚß×

(X,Y )
ÚÛÜÓÜ áÛÝÚ×ÛéàÙÛôÓ

N(0, 0, 1, 1, ρ)
è ÒÓ Ôß çàÜ ÝÛ0àÜ ÝÜ

ÞÜÓÙÛßÓÕ×ØÓ
γψXX

ì
γψXY

ÙßÞß óàÓÙÛßÓÜÝ áÜ æÕ×ÛÕÓúÕ ì ÙßæÕ×ÛÕÓúÕ éÛÙàÕá×ØÚÛÙÕ
×ÜÝÖÜÙÚÛæÕÞÜÓÚÜè ÒÓ ÜÝÚÜ ÞÛÝÞß ÝÜÓÚÛáßå

%ψXY

ÝÜ ÔÔÕÞÕ ÜÓ ÕáÜÔÕÓÚÜ ÙßÜùÙÛÜÓÚÜ áÜ
Ùß××ÜÔÕÙÛôÓ éÛÙàÕá×ØÚÛÙß\ è

12]2 ^87:86;8 _:<W8>7`B:<8
YÛ ÝÜ ÕÝàÞÜ çàÜ ÜÔ æÜÙÚß×

(X,Y )
ÚÛÜÓÜ áÛÝÚ×ÛéàÙÛôÓ

N(0, 0, 1, 1, ρ)
å ÔÕÝ æÕ×ÛÕéÔÜÝ

ÕÔÜÕÚß×ÛÕÝ
X

ì
Y

ÚÛÜÓÜÓ áÛÝÚ×ÛéàÙÛôÓ àÓÛæÕ×ÛÕáÕ
N(0, 1)

å ì

MedX = MedY = 0
ì

MADX = MADY = 0, 67448975

×ÜÝàÔÚÕáßÝ çàÜ ÙßÓÔÔÜæÕÓ Õ çàÜ ÔÕÝ æÕ×ÛÕéÔÜÝ ÜÝÚÕÓáÕ×ÛúÕáÕÝ ÜÝÚaÓ áÕáÕÝ Öß×
Zx = X

lì
Zy = Y

l

å
l = k × 0.67448975

å
k
ÙßÓÝÚÕÓÚÜ áÜ ÜÝÚÕÓáÕ×ÛúÕÙÛôÓ áÜùÓÛáÕ ÜÓ îÅðb è

YÛ ÝÜ áÜùÓÜ ÔÕ æÕ×ÛÕéÔÜ ÕÔÜÕÚß×ÛÕ
M = I{X≤l}X

ÔÕ æÕ×ÛÕÓúÕ éÛÙàÕá×ØÚÛÙÕ áÜ
X
å

ÝÜ ÖàÜáÜ ÜÝÙ×ÛéÛ× ÜÓ Úa×ÞÛÓßÝ áÜ
M

ÙßÞß

γψXX
=

E2

l2 − 4E4

l4 + 6E6

l6 − 4E8

l8 + E10

l10(
1 − 6E2

l2 + 5E4

l4

)2
îüÅð

áßÓáÜ
Er = E(M r)

è �Õ óàÓÙÛôÓ áÜ áÜÓÝÛáÕá áÜ
M

ÜÝÚØ áÕáÕ Öß×
fM (m) =

φ(m)
c1

I{|m|<l}
å
fM (·)

ÜÝ ÔÕ óàÓÙÛôÓ áÜ áÜÓÝÛáÕá ×ÜÝàÔÚÕÓÚÜ áÜ Ú×àÓÙÕ× Õ áßÝ ÙßãÔÕÝ ÔÕ óàÓÙÛôÓ áÜ áÜÓÝÛáÕá ÕÝßÙÛÕáÕ Õ àÓÕ áÛÝÚ×ÛéàÙÛôÓ Óß×ÞÕÔ ÜÝÚØÓáÕ×
φ(·)

å ì
c1 = P (−l < X < l)

è
c¸²µ¯ ´¶À´½³ ¿¶³ À´²µ®´�¿½´�¶ ¶¯®º³» �´�³®´³À³ ½¯¶ Â³®�º±µ®¯² E(X) = E(Y ) = 0� V (X) =

V (Y ) = 1 d Corr(X, Y ) = ρ
·e�¯² �³»¯®±² À± k

½¯¶ »¯² ½¿³»±² ²± ®±³»´Ä� ±²µ± µ®³�³Ã¯ ²¯¶ k = 3, 6, 9
·

�±�´²µ³ �¯»¯º�´³¶³ À± ¸²µ³À�²µ´½³ �� 	��
�� ��
���
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YÛ ÝÜ ÓßÚÕ ÔÕ áÜ×ÛæÕáÕ áÜ ß×áÜÓ
r
áÜ ÔÕ óàÓÙÛôÓ 0ÜÓÜ×ÕÚ×Ûú áÜ ÞßÞÜÓÚßÝ áÜ ÔÕ

æÕ×ÛÕéÔÜ
M

å Öß×
m(r)(t) = ∂E(etM )

∂tr
å ÜÝÚÕ áÜ×ÛæÕáÕ ÙàÞÖÔÜ ÙßÓ ÔÕ ÝÛ0àÛÜÓÚÜ ×ÜÙàã××ÜÓÙÛÕ

m(r)(t) =(r − 1)m(r−2)(t) + tm(r−1)(t)

+ (−l)r−1 e
− 1

2 l
2 [
e−lt + (−1)kelt

]

c1(2π)
1
2

ÖÕ×Õ
r ≥ 2

îü�ð

ÒÝÚÕ ÜÙàÕÙÛôÓ ÖÜ×ÞÛÚÜ ßéÚÜÓÜ× ÜÔ æÕÔß× áÜ ÔßÝ ÞßÞÜÓÚßÝ áÜ ÔÕ æÕ×ÛÕéÔÜ ÕÔÜÕÚß×ÛÕ
Mf Óß ÜÝ áÛóäÙÛÔ ßéÝÜ×æÕ× çàÜ ÔßÝ ÞßÞÜÓÚßÝ áÜ ß×áÜÓ ÛÞÖÕ× ÝßÓ ÙÜ×ßè

QNgNEN CDE=DFhD S=GMDHEiB=GD
ö ÖÕ×ÚÛ× áÜ ÔÕ ÜÙàÕÙÛôÓ îü�ð ÝÜ ßéÚÛÜÓÜÓ ÔßÝ ÞßÞÜÓÚßÝ áÜ ÔÕ æÕ×ÛÕéÔÜ

M
å ì Õ ÖÕ×ãÚÛ× áÜ ÜÝÚßÝå àÝÕÓáß ÔÕ ÜÙàÕÙÛôÓ îüÅðå ÝÜ ëÕÔÔÕÓ æÕÔß×ÜÝ áÜ ÔÕ æÕ×ÛÕÓúÕ éÛÙàÕá×ØÚÛÙÕ

ÖÕ×Õ
k = 9, 6, 3

å ×ÜÝàÔÚÕáßÝ çàÜ ÝÜ Ö×ÜÝÜÓÚÕÓ ÜÓ ÔÕ ÚÕéÔÕ üè

jklmk no p&����� �� �& �&��& �& ����&������& #&�& � & ����������� N(0, 1)"
ñÕÔß× áÜ

k� È Æ
γψXX

ïå�Æü�òò��ïÅÅï ïåïÈÈZüÆÇïÈ��� ïåïÅòÈ�òÈï�ïÇÇ

12q2 r?5A<:56B5 >5 <?77598<:=6 _:<W8>7`B:<?
YÛ ÝÜ áÜùÓÜ ÜÔ æÜÙÚß× ÕÔÜÕÚß×Ûß

M = (M1,M2)
T å ÙßÓ

M = I{|X|<l,|Y |<l}X
å
X =

(X,Y )
æÜÙÚß× ÕÔÜÕÚß×Ûß ÙßÓ áÛÝÚ×ÛéàÙÛôÓ

N(0, 0, 1, 1, ρ)
å ÔÕ óàÓÙÛôÓ áÜ ÙßæÕ×ÛÕÓúÕ

éÛÙàÕá×ØÚÛÙÕ áÜ
X

ÜÓ óàÓÙÛôÓ áÜÔ æÜÙÚß×
M

ÜÝÚØ áÕáÕ Öß×å

γψXY
=

E1,1

l2 − 4
E3,1

l4 + 2
E5,1

l6 + 4
E3,3

l6 − 4
E5,3

l8 +
E5,5

l10[
1 − 6E2

l2 + 5E4

l4

]2
îü�ð

ÙßÓ
Er,h = E(M r

1M
h
2 )

å
Er = E(M r

1 ) = E(M r
2 )
å ÖÕ×Õ

r
ì
h

ÜÓÚÜ×ßÝs è öÓØÔß0ß
Õ Ôß ×ÜÕÔÛúÕáß ÖÕ×Õ ÜÔ ÙÕÝß áÜ ÔÕ æÕ×ÛÕÓúÕ éÛÙàÕá×ØÚÛÙÕå ÔÕ áÛÝÚ×ÛéàÙÛôÓ áÜÔ æÜÙãÚß× ÕÔÜÕÚß×Ûß

M
ÜÝ ×ÜÝàÔÚÕáß áÜ Ú×àÓÙÕ× àÓÕ áÛÝÚ×ÛéàÙÛôÓ Óß×ÞÕÔ éÛæÕ×ÛÕáÕf áÜÔß ÕÓÚÜ×Ûß× ÔÕ óàÓÙÛôÓ áÜ áÜÓÝÛáÕá ÙßÓêàÓÚÕ áÜ

M
ÜÝÚØ áÕáÕ Öß×

fM(m1,m2) =
φ(m1,m2)

c2
I{|X|<l,|Y |<l}

å áßÓáÜ
φ(·, ·)

ÜÝ ÔÕ óàÓÙÛôÓ áÜ áÜÓÝÛáÕá ÙßÓêàÓÚÕ áÜ àÓÕ áÛÝãÚ×ÛéàÙÛôÓ
N(0, 0, 1, 1, ρ)

å ì
c2 = P (|X | < l, |Y | < l)

è
t
E(Mr

1
) = E(Mr

2

�� À³À¯ �¿± u d v µ´±¶±¶ »³ º´²º³ À´²µ®´�¿½´�¶·

�±�´²µ³ �¯»¯º�´³¶³ À± ¸²µ³À�²µ´½³ �� 	��
�� ��
���
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QNwNEN IJxDE=DFhD S=GMDHEiB=GD y GDNJ ρ = 0

YÛ ÝÜ ÝàÖßÓÜ
ρ = 0

å áÜ ÔÕ áÜùÓÛÙÛôÓ áÜÔ æÜÙÚß×
M = (M1,M2)

å ÝÜ ÝÛ0àÜ çàÜ ÔÕÝ
æÕ×ÛÕéÔÜÝ ÕÔÜÕÚß×ÛÕÝ

M1
ì
M2

ÝßÓ ÛÓáÜÖÜÓáÛÜÓÚÜÝè ÒÝÚÜ ×ÜÝàÔÚÕáß ÙßÓÔÔÜæÕ Õ çàÜ ÔÕ
ÜÙàÕÙÛôÓ îü�ð ÝÜ Ú×ÕÓÝóß×ÞÜ ÜÓ

γψXY /ρ=0 =
E2(M1)

l2 − 4
E(M3

1 )E(M1)
l4 + 2

E(M5
1 )E(M1)
l6[

1 − 6E2

l2 + 5E4

l4

]2

+
4
E2(M3

1 )
l6 − 4

E(M5
1 )E(M3

1 )
l8 +

E2(M5
1 )

l10[
1 − 6E2

l2 + 5E4

l4

]2 = 0
îüÇð

ÒÔ áÜÓßÞÛÓÕáß× ÜÝ áÛÝÚÛÓÚß áÜ ÙÜ×ßå ì ÜÓ ÜÔ ÓàÞÜ×Õáß× ÝôÔß ÝÜ ÚÛÜÓÜÓ ÞßÞÜÓÚßÝ
áÜ ß×áÜÓ ÛÞÖÕ×è ûÕáß çàÜ ÔÕ óàÓÙÛôÓ áÜ áÜÓÝÛáÕá áÜ

M1
ÜÝ ÝÛÞaÚ×ÛÙÕ ÕÔ×ÜáÜáß× áÜ

ÙÜ×ßå ÔßÝ æÕÔß×ÜÝ ÜÝÖÜ×ÕáßÝ ÜÓ ÜÔ ÓàÞÜ×Õáß× ÝßÓ ÙÜ×ßå áÜ áßÓáÜ ÝÜ ÚÛÜÓÜ
γψXY /ρ=0 =

0
è

QNwNQN IJxDE=DFhD S=GMDHEiB=GD y GDNJ ρ 6= 0

ö ÖÕ×ÚÛ× áÜ ÔÕ ÜÙàÕÙÛôÓ îü�ðå ÜÔ ÙÕÞÛÓß Öß× ÝÜ0àÛ× ÖÕ×Õ ÜÔ ÙÕÝß
ρ 6= 0

å ÜÝ ÙÕÔãÙàÔÕ× ÔßÝ ÞßÞÜÓÚßÝ ÙßÓêàÓÚßÝ áÜÔ æÜÙÚß×
M
å ÚÕ×ÜÕ çàÜ ÝÜ ×ÜÕÔÛúÕ àÝÕÓáß ÔÕ óàÓÙÛôÓ

0ÜÓÜ×ÕÚ×Ûúè ÒÔ æÕÔß× áÜ ÔßÝ ÞßÞÜÓÚßÝ àÓÛæÕ×ÛÕáßÝ áÜ
M1

ì
M2

å ìÕ ÝÜ áÜÝÕ××ßÔÔÕ×ßÓ
ÜÓ ÔÕ ÝÜÙÙÛôÓ Åè�è

ÒÔ Ú×ÕéÕêß ÙßÓ áÛÝÚ×ÛéàÙÛßÓÜÝ Óß×ÞÕÔÜÝ Ú×àÓÙÕáÕÝ Óß ÜÝ ÓàÜæßè �ÜÕ×ÝßÓ ÛÓÛãÙÛÕÔÞÜÓÚÜ Ú×ÕéÕêô ÜÓ ÔßÝ ÕâßÝ áÜ üÆ�ï Ýßé×Ü ÜÝÚÕÝ áÛÝÚ×ÛéàÙÛßÓÜÝå ÙßÓ ÜÔ Ö×ßÖôÝÛÚß
áÜ 0ÜÓÜ×Õ× ÕÔ0àÓÕÝ ÚÕéÔÕÝ îÚßÞÕáß áÜ zßÝÜÓéÕàÞ üÆÈüå Öè �ïÇðf ÖßÝÚÜ×Ûß×ÞÜÓÚÜ
Ú×ÕéÕêÕ×ßÓ Ýßé×Ü ÜÝÚÜ ÚÛÖß áÜ áÛÝÚ×ÛéàÙÛßÓÜÝ ÷ßëÜÓ îüÆÇÇðå YÛÓ0ë îüÆÈïðå zßÝÜÓãéÕàÞ îüÆÈüðå �ÕÔÔÛÝ îüÆÈüðå õÛÓÓÜì îüÆÈÅð ì {ëÕÚ×Û ÿ |ÕÛÝ}ÕÔ îüÆÈ�ðè YÛ ÝÜ ÓßÚÕ
m = (m1,m2)

T ì
t = (t1, t2)

T å ÔÕ óàÓÙÛôÓ 0ÜÓÜ×ÕÚ×Ûú áÜÔ æÜÙÚß×
M

ÜÝÚØ áÕáÕ Öß×

GM(t) = E
(
et

T
M

)
=
e

1
2 t

T Σt

c2

l∫

−l

l∫

−l

|Σ|−
1
2

(2π)
e−

1
2 [(m−Σt)T Σ−1(m−Σt)]dm1dm2

áßÓáÜ
| · |

ÛÓáÛÙÕ áÜÚÜ×ÞÛÓÕÓÚÜ~ è �Õ×Õ ëÕÙÜ× ÞØÝ Ùß×ÚÕ ÔÕ ÜÝÙ×ÛÚà×Õå ÔÕÝ áÜ×ÛæÕáÕÝ áÜ
ÔÕ óàÓÙÛôÓ 0ÜÓÜ×ÕÚ×Ûú ÝÜ ÓßÚÕÓ ÙßÞß

D(h,r) = ∂r+hGM(t)

∂tr2∂t
h
1

è �ßÝ ÞßÞÜÓÚßÝ ÙßÓêàÓÚßÝ
áÜ ß×áÜÓ

r
ì
h
áÜ

M
î
r
ì
h
ÜÓÚÜ×ßÝ ÓßÓÜ0ÕÚÛæßÝðå ÕÔ×ÜáÜáß× ÕÔ ß×Û0ÜÓå ÜÝÚØÓ áÕáßÝ

Öß×
E(Mh

1M
r
2 ) = D(h,r)

∣∣∣
t1=0,t2=0

îüÈð

�¸» �³»¯® À± ³½¯µ³º´±¶µ¯ l = k × 0, 67448975 ¿²³À¯ ±¶ ±» ½�»½¿»¯ À± �³®´³¶Ä³ �´½¿³À®�µ´½³�²±½½´�¶ �·�·

�±�´²µ³ �¯»¯º�´³¶³ À± ¸²µ³À�²µ´½³ �� 	��
�� ��
���
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ö ÖÕ×ÚÛ× áÜ çàÜ ÔÕ áÛÝÚ×ÛéàÙÛôÓ Óß×ÞÕÔ ÙàÞÖÔÜ ÙßÓ ÔÕÝ ÙßÓáÛÙÛßÓÜÝ áÜ ×Ü0àÔÕ×ÛãáÕá îæÜ× þÛÙ�ÜÔ ÿ ûßÙ�ÝàÞ üÆòòå Öè �òZðå ÝÜ ÚÛÜÓÜ çàÜ

D(1,0) = GM(t)(t1 + ρt2)

−
β1(l, t1, t2) − β2(−l, t1, t2) − ρ [β3(l, t2, t1) − β4(−l, t2, t1)]

c2(2π)
1
2

îüòð
ÙßÓ

βj(v, u, w) = e
− v2

2(1−ρ2)
+vu+

[ρv+(1−ρ2)w]2

2(1−ρ2) P (−|v| < ξj < |v|) j = 1, 2, 3, 4

áßÓáÜ
ξ1, ξ2, ξ3

ì
ξ4

ÝßÓ æÕ×ÛÕéÔÜÝ ÕÔÜÕÚß×ÛÕÝ ÙàìÕÝ áÛÝÚ×ÛéàÙÛßÓÜÝ ÝÜ Ö×ÜÝÜÓÚÕÓ Õ
ÙßÓÚÛÓàÕÙÛôÓO

ξ1 ∼ N
(
ρl + (1 − ρ2)t2; 1 − ρ2

)
, ξ2 ∼ N

(
−ρl+ (1 − ρ2)t2; 1 − ρ2

)

ξ3 ∼ N
(
ρl + (1 − ρ2)t1; 1 − ρ2

) ì
ξ4 ∼ N

(
−ρl+ (1 − ρ2)t1; 1 − ρ2

)

ì ÖÕ×Õ
h ≥ 2

ì
r ≥ 1

ÝÜ ÚÛÜÓÜ

D(h,r) = rρD(h−1,r−1) + (h− 1)D(h−2,r) +D(h−1,r)(t1 + ρt2)

−

[
lh−1(β1 + (−1)hβ2)

(0,r) + ρlr(β3 − (−1)rβ4)
(h−1,0)

]

c2(2π)
1
2

îüZð

áßÓáÜ
∂r+s(β1 ± β2)

∂tr2∂t
s
1

= (β1 ± β2)
(s,r) ì ∂m+n(β3 ± β4)

∂tm2 ∂t
n
1

= (β3 ± β4)
(n,m)

QNwNgN CDKJE?N H? %ψXY

ö ÖÕ×ÚÛ× áÜ ÔßÝ áÜÝÕ××ßÔÔßÝ ÞßÝÚ×ÕáßÝ ÜÓ ÔÕ ÝÜÙÙÛôÓ Åè�èÅå ÝÜ ßéÚÛÜÓÜÓ ÔßÝ æÕÔß×ÜÝ
áÜ ÔßÝ ÞßÞÜÓÚßÝ ÙßÓêàÓÚßÝ áÜÔ æÜÙÚß×

M
è /ÓÕ æÜú ÙÕÔÙàÔÕáßÝ ÜÝÚßÝå ÝÜ ÙßÓÝÛ0àÛÜ×ßÓ

ÔßÝ æÕÔß×ÜÝ áÜ ÔÕ ÙßæÕ×ÛÕÓúÕ éÛÙàÕá×ØÚÛÙÕ àÚÛÔÛúÕÓáß ÔÕ ÜÙàÕÙÛôÓ îü�ðå æÕÔß×ÜÝ çàÜ
ëÕÙÜÓ ÖßÝÛéÔÜ ÙÕÔÙàÔÕ× ÜÔ ÙßÜùÙÛÜÓÚÜ áÜ Ùß××ÜÔÕÙÛôÓ éÛÙàÕá×ØÚÛÙß ÞÜáÛÕÓÚÜ ÔÕ ÜÙàÕãÙÛôÓ îüüðè �ßÝ æÕÔß×ÜÝ áÜ ÔÕ æÕ×ÛÕÓúÕ éÛÙàÕá×ØÚÛÙÕ ìÕ ëÕéäÕÓ ÝÛáß ßéÚÜÓÛáßÝ îæÜ×
ÝÜÙÙÛôÓ Åè�èüðè

�ßÝ ×ÜÝàÔÚÕáßÝ ÞàÜÝÚ×ÕÓ çàÜ ÜÔ æÕÔß× áÜ
%ϕXY

(ρ) → ρ
ÙàÕÓáß

k
Ù×ÜÙÜ� îæÜ×

ù0à×ÕÝ üå Å ì ÚÕéÔÕ Åðè�Õ×Õ
k = 9

ÔÕÝ áÛóÜ×ÜÓÙÛÕÝ ÜÓÚ×Ü
%ϕXY

ì
ρ
ÝßÓ áÜ ÚÕÔ ÞÕ0ÓÛÚàá

çàÜ ÔÕÝ ÔäÓÜÕÝ ÝÜ ÝàÖÜ×ÖßÓÜÓå ×ÕúôÓ Öß× ÔÕ ÙàÕÔ ÝÜ ÞàÜÝÚ×Õ àÓÕ ÕÞÖÔÛÕÙÛôÓ áÜ ÔÕ
ÞÛÝÞÕ 0×ØùÙÕ ÜÓ ÜÔ ÙàÕá×ÕÓÚÜ îïå�f ïåòð îæÜ× ù0à×Õ Åðè

��³ »�¶±³ À±»�³À³ ´¶À´½³ »³ ´À±¶µ´À³À� ±² À±½´® ρ = ρ� »¯² Â¿¶µ¯² ±» �³»¯® À± %� »¯ ´À±³» ±² �¿±
% ≈ ρ� ±² À±½´® �¿± »³² À¯² »�¶±³² ½¯´¶½´À³¶·

�±�´²µ³ �¯»¯º�´³¶³ À± ¸²µ³À�²µ´½³ �� 	��
�� ��
���
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�����k no p&����� �� %
#&�& k = 3 � k = 6"
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#&�& k = 9"
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jklmk �o p&����� �� %
�� &������ �� ��� �&����� �� ρ � k

"
ñÕÔß× áÜ

kñÕÔß× áÜ
ρ

� È Æ
ïåïïü ïåïïï�Æò ïåïïïÆü� ïåïïïÆZÅ
ïåüïï ïåï�ÆÆÈÈ ïåïÆü�Èü ïåïÆZÅïò
ïåÅïï ïåüïüÇÈÇ ïåüZ��ÅÅ ïåüÆÈÇÅ�
ïå�ïï ïåüÇÈòÈÈ ïåÅòÈ�Z� ïåÅÆÇïÇ�
ïå�ïï ïåÅüZÅÅ� ïå�òïZÇZ ïå�Æ�Æüü
ïåÇïï ïåÅZÆÈÆü ïå�Èò�ÈÈ ïå�Æ�Åïü
ïåÈïï ïå�òÈÇüÇ ïåÇÈÈ��È ïåÇÆ�ï��
ïåòïï ïå�ZÈüZü ïåÈÈZÈÇÇ ïåÈÆ�ÇÅï
ïåZïï ïåÈÅZò�Æ ïåòò�Çò� ïåòÆ�òÈÆ
ïåÆïï ïåZüÇÇüÇ ïåZZ�ZïZ ïåZÆÈZÆü
ïåÆÆÆ üåïüïÈ�ò ïåÆÆZZÅü ïåÆÆZÆÈ�

�Ï Ð,)*5(.+,)-.
öÝàÞÛÜÓáß çàÜ ÜÔ ÜÝÚÛÞÕáß× áÜÔ Ùß××ÜÔÕÙÛôÓ éÛÙàÕá×ØÚÛÙß Ö×ÜÝÜÓÚÕ àÓ ÙßÞÖß×ãÚÕÞÛÜÓÚß ÕÓØÔß0ß ÕÔ ÙßÞÖß×ÚÕÞÛÜÓÚß áÜÔ óàÓÙÛßÓÕÔ Õçàä ÜÝÚàáÛÕáßå ÔßÝ ×ÜÝàÔÚÕáßÝ

Ýà0ÛÜ×ÜÓ çàÜ ÜÔ ÜÝÚÛÞÕáß× éÛÙàÕá×ØÚÛÙß ÝàéÜÝÚÛÞÕ ÜÔ æÕÔß×
ρ
ÙàÕÓáß

ρ > 0
å ì Ýßãé×ÜÜÝÚÛÞÕ Ýà æÕÔß× ÙàÕÓáß

ρ < 0
è

[��������� ����� �� ���� � ��������� ������� �� ����]

.-�-2-)*+1.
þÜÕÚßÓå öè ÿ �à�Üìå |è îüÆò�ðå ��ëÜ õÛÚÚÛÓ0 ßó �ß}Ü× YÜ×ÛÜÝå ÜÕÓÛÓ0 �ßÔìÓßÞÛÕÔÝå

¡ÔÔàÝÚ×ÕÚÜá ßÓ þÕÓáãYÖÜÙÚ×ßÝÙßÖÛÙ ûÕÚÕ¢å £RT¤LG¥R¦JKT§ E¨îÅðå ü�ò©üZÇè
þÛÙ�ÜÔå�è ÿ ûßÙ�ÝàÞå{è îüÆòòðåªI¦¤R¥I¦KTIS «¦I¦K§¦KT§¬ ­I§KT ®¯RI§ IL¯ «RSRT¦R¯£G°KT§å ±ßÔáÜÓãáÕì ¡ÓÙèå YÕÓ õ×ÕÓÙÛÝÙßè
÷ßëÜÓå ÷è îüÆÇÇðå �zÜÝÚ×ÛÙÚÛßÓ ÕÓá YÜÔÜÙÚÛßÓ ÛÓ YÕÞÖÔÜÝ ó×ßÞ þÛæÕ×ÛÕÚÜ ²ß×ÞÕÔ

ûÛÝÚ×ÛéàÚÛßÓÝ¢å ³G´JLIS Gµ ¦¤R ¶¥RJKTIL «¦I¦K§¦KTIS ¶§§GTKI¦KGL ·¸îÅòüðå ZZ�©ZÆ�è
õÛÓÓÜìå ûè îüÆÈÅðå �÷àÞàÔÕÓÚÝ ßó �×àÓÙÕÚÜá  àÔÚÛã²ß×ÞÕÔ ûÛÝÚ×ÛéàÚÛßÓÝ¢å ³G´JLIS

Gµ ¦¤R ¹GºIS «¦I¦K§¦KTIS «GTKR¦º¬ §RJKR ­ QwîÅðå Ç�Ç©Ç�Èè
{ëÕÚ×Ûå ÷è ÿ |ÕÛÝ}ÕÔå  è îüÆÈ�ðå �ÒÝÚÛÞÕÚÛßÓ ßó �Õ×ÕÞÜÚÜ×Ý ßó Õ �×àÓÙÕÚÜá þÛæÕã×ÛÕÚÜ ²ß×ÞÕÔ ûÛÝÚ×ÛéàÚÛßÓ¢å ³G´JLIS Gµ ¦¤R ¶¥RJKTIL «¦I¦K§¦KTIS ¶§§GTKI¦KGL

·»î�ïÅðå ÇüÆ©ÇÅÈè
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�Õøå ûè îüÆòÇðå öÓ ¡ÓÚÜ×ÛÞ zÜÖß×Ú ßó Õ  ßÓÚÜ ÷Õ×Ôß YÚàáì ßó zßéàÝÚ ÒÝÚÛÞÕÚß×Ý
ßó íÛáÚëÜ×Ýå�ÜÙëÓÛÙÕÔ ×ÜÖß×Úå ûÜÖÕ×ÚÞÜÓÚ ßó YÚÕÚÛÝÚÛÙÝå�×ÛÓÙÜÚßÓ /ÓÛæÜ×ÝÛÚìè

zßÝÜÓéÕàÞå Yè îüÆÈüðå � ßÞÜÓÚÝ ßó Õ �×àÓÙÕÚÜá þÛæÕ×ÛÕÚÜ ²ß×ÞÕÔ ûÛÝÚ×ÛéàÚÛßÓ¢å
³G´JLIS Gµ ¦¤R ¹GºIS «¦I¦K§¦KTIS «GTKR¦º QgîÅðå �ïÇ©�ïZè

YÛÓ0ëå ²è îüÆÈïðå �ÒÝÚÛÞÕÚÛßÓ ßó �Õ×ÕÞÜÚÜ×Ý ßó Õ  àÔÚÛæÕ×ÛÕÚÜ ²ß×ÞÕÔ �ßÖàÔÕãÚÛßÓ ó×ßÞ �×àÓÙÕÚÜá ÕÓá ÷ÜÓÝà×Üá YÕÞÖÔÜÝ¢å ³G´JLIS Gµ ¦¤R ¹GºIS «¦I¦K§¦KTIS«GTKR¦º¬ §RJKR ­ QQîÅðå �ïò©�üüè
�ÕÔÔÛÝå¼è îüÆÈüðå ��ëÜ  ßÞÜÓÚ ¼ÜÓÜ×ÕÚÛÓ0 õàÓÙÚÛßÓ ßó ÚëÜ �×àÓÙÕÚÜá  àÔÚÛÓß×ÞÕÔ

ûÛÝÚ×ÛéàÚÛßÓ¢å ³G´JLIS Gµ ¦¤R ¹GºIS «¦I¦K§¦KTIS «GTKR¦º¬ §RJKR ­ Qgîüðå ÅÅ�©ÅÅÆè
ñÕÔÙØ×ÙÜÔå ±è îÅïïòðå �×ßÖàÜÝÚÕ áÜ àÓÕ óàÓÙÛôÓ áÜ ÕàÚßÙß××ÜÔÕÙÛôÓ ÙßÓ éÕÝÜ ÜÓ ÔÕ

óàÓÙÛôÓ éÛÙàÕá×ØÚÛÙÕå �×ÕéÕêß áÜ 0×Õáßå ûÜÖÕ×ÚÕÞÜÓÚß áÜ ÒÝÚÕáäÝÚÛÙÕå /ÓÛãæÜ×ÝÛáÕá ²ÕÙÛßÓÕÔ áÜ ÷ßÔßÞéÛÕå þß0ßÚØè
íÜÛå íè îÅïïÈðå £K¥R «RJKR§ ¶LISº§K§½ ¾LKHIJKI¦R IL¯ ª´S¦KHIJKI¦R ªR¦¤G¯§å ÝÜãÙßÓá ÜáÓå öááÛÝßÓ íÜÝÔÜìå þßÝÚßÓè
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