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ALGORITHMS AND MODULI SPACES FOR DIFFERENTIAL
EQUATIONS

by

Maint Berkenbosch

Abstract — This article discusses second and third order differential operators. We
will define standard operators, and prove that every differential operator with finite
differential Galois group is a so-called pullback of some standard operator. We will
also give an algorithm concerning certain field extensions, associated with algebraic
solutions of a Riccati equation.

RésuméAlgorithmes et espaces modulaires pour les équations déffentielles)

Cet article s’intéresse aux opérateurs différentiels de deuxiéme et troisiéme ordre.
Nous introduisons une notion d’opérateur standard, et montrons que tout opérateur
différentiel de groupe de Galois différentiel fini est image inverse d’un opérateur stan-
dard. Nous donnons aussi un algorithme concernant certaines extensions de corps,
associées a des solutions algébriques d’une équation de Riccati.

1. Field extensions for Riccati solutions

In this section we consider second order linear differential equations of the form

L:y" =ry, r € k(x). Here k(x) is a differential field of characteristic zero, with

derivation d%. The field of constants k is not supposed to be algebraically closed.

We will denote its algebraic closure by k. The differential Galois theory gives us
an extension k(z) C K, with K the so called Picard-Vessiot extension, which is the
minimal differential field extension of k(x) which contains a basis {y1,72} (over k) of
solutions of L. The solution space k{y1,y2) := kyi + ky2 C K will be denoted V.
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2 M. BERKENBOSCH

The automorphisms of K /k(x) which commute with the differentiation constitute the
differential Galois group G.

An interesting class of solutions are the so called Liouwillian solutions. These are
solutions which lie in a Liouvillian extension of k(z), which roughly means they can
be written down quite explicitly. For a precise definition of a (generalized) Liouvillian
extension, see [Kap76, p. 39]. Related to this is the Riccati equation, denoted Ry,
which is an equation depending on L with as solutions elements of the form u = y?/,

with y a solution of L. In our case it is the equation u? + u’ = r. We have the
following facts (see [vdPS03, p. 35,104]).

Fact1l.1 — u € K is a solution of Rj, < u = %, for somey e V.

Fact1.2 — u = y?/ is a solution of Rr, algebraic of degree m over k(x) <= The
stabilisor in G of the line k -y is a subgroup of index m.

The next fact is concerned with Liouvillian solutions of L.
Fact 1.3 — L has a Liouvillian solution <= Ry, has an algebraic solution.

Let u be an algebraic solution of Ry of minimal degree over k(z). We define
the field k' to be the minimal field in % such that the coefficients of the minimal
polynomial of u over k(z) are elements of k’(z). We want to determine k' as explicit
as possible. In [HvdP95] bounds on the degree [k’ : k] are given, depending on the
differential Galois group G of L. We consider G as a subgroup of GLz (k) by its action
on y1,y2. It is known that G is an algebraic subgroup of GLy(k). Note that changing
the basis {y1,y2} changes G by conjugation. Because in our equation L there is no
first order term, we actually have that G lies in SLa(k), see [Kap76, p. 41]. We have

the following lemma, which is essentially Theorem 5.4 of [HvdP95].

Lemma 1.4 — There are only three cases, with respect to G, for which k' can be
different from k. These are (on an appropriate basis):

(1) GcC {( g a91 ) |a€kz*},#G>2, a subgroup of a torus.

0 0 -1
(2) G= D;LQ, a group of order 8, with generators ( é ) ) , ( 10 )
—i
(3) G = ASL2, a group of order 24.

We remark that in [HvdP95], the group DSLQ is mistakenly denoted by Dy. We
have D4 # D;LQ, and in fact Dg’LZ 2~ g, where Qg denotes the quaternion subgroup
{#1,+i,+j, £k} € H*. The notations D5“? and AS™ can be explained as follows.
Using the natural homomorphism SLy — PSLa, these groups are the inverse image of
Dy C PSLs and Ay C PSLy respectively. We will treat these three cases separately.

SEMINAIRES & CONGRES 13



PULLBACKS OF DIFFERENTIAL EQUATIONS 3

1.1. Subgroups of a torus. — In this section we consider case (1) of Lemma 1.4.
There are exactly two G-invariant lines in V. These correspond to the two solutions
of Ry, in k(z). Such solutions are called rational.

For the next lemma we need to introduce the second symmetric power of a given
differential equation. This is the differential equation with as solutions, all products
of two solutions of the given equation. For example take L : y” = ry, with as basis
of solutions {y1,y2}. Then the second symmetric power of L, denoted Sym(L,2)
" — dry’ —2r'y = 0. Tt has {y?,y1y2,y3} as a basis of solutions.
Indeed, {y?,y1y2, 3} are linearly independent over k (compare [SU93, Lemma 3.5]).

is the equation y

In a similar way one defines higher order symmetric powers Sym(L,n) (see [vdPS03,
Definition 2.24]), which we will use later on. We note that Sym(L,n) can have order
smaller than n + 1. In the proof of the next lemma, we will also use that there is an
action of Gal(k/k) on K, which induces an action on V. It acts in the standard way
on k(z). For details see [HvdP95].

Lemma 1.5 — Assume we are in case (1) of Lemma 1.4. Then Sym(L,2) has (up to
constants) a unique non-zero solution H € k(x). If one of the two rational solutions

of R does not lie in k(x), then the rational solutions of R are % + cH™, for some

cek\kcck.

Proof. — For the basis {y1,y2} for which the representation of G in SLs is as in
1. we have that y1ys is G invariant, so y1yo € k(x). It is easily seen that up to
constants, this is the only G-invariant solution of Sym(L,2). For o € Gal(k/k) we
have that o(y1y2) is another rational solution of the symmetric square, so it must be
a multiple of y;y2. Therefore we have a Gal(k/k)-invariant line, and thus by Hilbert
theorem 90 an invariant point on this line. After multiplying y; by a constant, we
may suppose H := y1y2 € k(z). Then %/ = z—i + z—é The rational solutions of R
are Z—i and Z—é, and since Gal(k/k) acts on the set of solutions of R, each one is fixed
by a subgroup of Gal(k/k) of index < 2. Now assume this index is 2, then we can
write z—i =:u =: ug + dui, ug,u; € k(z),d> € k,d ¢ k, and then Z—é = ug — du1, S0

’

2 — 9y, From v/ +u? =71 € k(z) one deduces that 2up = —+1, so u; must be
H , ul
AH ™1 X € k*. Therefore we can take ¢ = d)\, and clearly Z—z =i —cH L. O

We note that this gives a way to find in case (1) the rational solutions of the Riccati
equation. Indeed H can be found (for example using Maple), and ¢ can be calculated
by substituting % + cH~! into the Riccati equation.

1.2. Klein’s theorem. — In the remaining two cases of Lemma 1.4, the differential
Galois groups are finite. This implies that the differential Galois group equals the
ordinary Galois group. An important tool in studying these cases is Klein’s Theorem.
We present a version of it suggested by F. Beukers. For a different approach we refer
to [BD79].

SOCIETE MATHEMATIQUE DE FRANCE 2006



4 M. BERKENBOSCH

It will be convenient to use differential operators. These are elements of the skew
polynomial ring k(z)[0;]. The multiplication is defined by d,x = xd, + 1. We will
identify the linear differential equation ¥;a;y” = 0 with the differential operator
Ziaﬁ;.

We recall from [HvdP95] the following easy lemma.

Lemma 1.6 — The k-algebra homomorphisms ¢ : k(t)[0;] — k(x)[0.] are given by
o(t) = a and ¢(9;) = 20, + b with a € k(z) \ k; ' := La and b € k(z).

x

Notation 1.7

— For F € k(x)\k we define the k-homomorphism ¢r : k(t) — k(x), by ¢r(t) = F.

— Let ¢ be an injective homomorphism ¢ : k(t) — k(). Then we also write ¢ for
the extension of ¢ to the homomorphism of differential operators ¢ : k(t)[0;] —
k(x)[0s], defined by ¢(0;) = ﬁ@z.

— For F € k(z) \ k,b € k(x), we define ¢pyp : k(t)[0;] — k(z)[0:] by drp(t) = F,
¢rb(0:) = 77 (0 + ). 3

— We will call an automorphism of k(t)[0:], given by t — ¢,0; — 0 + b a shift.

— For a differential operator L we define Aut(L) to be the group

{ € Auty k(t) | Norm(y(L)) = L}.

First we will discuss the process of normalization. A second order differential
operator L := a20% + a10 + ag is said to be in normal form if a; = 1 and a; = 0.
We can put L into normal form, Norm(L), by dividing L by ag, and then applying
the shift 0 — 9 — 2% Note that normalization transforms the old solution space V'
to f-V, with f/ = 3a=f. The operator remains defined over k(x), but the associated
Picard-Vessiot extension K changes if f ¢ K.

Klein’s theorem is concerned with differential operators L := 02 — r with finite
non-cyclic differential Galois group G C SLa(k). If we again use the notation H5L2
for the inverse image in SLy of a group H C PSLy, the possibilities for such G are (up
to conjugation): {DSl2, ASM2 §FM2 ASL21 In [BD79] we find for each such group G
a standard operator, denoted Stg, which is in normal form, and has differential Galois
group G. These are:

2
Stpgs =00 + %t% 1_36(t_11)2 - n87;2t(t1_ 1)’
Stage =0 1_36%2 +§(tj1)2 - 1_36t(ti 1)’
Stgsta =07 + %t%+§(t—11)2 _ %t(tl_n’
Sty =3+ 153+ 5 (t _11)2 - 366101015(15 - )
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PULLBACKS OF DIFFERENTIAL EQUATIONS 5

The so-called local exponents of these standard equations are given by the following
table.

0 1 00
Stpsie | 17 | 101 | ~ 5~ 5n
St | 13 | K3 —h-3
Stapa | 13| 12| -5
St | 13| 13| 3-8

In the proof of Klein’s Theorem we will need the following lemma.

Lemma 1.8 — Let L be a monic second order differential operator over k(x), with
finite differential Galois group G, and Picard-Vessiot extension K. Let {y1,y2} be a
basis of solutions of L, and write s := Z—;

(1) Normalizing L does not change the field KP := k(x)(s) C K.

(2) Let Ly € k(z)[0:] be a monic differential operator, which also has a basis of
solutions in K of the form {sy,y}. Then L1 can be obtained from L by the shift
Dy By — (XY (L), i

If moreover G is non-cyclic and G C SLa(k), then also the following state-

ments hold.

(3) KP = K+ the fized field of —1I in K.

() K = KP(J#).

(5) k(s) is G-invariant and 3 t € k(x) such that k(s)¢ = k(t).

Proof

(1) This follows immediately from the fact that the normalization of L has a basis
of solutions { fy1, fy2} (for some f with fTI € k(z)).

(2) The monic differential operator (bz’,(%)//(%) clearly has {sy,y} as a basis of
solutions, and therefore is equal to L.

(3) Since k(x) C k(x)(y1,y2) is a finite extension, we have y},y5 € k(x)(y1,y2),
so K = k(z)(y1,y2). Because KP is algebraic over k(z) the derivation on K induces

a derivation on K?. So (£)" = y% € I%(m)(Z—;), where d = yjy2 — yhy1. It is easily
2

seen that d = 0, and d # 0, so d € k". We find that y3 € KP and for a similar
reason also y? € KP. So the only elements in G that fix I;:(x)(Z—;) are +1. By Galois
correspondence KP? is the fixed field of {£1}.

(4) We have K = KP(y2), and y2 = £, s0 K = KP(V/s).

(5) From the G-action on k(y1,y2) one immediately finds that k(s) is G-invariant.
Since k(s) is a purely transcendental extension of k& we get by Liiroth’s theorem that
the fixed field of G is also purely transcendental. So we can write k(s)¢ = k(t), and
because t € K is invariant under G, we get t € k(z). O
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6 M. BERKENBOSCH

Theorem 1.9Klein). — Let L be a second order differential operator over k(x) in
normal form, with differential Galois group G € {D2L2,A§L2,S§L2,A§L2}. There
exists an element F € k(z) such that Norm(¢r(Stg)) = L. Moreover ¢r : k(t) —
k(z) is unique up to composition with an automorphism 1 € Aut(Stg).

Proof. — We will use the notation of the above lemma. Write GP := G/{+£I} for
Gal(K?/k(x)) = Gal(k(s)/k(t)). The field extension k(t) C k(s) corresponds to
a covering of P} by P!, with Galois group GP. It is known that for the groups
GP C PGL(2) considered here, the map P! — P} is ramified above three points. If
necessary replacing ¢ by the image of ¢t under a Mobius-transformation, these three
points are 0,1, 00. The list of ramification indices is (up to permutations of 0,1, c0):

GP ey e1 e
D, 2 2 n

As 12 3 3
Sy 12 3 4
As |2 3 5

We choose t such that we get precisely the above ramification indices for 0, 1, co.
We now want to construct a differential operator in k(t)[9;], with differential Galois
group G, and with Picard-Vessiot extension some field K7, such that K7 = k(s).
As suggested by F. Beukers one takes K; := k(s,V/s'), where / denotes the unique
extension of the derivation % on k(t). We write V for the solution space of L in K,

and we define V; := E<%, #> C K;.

Lemma1.10

(1) The field K1 does not depend on the choice of t.

(2) K is a Galois extension of k(t), and we can identify Gal(K1/k(t)) with G. The
vector space Vi is G-invariant, and isomorphic to V as a G-module.

(3) Vi does not depend on the choice of s.

Proof

— at+b _be = ds _ dsdty _ ds 1
(1) For t; = trg» ad—bc=1, we have g7 = Z& L = 4= Graz 80

Hor) 2 =R gy ) <R[

(2) We will show that K is the splitting field over k(t) of P, P, where P; is the
minimal polynomial of s over k(t), and P, is the minimal polynomial of v/s' over
k(t). By construction the extension k(t) C k(s) is Galois, so all zeroes of P; lie in

k(s). The only thing that remains to be shown is that all roots of P, lie in K. This

/

minimal polynomial is a factor of [T, s, (17 — o(s)), and o(s') = o(s) = (ETEE

Vs’
cs+d?

for o = (‘i fl). So all zeroes of the minimal polynomial of v/s’ are of the form
and therefore lie in K.
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PULLBACKS OF DIFFERENTIAL EQUATIONS 7

We can define an isomorphism V — Vi, by y; +— %, Yo % This induces a
G-action on V;. A direct computation shows that this action extends to a G-action
on K, extending the existing G-action on k(s). The invariant field in K7 under this
action is k(t), as can be seen from the inclusions

E(t) € k(s) C K.

We also conclude from this that G = Gal(K; /k(t)).

(3) We have (gssis)' = (gi;ll’)%, and it immediately follows that V; does not

change if we replace s by ZSSIS, ad — bc = 1. Note that changing t in general does

change V7. O

We continue the proof of Klein’s Theorem. Since the 2-dimensional vector space
V; is invariant under the Galois group of K over k(t), it is the solution space of some
monic second order differential operator Mg over k(t). Clearly K is the correspond-

S

ing Picard-Vessiot extension. Further s = (\/?)/(%)’ so k(s) is the corresponding
subfield.

Claim: MG = Sﬁg.

We note that a monic second order differential operator with three fixed singular

points is completely determined by its local exponents (see [vdPUO0O0, Chapter 5)).
The singular points of the differential operator M¢ are {0,1,00}. So to prove the
claim, it suffices to show that the local exponents of Mg and Stg coincide for every
singular point. We can calculate the local exponents of Mq. We give the calculation
for t = 0. After applying a Mobius-transformation to s (which is allowed), we can
suppose that s is a local parameter of a point above 0 € P{. So we get an embedding
of complete local rings k[[t]] C k[[s]], and we have t = s 4 xs+l 4 ... where
again eg is the ramification index of the embedding k(t) C k(s) at t = 0. We find
s =t% + .-+, so the power series expansion of the basis of solutions of M looks like
I + .-+, and \/S? —titm + - --. Therefore the local exponents at t = 0
are % + ﬁ In the same way we find the local exponents at t = 1,00 to be % + i
and —% + i respectively. These are precisely the local exponents of the standard

operator, which proves our claim.

Since t € k(x), we can write t = F' € k(x). We have that ¢p(Stg) is a differential
operator with corresponding intermediate field k(x)(s). By Lemma 1.8 the differential
operator Norm(¢r(Ste)) also has k(x)(s) as corresponding intermediate field, and L
can be obtained from Norm(¢r(Sts)) by a shift. Since both operators are in normal
form, we must have L = Norm(¢r(Stg)). This proves the existence of F.

We now consider the unicity of F. First of all, note that the choice of ramification
indices over {0, 1,00} of the covering P — P} still leaves us some choice for t. To be
precise,

— if G = Dy we can replace t by its image under an automorphism of the P}

which permutes {0, 1, 00}.
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8 M. BERKENBOSCH

— if G = D,,, n # 2 we can replace ¢t by 1 — ¢.
— if GP = A4 we can replace ¢ by 5.

Lemma 1.11 — Let ¢ € Auty k(t) be an automorphism of P} respecting the ramifica-
tion data of the covering PL — PL. Then ¢ € Aut(Stg).

az+b
cz+d’
the ramification indices at {0,1,00} of the covering induced by the field extension
k(t) C k(s). The resulting vector space V; can be written as V; = (cz+d)Vy. Let Mg
be the monic differential operator in k(2)[0,], with solution space V;. We find that
Mg = m¢a2+b _e (Mg). Indeed qﬁLH(z(Mg) is a differential operator over k(z)

cz+

cz+d’cz+d
with solution space V1, and multiplying all solutions by cz + d corresponds to the shift

Proof. — Suppose we can replace t by z,t = ad — bc = 1, without changing

0, — 0, — Tid' Because Mg is constructed in the same way as Mq, we have that
61(Mg) = Sta, ¢ : k(2)[0:] — k(t)[04]. We find that rgwesn . (Ste) = St
so 4L ¢ Aut(Ste). O

We will now show that ¢ is unique up to composition with an element in Aut(Stq).
Our constructions give rise to the following diagram,

k(z) < k(z)(s) < k(z)(y1,92)
U U

Et) < k(s) <c  E(s,Vs)

Now suppose we can write L = Norm(¢p(Stg)) for some P € k(z). Then we can

make a diagram as above, where the image of ¢ in k(z) is now P. As we proved above,

t is almost unique up to composition with some ¥ € Aut(Sts). Therefore we must

have ¢pp = ¢p o 1, for some ¢ € Aut(Stg). O

Remark 1.12 — In this remark we want to explain the following phenomenon. Let
C(x) C K¢ be a Picard-Vessiot extension for Stg, G € {S™?, AS™2}. For each G, we
find two normalized differential operators in [vdPUO0O] with Picard-Vessiot extension
equal to K¢ (and satisfying certain nice properties). They correspond to the two
irreducible two-dimensional representations of G. One of these two operators is Stg.
Write L¢g for the other operator. By Klein’s theorem, we have that Lg is a pullback
of Stg. On the other hand we will show that St is not a pullback of Lg, so Lg
cannot be used as “standard operator” in Klein’s theorem.

We will now explain this phenomenon in detail. First we consider the case G =
S5%2. The two operators of interest are

St =g oLzt 100 1
S7 T % T 622 T 9(@w—1)2 576a(z—1)
31 2 1 173 1
Lty =024 —— 42— 2~
Cre TR (x—1)2 576x(x — 1)

SEMINAIRES & CONGRES 13



PULLBACKS OF DIFFERENTIAL EQUATIONS 9

The local exponents of St s, and Lgst, are given by the following table.
4 4

o
8

ol 0olw
00]~1 ool

StS§L2

NN
EN[SSENIoT
|
|

W Wl
Wt Wl

LSE,L2
Using the pullback formula of Theorem 2.7 we find that

(z — 1)(14422 — 2322 + 81)3 1 pe F"
(282 — 27)* T 2F”

LSELQ = ¢F,b(StS§L2)7 F=

As we will see in Lemma 1.18, the difference of the local exponents of L gL in a
point a is equal to the ramification index of F' at a times the difference of the local

exponents of Stgs., in F'(a). This is in accordance with the fact that the difference
4

of the local exponents of L S at oo is %. Indeed, F' has ramification index 3 at

00, and the difference of the local exponents of St gt at 00 is 1 (and F(o00) = o0).

It also follows that St 55 cannot be written as a pullback of L PR The complete
ramification data of F are given by the following figure.

oo

= .
7o

® P;

(0.9]

¢t X X X
¢t X X

We note that the local exponents of ¢ (Stgst,) at the ramified points (# oo) above
4

0, 0o lie in %Z (see the proof of Lemma 1.18), but after applying the shift over QF—FN,,

the local exponents become {0, 1} at these points.

We will now explain how the representation of 52
applying the pullback ¢rp. As in the proof of Klein’s theorem (using the variables z, u
instead of t,s), we can write K = C(u,Vu'), ' = i for the Picard-Vessiot extension
of StSELQ. The solution space of SﬁSELQ sV = <\ﬁ \F> and K? .= K+ = C(u).
We can assume that the ramification data of C(x) C C(u) is as in the proof of Klein’s
theorem. Let W := (wi,w2) be the solution space of Lgst,, and define s := o

4

Then the group S, acts on C(s), and we define C(t) := C(s)“*, with the appropriate

on the solution space changes by
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10 M. BERKENBOSCH

ramification data. These constructions give rise to the following diagram.

C(x) C C(x)(s)=C(u) C C(u,Vu')
U U
C(t) c C(s)

We have t = F' € C(z), and s is some rational expression of degree 7 in u, say s = g(u).
We will now calculate g.

The extension C(z) C C(u) has degree 24, and using [BD79], we find that we can
write x = h(u), where

(u® + 14u* +1)3
©108ut(ut —1)*
We can also take t = h(s), so t = F(x) = F(h(u)) and t = h(s) = h(g(u)). Therefore
g satisfies h(g(u)) = F(h(u)). Using the ramification data of F' and h, we can calcu-
late the ramification data for g. Using these ramification data, together with some
heuristics, we find

h= + 1.

WAt +7)
9= Tut +1
We can now express W in terms of u and vu/. We have & = %, and
2
since the operator Lgsu, is in normal form wjws — wiw)j € C. So we find that
4
_ 1 _ d ds _ dg(w)  d dg(u) _ u(ut—1)y2
W = <\/S?,ﬁ>, I = dz Clearly d_; = “du d—;, and Tdu 721(?"‘1) . SO we

find a basis for W in terms of u and v/u/, namely

u?(ut 4+ 7) Tut +1
{(u4 — 1)\/@7’ u(ut — 1)\/@7}

We will now examine the group SELQ in detail, and we will see how we can distin-
guish between the two irreducible representations pi, ps of SELZ in GLy(C). The
abstract group SELZ is generated by two elements «, 3, with image (1234), (12) in Sy

respectively. For p; we take the representation SELZ — GLy(C),a — (COS <§1 ), 08—

% (1), s =eF (sce [Kov86, p. 30]). Then for p, we can take the representation
obtained by composition of p; with the automorphism of Q((s) given by (s — (5. We
remark that the induced representations of S; in PGL(2,C) are conjugate. We can
distinguish p; from py by the eigenvalues of p;(c). For p; these are {Cg, (g '} and for
p2 they are {¢3, ¢33

We fix an identification of Gal(K/C(z)) with S$“2. We remark that since the
group Out(SfLQ) has two elements, there are essentially two ways to do this. We
may assume that SELZ acts on V via the representation p;. So a(\/%) = Cg\/% and
oz(\/%) = Cgl # We will now calculate the action of & on W. We have a(u) = (Zu,

u?(ut47) ) _ 3 w47

Tut+1 _ =3 Tu*41
S0 O‘((u4—1)\/i ) =G

= G (ui_nvar 20d a(u(u4—1)\/i w(ui— 1)

It immediately

SEMINAIRES & CONGRES 13



PULLBACKS OF DIFFERENTIAL EQUATIONS 11

follows that the representation of SELQ in W is conjugate to ps, which is what we
wanted to show.

Now consider the case G = AELQ. We will use the same terminology as in the
S5L2_case. The equations of interest are

Sty 1= 024 oy 2 00
AT T 1622 T 9 (@ — 1) 3600 2(z — 1)
31 2 1 899 1

=02 + +

L st =4 - .
Az * 1622 9(x—1)2 3600x(x —1)

‘We have that L FEZRER:! pullback of St A5T2 s with pullback function

(1 — 2)(1474562* — 40345623 + 37929622 — 57591z — 59049)3

F=
(166422 — 245Tx + 729)°

+ 1.

The ramification of F' is given by the following diagram.

]P:.I

P;

=9 ¢ XXXXXX
¢ ¢ KX XX
e XK XX

As in the SfLQ case we have the following diagram.

@

(z) € C(u) < C(u,vVu)
U U
C(t) c C(s)

Again write 2 = h(u) and s = g(u). In the same way as in the S5 2-case, we find

(120 — 228u® + 494410 + 228u5 + 1)3
1728ub (w0 + 11ud — 1)5
u(ul? — 39u® — 26)
26u'0 — 39ub — 1

B =

+1,

g=-
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We have W = <%; f% ''= d%, and fll—fc = d‘zl(:) . %. Using the fact that dil(:) =
_78(u(u10+11u571)

m)2, we obtain the following basis for W

{ u?(ul® —39u® — 26) 26wl — 39u° — 1 }
(u'® + 115 — DV w(ul® + 1165 — 1)V’ 1

The group AgLZ has two irreducible representations pi,p2 in GLo(C). We have
that AS™ is generated by two elements a, 3, with image (12345) and (12)(34) in
As respectively. We fix p; to be the representation of Ang in GLy(C) given by

<1 a i

a = (oogfool)a B (bfba)a G0 = 6210a a = %(SC?O _§120+4410 _2)a b =
£(¢3y + 3¢%) — 2¢i0 + 1). This explicit formulas come from [Kov86, p. 30], note

that we can also write a = 74 /% + 1—10\/5, b= @a. Then py is the representation

obtained by composition of p; with the automorphism of Q({10) given by (19 — (5.
In contrast to the SELQ—case, the induced representations of As in PGL(2,C) are not

isomorphic. As in the SELQ—case, we can distinguish p; from py by the eigenvalues of
pi(c). For p; these are {10, (jy } and for ps they are {3y, (1o’ )

Fix an identification of Gal(K/C(z)) with AS“?. Again there are essentially two
ways to do this. We may assume that AgLZ acts on V via the representation p;.
So a(\/%) = §10# and oz(\/%) = (1_01\/%. Again we calculate the action of
u2(u10739u5726)) _ gg w? (u'®—39u® —26)
(ulo411us —1)Vau' /T P10 (u10 41165 1)Vl

26u'® —39u°—1 _ =3 26u'®—39u°—1 ;
a(u(u10+11u5_1)ﬁ) = (1o ORINE PRy E It follows that the representation of

A?LQ in W is conjugate to po.

o on W. We have a(u) = (u, so o and

Only for some specific F' € k(z) the differential operator Norm(¢r(Stg)) lies in
k(x)[0z]. The next corollary makes this precise.

Corollary 1.13

(1) Norm(¢r(Sta)) is defined over k <= V¥ o € Gal(k/k) 3 S(c) € k(t) such that
bs(0) € Aut(Stg) and do(r) = OF © Ps(o)-

(2) Furthermore, ¢ satisfies the equivalent properties of (1) if and only if ¢p =
drodn, with f € k(z), and ¢, an automorphism of k(t) satisfying the equivalent
properties of (1).

Proof

(1) <=V o € Gal(k/k) we have o(Norm(¢r(Stg))) = Norm(o(¢r(Stg))) =
Norm(¢,(r)(Sta)) = Norm(¢r o ¢g(»)(Sta)) = Norm(¢r(Stg)), so the operator is
Gal(k/k) invariant, hence has coefficients in k(z). '=" Because Norm(¢r(Stg)) is
Gal(k/k) invariant we get Norm(¢r (Ste)) = o(Norm(¢r (Ste))) = Norm(dy(p) (Ste))
V o € Gal(k/k). Hence Klein’s theorem gives ¢o(ry = ¢F 0 dg(r), With ¢g(s) €
Aut(Stg). This proves (1).
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(2) The if-part follows immediately from ¢o(ry = do(f) © Po(n) = @ © Po(n). For the
other implication write ¢,(r)y = ¢F © @g(s), With ¢g(s) € Aut(Stg) an automorphism
of k(t) that permutes 0,1,00. Then there is also an automorphism ¢, of k(t), with
Go(n) = Prodso) V0 € Gal(k/k). Namely, take h = “=%= 1290 where qg, a;,as €

ay—ap t—a

k are elements which are permuted in the same way by every o 2 Gal(k/k) as 0,1, 00
by ¢s5(s)- These elements are proven to exist in the lemma below. Note that for such
ag, a1, G the extension k(ag,a1,as)/k has degree at most 6. Define f € k(z) by
¢f5 = ¢ro gb,:l. Then ¢ = ¢y o ¢, and we only need to show that f is Gal(k/k)
invariant. But we have that ¢,(s) = ¢y(F) © gb;(lh) = ¢r 0 Ps(s) © (Pn © ds(0)) "t = b5
and therefore f € k(z). O

Remark 1.14 — The above corollary states that every differential operator 92 — r,
with r € k(z) is the pullback of a differential operator over k(z) with three singu-
larities, and with the same local exponents as the corresponding standard operator
(use Norm(¢p(Stc))). So we can see this corollary as a “rational version” of Klein’s
theorem.

In the proof above we used the following lemma. Its content is well known, and we
prove it only for the sake of completeness.

Lemma 1.15 — Given an action of G := Gal(k/k) on the set {1,2,3}, there exists a
Galois extension k C k(a1,az,a3) C k, such that G permutes the set {a1,az, a3} in
the corresponding manner.

Proof. — We first assume G acts as S3. Let H be the subgroup of G which fixes
{1,2,3}. Then F := k¥ is a Galois extension of k of degree 6. We have an action of
G/H = S3 on F. For some element o of order two in S3, write k(a;) = F?. Then
k C k(ap) is an extension of degree 3, which is not a Galois extension. Writing az, a3
for the conjugates of a; in F, we have F' = k(a1, az,a3). Furthermore G acts as Ss
on the set {a1, az,as}. We can rename the a;, in such a way that G permutes the set
{a1,a9,a3} in the desired manner. The remaining cases, where G acts as 1, Cy or C3
are easy. O

Notation 1.16
— Let L € k(x)[0;] be an arbitrary second order differential operator, with differ-
ential Galois group G C GLg(k). We write GP for the image of G' in PGL(2),
and call GP the projective differential Galois group of L. This definition of G?
is consistent with the definition of G? in the proof of Klein’s theorem.
— For L as above, and a € P'(k), we have a set of local exponents {l1,l2} at a.
We will call |l; — I3 the local exzponent difference at a.

Again let L € k(x)[0;] be a second order differential operator, with projective
differential Galois group GP € {D,, A4, S4, As}. We have that Norm(L) has the
same projective differential Galois group. Indeed L and Norm(L) define the same
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field extension k(z) C k(x)(s) (notation from the proof of Klein’s theorem), and
we can identify GP with Gal(k(z)(s)/k(z)), where o = (25) € GP acts on s by
o(s) = Zssis Consequently, the differential Galois group of Norm(L) is an element
of {DST2, A5tz G2 ASL21  Using Klein's theorem we find that there exist elements
a, F,b € k(x), such that L = a - ¢r(Sta).

1.3. Differential Galois group DSLQ. — For generality, we formulate the follow-
ing theorem for differential operators with projective differential Galois group Ds.
This of course includes differential operators in normal form with differential Galois
group Dg Lz

Theorem 1.17 — Let L € k(x)[0.] be a second order differential operator, with pro-
jective differential Galois group GP = Do. There exists a point a € P*(k) for which L
has local exponent difference in % + 7Z. For any such a there is an algebraic solution
of minimal degree of the corresponding Riccati equation, with minimal polynomial in

k(a)[z].

Proof. — We will first show that we can assume L to be in normal form. We can
write Norm(L) = a - ¢y (L), for some a,b € k(z). If u is a solution of the Riccati
equation Rnorm(r), then u+ b is the corresponding solution of Ry. Writing f,, for the
minimal polynomial of u over k(z), we clearly have f, € k'(2)[T] <= fu+s € k' (z)[T)].
Furthermore normalization does not affect the local exponent difference at a point.
Klein’s theorem gives an F' € k(z) such that L = Norm(¢r(Stg)), where G :=
D5, We will use notations as in the proof of Klein’s theorem. We have that

{\/ss—,, \/1?} is a basis of solutions of Stg. Then {\/%, ﬁ} is a basis of solutions

of L, where ' now denotes %. We find that the solutions of R; are precisely the
elements F'u— %FTI/I, with u a solution of Rg:,. From the explicit description of Dg Le

in Lemma 1.4, we know that there are six solutions of Rg;. of degree two over k(t),
which correspond to three minimal polynomials { Py, Py, Ps}. By [HvdP95, 6.5.3] we
know that P; € k(t)[T],i = 1,2,3. Let u be one of the six solutions of Rg;, of degree
2 over k(t). Write © := F'u — %?—l,’ for the corresponding solution of Ry. If P; is
the minimal polynomial of u, then F(P;) := (F')?P;(& + %%) € k(2)[T] is the
minimal polynomial of &i. Let k C k be a minimal extension, such that F' € k(z). Then
F(p;) € E(z)[T)], so we can take k' C k, where k' is the field defined in the beginning
of this section. Because L € k(x)[0;], we have that I’ satisfies the properties stated
in Corollary 1.13. Using notation as in the proof of this corollary, we see that we can
take k to be the extension of k generated by the coefficients of h, so k= k(ag, a1, aoo).
This is a field extension of k of degree at most 6.

Claim: for any j € {0,1,00} there is a solution of R; with minimal polynomial
in k(a;)[T).
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The Galois group Gal(k/k) acts as a group of permutations on the set
{F(P),F(P),F(P)}. In fact o(F(P;)) = o(F)(P,) for ¢ € Gal(k/k). By
Corollary 1.13 we have ¢,(p)y = ¢F © dg(o) With ¢g,) € Aut(Stg). We know the
polynomials P; explicitly, see Example 1.20. A calculation shows that all non-trivial
t, %_t, t_%, %} act non-trivially on the P;. Using
this we see that there exists a Gal(k/k)-equivariant bijection between {ag, a1, aso}
and {F(Py), F(P), F(Ps)}. This immediately proves the claim.

Let f be as in Corollary 1.13 (2). If f(a) = a4, then k(a;) C k(a). So the only
thing left to prove is that there exist points a with local exponent difference in % +7Z,
and that any such point satisfies f(a) € {ag, a1, aoo}. For this we need the following

automorphisms ¢g, S € {%, 1-

lemma.

Lemma 1.18 — With the above notation the following holds.

The eatension k(t) C k(x) corresponds to a covering PL — P}. Suppose that this
covering is ramified with index e in a point a € PL(k) lying above some b € P}(k).
The local exponent difference of L = Norm(¢p(Stg)) at a is le(ly —l2)|, where {l1,12}
are the local exponents of St at b.

Proof. — By a calculation as in the proof of Klein’s theorem, we find that the local
exponents of ¢pp(Ste) at a are {ely, elz}. The lemma now follows from the fact that
normalization does not change the local exponent difference at a point. o

We continue the proof of Theorem 1.17. Using the above lemma, we see that if a
point a € PL(k) does not lie above one of the points 0, 1,00, then the local exponent
difference of L at a lies in Z. If a does lie above b € {0, 1, oo}, then the local exponents
of Stg at b are {l1,l2} = i{i, %}, so the local exponent difference of L at a is in
% + Z if e is odd, and in Z if e is even.

The only thing left to prove is that there exist points a € PL(k), such that L has
local exponent difference in % + Z at a. By [vdPS03, Theorem 5.8], the differential
Galois group of L is equal to the monodromy group, so there is a local monodromy
matrix which has order 2 in PGLa(k). It follows that the local exponents at the

corresponding singular point have local exponent difference in % + 7. o

1.4. Differential Galois group AELQ

Theorem 1.19 — Let L € k(x)[0.] be a second order differential operator, with pro-
jective differential Galois group GP = Ay. There exists a point a € P*(k) for which L
has local exponent difference in %Z\Z. For any such a there is an algebraic solution
of minimal degree of the corresponding Riccati equation, with minimal polynomial in

k(a)[x].

Proof. — This case can be treated similarly to the Ds-case above, now taking G :=
AELQ. Again we will use notation of Corollary 1.13. We will only give the differences
with the proof of Theorem 1.17.
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The Riccati equation Rg; has eight solutions of degree 4 over k(t), corresponding
to two minimal polynomials Pi, Py, € k(t)[T] (see Example 1.21, [HvdP95, 6.5.4],
or [Kov86, 5.2]). The group Aut(St¢) consists of two elements, namely {¢¢, ¢ «_}.
Therefore an automorphism of Stg can only permute the singular points {1,,00}'
This implies ag € k, k(a1) = k(as) = k, and [k : k] < 2. So F(P;) := (F*P (L& +
%%) € k(a1)[T] = k(aso)[T]. The only thing left to prove is that all points a with
local exponent difference in $Z\Z satisfy f(a) € {a1,ao0}, and that there exists such
a point.

The local exponents of Stg at the point 0 are {%, %} At the point 1 the local
exponents are {%, %}, and at the point co they are { — %, —%} Now Lemma 1.18 gives
the following. The points with local exponent difference in %Z\Z are precisely the
points a € PL(k) lying above 1, 0o with ramification index not divisible by 3. To prove
that indeed there are such points a, we again use that the differential Galois group is
equal to the monodromy group. We may assume that L is of the form L = ¢r(Stg).
It follows that if the local exponent difference at a point lies in Z, then the local
exponents lie in %Z. If all local exponents lie in %Z, then the monodromy group is
generated by elements of order < 2. This contradicts the assumption that G = AELZ,

because A5"? is not generated by elements of order 2. (|

1.5. Examples. — In the following examples we will give explicitly the minimal
polynomials of solutions of Rg;, of minimal degree over Q(t), for G € {DgLQ,AiLQ}.
We will also calculate these minimal polynomials corresponding to pullbacks of stan-
dard equations.

Example 1.20 — In the proof of Theorem 1.17 we showed that the Riccati equation
Rsie, G := D5™ has six algebraic solutions of degree two over Q(t). Let {y1,y2}
be a basis of solutions of St pstz; on which the differential Galois group G has the
explicit form of Lemma 1.4. Then these six solutions of the Riccati equation are
%, y € {y1, Y2, Y1 + Y2, Y1 — Y2, Y1 + iy2, y1 — iy2 }, which are the solutions of the three
polynomials

11 1 192 -7t +1
2 _T2—(__ _) iR -yl
! 2i Tio1) T ea -2

11 1 1 132 -3t+1
P (e
? 27 a1z TR 12

1 1 1 192 —11t+3
Pyi=T? = (34 5= )T+ e
’ i 2r—1) T Rp o1

Now consider the function F' := sz/g, mapping 0, —v/2,v/2 to 0,1, co respectively.
We have that ¢p satisfies the properties of Corollary 1.13 (1), so L := Norm(¢r(Sta))
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is defined over Q. A calculation gives
3 32242
L=9+-———_.
2t 8 x2(x2 —1)2
Using the formula in the proof of Theorem 1.17, we find that the six solutions of Ry,
of degree two over Q(x) are the solutions of the polynomials

1422 — V22 -2 182* —4v22% — 922 + 4122 + 2
R — . + = ,

2 z(a?2-2) 8 x?(x? —1)2

1422 +v2z -2, 182* +4v22% — 922 — 4422 + 2
R —— + = ,

2 z(a?2-2) 8 x?(x? —1)2

T 2(z? — 1) 182" —152° + 6
x(z? — 2) 8 x2(x? —1)2

We remark that the local exponent difference is % for each singular point of L. This
is in accordance with Theorem 1.17. In [HvdP95] it is stated that [k : k] € {1,3}
for G = D;LQ. This does not contradict the fact that we find k¥’ = Q(\/i) for some of
the solutions of Ry, because in [HvdP95] only fields k¥’ of minimal degree over k are
considered. O

T2

T2

Example 1.21 — We consider the standard equation Stg, G := AELZ. In [Kov86,

5.2] one of the two minimal polynomials for solutions of Rg:, of degree 4 over Q(t)
is computed. It is the polynomial

g Tt=3 s 4812 — 41t +9, .,  320#° — 409t + 180t — 27
3t(t—1) 24t2(t — 1)2 432t3(t — 1)3
2048t* — 3484t3 — 2313t? — 702t + 81
+ 20736t4(t — 1)4 '

P1 =T

The other minimal polynomial is P, := S(Py), S = where we use notation of

the proof of Theorem 1.17. A calculation gives

_t_
t—1°

8t—3 4  64t2—49t+9 , 512> — 508> + 225t — 27

P =T~ 3t(t— 1) 242(t — 1)2 43263(t — 1)3 T
n —530t4 + 278813 — 909t% — 918t + 81
2073613(f — 1)
Let a € Q, and define F := Ifcf/a which maps 0, —+/a, v/a to 0,1, 00 respectively.
Then L := Norm(¢r(Sta)) is
, 31 3 1 8 a
61+EF_1_6x27a+§(z2—a)2'

The local exponents at 0, —+/a, /a are {i, %}, {%, %}, {%, %} respectively. So theo-
rem 1.19 states that there is a solution of Ry of degree 4 over Q(x), such that the
corresponding field &' lies in Q(y/a). A calculations shows that in fact for each solution
of Ry, of degree 4 over Q(x), the corresponding field k" equals Q(y/a). O
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1.6. Algorithm. — We will now give an algorithm to compute a field &’ (as defined
in the beginning of this chapter). We will also give some examples.

Let L € k(x)[0.] be a second order differential operator in normal form with known
differential Galois group G in {D5™2, A3“?}. We can use theorems 1.17 and 1.19 to
find a field ¥'. Write L = 02 — L, T,N € k[z], where ged(T,N) = 1, and N is
monic. Because G is finite, all singularities of L are regular singular (see [vdPS03,
Definition 3.9]). Therefore, the zeros of N can at most have order two. So we can

write N = Ny - N22, such that Nj, No have only zeros of order one, and are monic.

]\%. Now the local exponents at some point
_ A(z—p)?
=557

We can make a decomposition % = NAZZ +

p € k are the solutions of the equation A\(A—1)

: 1) = AW
A satisfy AN —1) = LR
For the Ds-case we search for points with local exponent difference in %—I—Z. Because
L is in normal form, the local exponents of L at such a point are {%, %}, for

some n € Z. Therefore we get the system of equations:

|e=p. So the local exponents

(3+4n — 4n?)Ni(p)* + 16A(p) =0

Doy-case :
2 { Na(p) = 0.

To solve this system we can calculate the resultant of (3 +4n — 4n?) N} (x)?+ 16 A(z)
and Na(z) with respect to x. This gives a polynomial in n, for which it is easy to
determine if it has integer solutions. If this resultant is zero for some ng, then we
can substitute n = ng into the system of equations. Then solutions of the system are
given by ged((3 + 4ng — 4nd)(N5)? + 16 A, N3) = 0.

For the A,-case we search for points with local exponent difference in %Z\Z. At
such a point the local exponents are {“T”, %}, for some n € Z. We find the system
of equations:

(9 —n*)N3(p)* + 36A(p) = 0
Na(p) =0,
We search solutions, with n Z 0 mod 3. This system can be solved in the same

way as in the Dy-case. We conclude that for a differential operator L satisfying our
assumptions, we can find a corresponding field k’.

Ay-case : {

Example 1.22 — We will demonstrate the algorithm for

16218 — 288215 + 2160212 — 89472° + 2074525 — 2505622 + 13456

L:=0?
2t 8(x% — 928 + 2723 — 29)2a2

This is the operator obtained as the pullback of St js., with F'=ho (3 — 3), where

h is some automorphism of k(t) that sends the roots of 2® — 2 to {0,1,00}. With
the notation of the algorithm we have T = £ (1628 — 288z'% 4 2160x'2 — 894729 +
207452% — 2505623 + 13456), N = (2% — 925 + 2723 — 29)%22.
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We calculate Ny by No = ged(N, N') which obviously is (29 — 92% + 2723 — 29)x
and furthermore A = T. Using for example Maple we find that the resultant of
(3 4+ 4n — 4n?)(N4)? + 16 A and N, over z is

(4576684861447 —1373005458432n* +1373005458432n° — 457668486144n°)*
(29435 + 3364n — 3364n?).

This expression has as integer solutions n = 0 and n = 1, which both correspond to
the same set of local exponents. Substituting n = 0 we get ged(3N4 + 164, N3) =
2% — 925 + 2723 — 29, a polynomial in 3, with as a solution a := (34 23)3. So there
is a field ¥ C Q(a). We know that [k’ : k] < 3,80 k' = k or [k’ : k] = 3. We can
calculate all subfields of Q(a) of degree 3 over Q in Maple 7, with the command
evala(Subfields(x"9-9x"6+27x"3-29,3));

It turns out that the only such subfield is Q(\B/i) It follows that there is a field

K C Q(V2). O

Example 1.23 — Let h to be the automorphism of P! sending 1, —v/2,v/2 to 0,1, 00
respectively. Let f =22 — 3, and F = ho f, then Norm(¢r(Sta,)) is
27212 — 54020 + 414528 — 163662 + 371602* — 4687222 + 21168

(6x(z —2)(z + 2)(a* — 622 + 7)2 '
As before we write this as 92 — (NA22 +%). The resultant of (9—n?)(N4)?4+36A and N
is —25832676(n—6)(n+6)(2n—3)%(2n+3)%(n—1)*(n+1)*. The integer solutions for n
aren € {—6,—1,1,6}. So only n =1 (which gives the same as n = —1) is of interest,
for —6,6 = 0 mod 3. We now substitute n = 1 into (9 —n?)(N})?>+36A4, and calculate
the greatest common divisor with Ny. This gives the polynomial z* — 622 + 7 =
(x — 3)%2 — 2. A zero of this polynomial is @ = /v/2 + 3, so there is a field k" of
degree < 2 over QQ in Q( V2 + 3). By a calculation in Maple 7 we find that the only
field extension of Q of order 2 in Q(\/ V2 + 3) is Q(v/2). Therefore there is a field
k' € Q(v/2). Note that in this example we can explicitly calculate &’ from knowing
only the operator and the differential Galois group. O

02 —

2. Algorithms for finding the pullback function

The material in this section is joint work with Mark van Hoeij and Jacques-Arthur
Weil. A short preliminary version is published as [Wei.

Let L = 02 + a10, + ap € k(x)[0z] be a monic order 2 differential operator.
We suppose the differential Galois group G over k(z) is known and is a finite sub-
group of GL(2,k). We will write GP for the image of G in the PGLy(k). The nor-
malization Norm(L) of L is obtained by a shift d, — 0, — %,
for the differential Galois group of Norm(L). We assume G" is non-cyclic, which
implies G" € {AELQ,SELZ,AELZ,DELZ}. By Klein’s theorem we have Norm(L) =

and we write G"
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Norm(¢r(Stgn)), for some F € k(x). Therefore 3 b € k(z), such that for ¢ := ¢y
we have L = (¢(t)')2¢(Stgn ).

In this section we will concentrate on finding ¢(¢), which we will do case by case
with respect to GP. We will define new standard equations Stgr, with projective
Galois group GP, for GP € {A4,S4, As, Dy, }. For this standard equations Klein’s
theorem still holds, and we are able to give an explicit formula for ¢(t).

Notation 2.1
— Let ¢ : k(t)[0] — k(x)[0:], 9(0:) = ﬁt)/(az + b) be a homomorphism. Then we
call ¢(t) the pullback function corresponding to ¢.
— Let Ly € k(t)[04], L2 € k(x)[0,], be differential operators, such that we can write
Ly = a¢gpp(Li),a,F,b e E(ac) If b =0, we call Ly a pullback of L1. If b # 0, we
call Ly a weak pullback of L.

2.1. Projective Galois group Ay. — We define the following new standard equa-

tion:
8t+3 S 1

O =—.
i+ 0 T T m
This differential operator is obtained from St ,s., by first making the shift 9; —
4

Sta, = 52

o+ & + ﬁ, and then applying the coordinate transformation ¢t t% So

Sta,=¢ 1z (St,st,). We will now motivate this new choice of a standard
T+1° 41 12(¢F1) "

operator.s

From the fact that the projective differential Galois group of St ,sv, is Ay, it follows,

4
using some representation theory, that this operator has solutions y, - - - , y4 such that
Wiva)’ o k(t). This translates into the existence of a degree one right-hand factor of

Y1ya
Sym(St A5L2 s 4). In fact there are precisely two such right-hand factors. By a direct
4

computation, we find that these right-hand factors are 9, — t —30-T) t ) and 0;— t ﬁ
We constructed Sta, such that Sym(Sta,,4) has a right-hand factor 9;. To see this,
note that for any differential operator L, We have Sym(¢ (L), n) = ¢fnp(Sym(L, n)).

So applying the shift 0y — J + 4t + ( 7 to St A5 gives a differential operator

St = 0?7 + 6t(t l)at — m with the property that Sym(St 4) has a right-hand

factor 9;. The coordinate transformation ¢ +— t+—1 does not changes this property, and

will make the pullback formula in Theorem 2.3 somewhat nicer. Note that applying

the shift 0; — 0O + ﬁ + 12(155—1)

that its fourth symmetric power has a right-hand factor ;. This differential operator

to St ASL2 also results in a differential operator such
4

is different from St. There is a non-trivial automorphism of k(t)[0;] mapping Sta,

to a multiple of itself, namely ¢ ::1 S It follows immediately from the proof of
t t

Klein’s theorem that this is the unique non-trivial automorphism of St4,.

Proposition 2.2 — The differential Galois group G of Sta, is a central extension of
Ay by the cyclic group Cy.
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Proof. — Let F' be a fundamental matrix for Sta,, i.e., a matrix where

Y1 Y2 )7
{y1,y2} is a basis of solutions of St4,. The determinant Det(F') of F, satisfies the
differential operator d; + 243~ = A St4,. For g € G, we have g(Det(F)) = Det(g)-

6t(t+1)
Det(F), so the differential Galois group of 9; + Gf(ttf’l) is precisely the image of G
under the determinant map. The differential Galois group of 0; + 6?&1‘0’1) is easily

seen to be the group ug consisting of the sixth roots of unity. So G C H := {M €
GL2(Q)| Det(M)8 = 1, MP € A}, where MP denotes the image of M in PGLy(Q).
By a calculation in Maple, we find a basis {y1,y2} of solutions for Sta,, with

Y1y2 = 4/ atl y‘f = \/§(a71)+5 aLaH,a?’ +t¢t+1 = 0. From this we see that the

a

Picard-Vessiot extension Q(t)(y1, y2) lies in the degree 48 extension
— 1 3(a—1 2v/a? — 1
K =0() a,\/a2a+1,\/a+ ,i‘/f(“ JF2vat—a+t
a a

of Q(t), where a® +t¢+ 1 = 0. In order to determine G precisely, we will make use
of the local exponents of St4,. Let F, denote the set of local exponents at the point

p. Then we have Ey = {0,3}, E_1 = {1, 33 } and Eo = {0, 3}. Now Proposition 5.1
2mwiD

in [vdPUOQO], provides us with an element g_; € G, which is conjugated to e
where D is the diagonal matrix with %, 1—21 on the diagonal. So the eigenvalues of g_;
are {e%,e7% }, and therefore Det(g_;) = e%. We have g%, = —i - Id. So the kernel
of the natural map G — GP has at least order 4, and we find that G has at least order
48. We already found that G had maximally order 48, so G is a central extension of
A4 by Cy of order 48, and K is a Picard-Vessiot extension for St 4,. O

We will now give the pullback function for a second order differential operator
L € k(x)[0,] with projective Galois group A4. After applying a shift, we can suppose
(as in the case of StAiLz) that Sym(L,4) has a right-hand factor d,. This shift does
not change the pullback function. This shift can be found in the following way. By
representation theory it follows that the operator Sym(L, 4) has two degree one right-
hand factors, say (0, + b1) and (0, + ba2). The b; are rational solutions of the Riccati
equation corresponding to Sym(L,4), and therefore the b; can be computed. The
group Gal(k/k) acts on {b1, by}, so we find that by, by € k'(z) for some minimal field
k' C k of degree < 2 over k. In fact this field &’ is the field defined the beginning of this
chapter. To see this, let u = % be an algebraic solution of the Riccati equation Ry, of
degree 4 over k(z). Then the sum b of the conjugates of u under the differential Galois
group of L is a rational solution of the Riccati equation corresponding to Sym(L,4),
and we see that b € k’'(z) if and only if the minimal polynomial of u is defined over

K (x).

Theorem 2.3 — Let L = 92 + a10, + ao, with ag,a1 € k(z), be a differential operator
with projective Galois group A4 such that Sym(L,4) has a right-hand factor 0,,. Then
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L is the pullback of Sta,, with pullback function ¢(t) := 2—;(2—/3 + 2a1)?,5s = ﬁ.
The only other (weak) pullback is obtained by composition with the unique non-trivial
automorphism of Sta,.

Proof. — We will first show, that for the suitable choice of ¢(t) no shift is needed.
By Klein’s theorem, there exists ¢ : k(t)[0;] — k(x)[0.], with L = (¢(t)")?¢(Sta, ).
The Sym(Sta,,4) has a right-hand factor 9;, and because ¢(Sym(Sta,,4)) =
Sym(¢(Sta,),4), the Sym(L,4) has a right-hand factor ¢(9;). The Sym(L,4)
has two right- hand factors of degree one, 9, and 9, — u for some u € k(x), so
o(0) € {¢(t - ¢(t } If ¢(0y) = ﬁ@z we are done, otherwise consider
the automorphism w = q§ —t of Sta,. Then ¢ o1 is the other possible

41 12(1+1)
pullback, with a different image for 9;, so this image must be ( 0. Therefore we

may suppose that ¢ has no shift. We will now calculate ¢(t).
The formula for ¢(t) can be obtained using the following trick. Write St4, as

atQ + 510¢ + 80, 50 S50 = (t+1) 6t(t+1)
2
®(t)d(f'), where f € k(t), and ’ denotes =L or &. Applying ¢ to t = _(t+1) , We

s 2 s [
get ¢(t) = 5s5) (¢(t1+1>) = G700 (¢>(t(+)1>) : F“rthermore ao = (¢()')*¢(s0), s0

P(t) = (¢>(ti)1)) . We are done if we can prove Jt(i);) = 32—5} + 6ay. Using a1 =

o) d(s1)— ¢(t)), , we can write 352 0 ¢ +6a; as 3(2 i((t))’ (Z)((SSZ)) )+6(a(t) d(s1)— ‘Z((?), )=

36(t) B(22) + 69(t) ds1) = 6(1)’ ¢( 3(3 + 127) + £52) = 285, which finishes
the proof. O

> and $1 = In the following we will use ¢(f)" =

Remark 2.4 — This pullback formula was found using semi-invariants. The represen-
tation of A4 in the PGL(kx; +kx2) induces an action of A4 on k[, 22]. A polynomial
P in this ring is a semi-invariant if Vo € A4 J ¢, € %" such that o(P) = ¢, P. There

are two semi-invariants Hq(x1, x2), Ha(x1,22) of degree 4, such that for a basis of so-

% =t+1. Let {vy,v2} be a basis of solutions

of L. Then we find % = ¢(t + 1). The expressions Hi (v, va), Ha(v1,v2) are

H;(v1,v2)’
Y Hi(vi,v2)
solutions can be found (up to constants). We can also give a formula for one of these

lutions {y1,y2} of Sta, we have

so-called exponential solutions of Sym(L,4), i.e € k(x). These exponential
exponential solutions in terms of the other and the coefficients of L. So if we suppose

Hy(v1,v9) =1, we find a formula for the pullback function in terms of the coefficients
of L.

Corollary 2.5 — Let L = 0% + a10, + ag be a differential operator, with projective
Galois group Ay. There are two differential operators L;,i = 1,2 obtained from L by
a shift Oy — Op + bi, such that Sym(L;,4) has a right-hand factor d,.. Let F; be the

pullback function of L; as in Theorem 2.3. Then Fy = = and by = by —

F
Fi+1 12(F1+1)
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Proof. — We recall that the unique non-trivial automorphism of St 4, is ¢ -« ST
t4+1°12 t+1

We have F2¢p, (Sta,) = L1 = ¢t.b,—b,(L2) = F3dr, b,—by(Sta,). Because by # by we
F|
must have ¢g, p,—p, = qﬁpl o qbtltplwﬂ) so Fy = F—+11 and by = b; — m O
2.2. Projective Galois group S; or As. — These two cases can be treated in
almost the same way as the Aj-case. We will only give the differences. The new
standard equations we will use are:
8t+3 S
O +

6t(t T Tt +1)2

576 for GP = S, and s = 3600 for GP = As. In both cases there are
no automorphisms (i.e., no automorphlsms of Q(t)[0;] mapping Stgr to a multiple
of itself). Using representation theory we find that S4 and A have a unique semi-
invariant of degree m = 6,12, respectively. The new standard equations are chosen

StGp = 82

with s =

in such a way that Sym(Stgr, m) has a right-hand factor ;.

Proposition 2.6 — The Galois group of Stgr, GP € {S4, A5} is a central extension
of GP by the cyclic group Csg.

Proof. — We start by calculating G, the Galois group of Stg,. The local exponents
of Stg, are given by Ey = {0,%},E_1 = {25—4,—2—1} and Fo, = {0, %} As in the
A, case, we conclude that there is an element g_1 € G of order 24 with eigenvalues
{e*TIZ’”', e%”}, so with Det(g_1) = e3™. We have that g%, = e~ 3™ .Id is an element
in the kernel of the map Gy — G% = S;. We find that this kernel has at least order
6, so G1 has order > 144. Reasoning as in the A4-case we find that G has order 144,
and it is a central extension of Sy by Cg.

We will now calculate the Galois group G of St4,. The local exponents of St
are given by Ey = {0, %}, E_1= %, f%} and Fy, = {0, %} So there is an element
h_1 € Gy of order 60, with eigenvalues e‘ﬁm’ €37, We have Det(h_1) = e’”%, SO
h5, is an element in the kernel of the map G — G5 = A5. Again reasoning as in the
Ay-case we get that G2 has order 360, and it is a central extension of As by Cg. O

Let a differential operator L with projective Galois group GP € {Sy, A5} be given.
Then after applying a shift we can assume that Sym(L, m) has a right-hand factor
Oy, where m = 6 if GP = Sy and m = 12 if GP = As. The shift we have to apply
is Oy — O + %, with b a rational solution of the Riccati equation corresponding to
Sym(L,m). From the uniqueness of b it also follows that the field k" as defined in the
beginning of this chapter is equal to k (compare the A4-case).

It is now clear that we get the following generalization of Theorem 2.3.

Theorem 2.7 — Let L = 92+ a10, +ag, with ag,a1 € k(z), be a differential operator,
with projective Galois group GP € {A4,S4, As}. Set m = 4,s = i if GP = Ay, set

m = 6,s = % if GP = Sy, and set m = 12,5 = W if GP = A5 If Sym(L,m)
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has a right-hand factor O, then L is the pullback of Stge, with pullback function
o(t) == g—i(% + 2a1)2.

2.3. Projective Galois group D,, n > 2. — Let L € k(z)[0;] be a second
order differential operator with G? = D,,. Then for n > 3, we have that Sym(z, 2)
has precisely one right-hand factor of degree one over k(z), say 0, + a. The shift
Oy — 0p — 5 transforms L into a differential operator L, such that Sym(L,2) has a
right-hand factor 8,. In the case GP = Dy = 7,2 x Z/2, the operator Sym(L,2) has
three degree one right-hand factors. So there are three possible shifts transforming
L into a differential operator L such that Sym(L,2) has a right-hand factor 9,. We
note that from the above we can conclude that the field k¥’ defined in the beginning
of this chapter satisfies k¥’ = k for GP = D,,,n > 2 and [k’ : k] < 3 for GP = Dy (see
the Ay-case for details).

A calculation shows that if L = 92 + a10, + ag satisfies Sym(L,2) = x - 3, then
ar = —2a; and a basis of solutions is given by {y, %}, y = e V=0l We will now
calculate the possibilities for the differential Galois group G of an operator L with
these properties, and moreover with G? = D,,,n > 2. We have that the extension
k(t) € K? = k(t)(y?) is Galois with Galois group D,,. So k(t)(y?) is a differential
field, and consequently K = k(t)(y) is a differential field, too. Therefore it is a
Picard-Vessiot extension for L. The extension k(t)(y?) C k(t)(y) has degree one or

’
29

two.
A small calculation shows that on the basis {y, i}, the differential Galois group G

liesin (7 %) U (,% ). The image of G in PGLy must be

o /(01 Con O
wen= (10 ) (T @)

where (a5, is a 2n-th root of unity. We have |G|/|GP| < 2 and we find that |G| =

|GP| can only occur when n is odd. Then G? = G = <(?6),(<0" Cgl)> or G =

<(_01 o). (Con 491)>, where we can take (, = —(2,. In case |G| = 2|GP| we have

2n O
D z=G=((08), (5 .0)).
We will use the following new standard equations:
t 1
Oy — .
217" am2(12 - 1)

For n > 2 we have one non-trivial automorphism of Stp, , namely 1) = ¢_;. The group

Stp, = 8? + ;

of automorphisms of Stp, is isomorphic to S3, and has generators v, ¢, with 9 as
above, and ¥ = ¢+ 1 __. The operator Sym(Stp, ,2) has a right-hand factor

t—1° 4(t—1)

0. The differential Galois group of Stp, is Daj,, which follows from the fact that
{y, %}, y=(t+ Vvt — 1)ﬁ is a basis of solutions. Indeed, y satisfies the irreducible
polynomial 74" — 2¢tT2" + 1.
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Lemma 2.8 — Sym(Stp, ,2n) has a basis of rational solutions {1,t}. Furthermore t
is up to constants the unique rational solution of the right-hand factor 07 + ﬁ%lat —
ﬁ of Sym(Stp,, ,2n).

Proof. — Write Stp, = 07 + s10; + so. We have that Stp, has a basis of solutions
{y, %} A direct calculation (or an examination of the explicit form of the solutions
presented above) shows that for any non-zero integer k, the operator 87 + s19; + k%so
has as basis of solutions {y*,y~*}. Therefore 92 + s10; + k?s¢ is a right-hand fac-
tor of Sym(Stp,,k). In particular 07 + -<0; — ﬁ is a right-hand factor of
Sym(Stp,,2n). Now observe that ¢ is a solution of 87 + z-50; — ﬁ We note
that 1 = y™ -y~ ™ is also a solution of Sym(Stp,,2n). It is easily seen that the
space of rational solutions of Sym(Stp,,,2n) is 2-dimensional. Indeed the differential
Galois group Da,, of Stp, is generated by o,7 with o(y) = (any, with (2, a prim-
itive 2n-th root of unity, and 7(y) = y~!. A basis of solutions of Sym(Stp, ,2n) is
{y?", y?" =2, ...y~ and it immediately follows that {1,y?" + y~2"} is a basis of

the rational solutions of Sym(Stp, ,2n). O

Theorem 2.9 — Let L = 0% + a10, + aop be a differential operator, with projective
differential Galois group D,,,n > 3, such that Sym(L,2) has a right-hand factor 0.
The right-hand factor 0% 4+ a10, +4n2ag of Sym(L,2n) has, up to constants, a unique
rational solution, say a. Write b := %,, then b is independent of the choice of a. Now

L is the pullback of Stp, , with pullback function ¢(t) := (1 + %)_%. The only
other pullback function is —¢(t).

Proof. — The proof is somewhat similar to the proof of Theorem 2.3. The fact that
no shift is needed follows from the fact that Sym(L, 2) has a unique degree one right-
hand factor. An argument as in the proof of Lemma 2.8 shows the existence and
unicity of the rational solution a. As before, write Stp, = 02 + s10; + so. From

1
the expression sg = ngl) it follows that ¢t = (1 + m) 2. The pullback map

transforms this expression into ¢(t) = (1 + %)7? since ag = &(t)?¢(s0). By

the previous lemma, t is a rational solution of 92 + s10; + 4n%sg. Therefore ¢(t) is a

rational solution of qb(@f + 510 + 4n250) = (ﬁ)Q(c’)i +a10, +4n2ag). Consequently
1

b= %, and it follows that ¢(t) = (1+ %)7? We see that a different choice for
the square root changes ¢(t) into —¢(t). It also follows from Klein’s Theorem (1.9)

that —¢(t) is the only other possible pullback function. O

Remark 2.10 — In the above proof, we see that ¢(t) = c- a for some constant ¢ € k,
and a as in Theorem 2.9.

For the Dy case, we get the following variant of Theorem 2.9.
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Theorem 2.11 — Let L = 92 + a10: + ag be a differential operator, with projective
differential Galois group Ds, such that Sym(L,2) has a right-hand factor 9,. Then
Sym(L,2) has three right-hand factors of degree one, say Oy, Oy +b1, Oy +ba. Writeb :=

%. Now L is the pullback of Stp,, with pullback function ¢(t) := (1 + %)_l.

The other (weak) pullbacks are obtained by composition with automorphisms of Stp, .

N

Proof. — By the argument in the proof of Theorem 2.9, we only have to show that
b = % We have that Sym(Stp,,2) has three right-hand factors of degree one

O, O + %#, O + %t_% So the three degree one right-hand factors of L are 0,,0; +

o(t) o(t) : _ 1 o) _ 1 o)
%¢(t)+1’af” —|7 %(b(t)_l. Therefore we can write by = %(b(t)ﬂ,bg = %W It follows
that b= %) O

B(t)

Algorithm 2.12(Determining n). — In the above, we assumed that the projective dif-
ferential Galois group was known. For a second order differential operator L €
k(x)[0z] it is not hard to determine whether or not the projective differential Ga-
lois group is a group D,,n € N>s Uoco. For completeness, we give an algorithm to
determine n in case k is a number field, and L is a second order differential operator
with dihedral differential Galois group. We note that this is a known algorithm (see
[BD79, Section 6]).

As above we may assume that Sym(L,2) has a right-hand factor 9,. So L has
a solution y = e/ V=%9*  Let K = k(z)(y,y’) be a Picard-Vessiot extension for L.
Consider the tower of fields k(z) C k(x,+/—ag) C K, where v/—ag = % Since we
assume the projective Galois group to be dihedral, it follows that ag is not a square
in k(z). The field extension k(z,/—ag) C K = k(x)(y) is infinite in case n = oo,
and otherwise cyclic of order n or 2n. Consider the differential w := 2,/—agdx on the
hyperelliptic curve H with function field k(H) := k(x,+/—ag). We want to find the
degree over k(x,+/—ag) of the solution y? of the equation w = dy—yj.

Suppose y is algebraic over k(z). Then by the action of the differential Galois group
we find that 4" € k(H). Let D := Div(y®") be the divisor of y?". If D = 3" a;[pi],
‘iy;: in p; is a;. We also find that w has only poles of
order 1 and no zeroes. So a necessary condition for y to be algebraic is ordp(w) €
{-1,0},resp(w) € Q V h € H. In the following we will assume w to satisfy these
easily verifiable conditions.

Let my be the least common multiple of the denominators of all nonzero residues

then the residue of nw =

of w. Then Dy := Y resp(miw)[h] is a divisor on H, and we want to find the smallest
integer mo such that moD; is a principal divisor. If such an integer ms exists, then

n = mymy and otherwise n = oco. Indeed if moDy = Div(f), f € k(H), then % =

mimew and we can take y2 = fmllm2 . Because mimsw is defined over k, one finds
using Hilbert theorem 90 that we may suppose f to be defined over k (compare the
argument in the proof of Lemma 1.5).
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We want to find the order mgy of the element Dy € Jac(H)(k). We will use the
following known result.

Lemma 2.13 — Let k be a number field, and A/k an abelian variety. Let p be a prime
ideal in the ring of integers Oy, of k, extending the prime number p. Suppose:

1. A has good reduction at p,
2. the ramification index e, is smaller than p — 1.

Then reduction modulo p yields an injective homomorphism

A(k)tors — A mod p(Ok/p)

Proof. — Let a € A(k)sors be a point of prime order ¢. The subgroup (a) C A defines
a constant group scheme of order £ over k. Since e, < p — 1, by Theorem 4.5.1 in
[Tat97] this group scheme extends uniquely to the finite flat group scheme Z/EZO ,

p
where O, denotes the completion of O at p. This shows that a reduces modulo p to a

point of again order ¢. So the kernel of the reduction map A(k)iors — A mod p(Or/p)
contains no points of prime order, and therefore the map is injective. O

Now let p be a prime ideal in the ring of integers of k, such that H has good
reduction modulo p and e, < p — 1. Then we can apply the above lemma to the
abelian variety Jac(H), and the prime ideal p. It follows that if ord(D;) < oo then
this order equals the order of D; in Jac(H) mod p. We can calculate this order ma
using the algorithm in [GHOO, 3.2]. Write 7 = mamy. If 02 + a10, + 4nag has a
rational solution then n = n, otherwise n = co.

Note that it is not strictly necessary to calculate the order of D in a reduction
of H. The Hasse-Weil bound gives an upper bound for this order. This produces a
number N which is an upper bound for n in case n is finite. Now n is the smallest
integer such that 82 +a10, +4n2ag has a rational solution. If there is no such solution
for n < N, then n = oo.

We remark that in case k = Q the order of D; can be calculated using the computer
algebra package MAGMA.

3. A generalization of Klein’s theorem

In this section we will give a variant of Klein’s theorem for third order operators.
We will define a notion of standard operator, such that each differential operator
L with finite irreducible differential Galois group G C SLj3 is a weak pullback of a
standard operator for G. We start by giving an alternative construction of standard
operators of order 2, more in line with our construction of order 3 standard operators,
which we will give subsequently. In this section we will work over an algebraically
closed field of characteristic zero, denoted by C.
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3.1. Standard operators of order 2 revisited. — Let V be a 2-dimensional
vector space over C, and let G C SL(V') be an irreducible finite group.

Notation 3.1

— Z(G) denotes the center of G. We have G? = G/Z(G) (with G? the image of G
in PGL(V)).

— P(V) := Proj C[V], where C[V] is the symmetric algebra of V.

— KP?:= C(P(V)), the function field of P(V'). Note that K? = C[V](y), i.e., K?
consists of quotients of homogeneous elements of C[V] of the same degree.

There is an action of G? on K?, and by Liiroth’s theorem we can write (K?)%" as
C(t), where t is unique up to a Mébius-transformation. We will construct a Galois
extension KP C K, such that Gal(K/C(t)) = G, and a G-invariant C-vector space
W C K that is G-isomorphic to V. The corresponding monic differential operator
with solution space W will be called a standard operator for G.

Construction 3.2(Second order standard operators) — For 0 # ¢ € V| we can see %
as a set of functions on P(V'). This gives an injection % — KP. For ¢ € G we have
o(¥) = ﬁ%. The set ¥ is not G-invariant, for o(¥) = ¥ V ¢ € G would imply
ﬁ € C'V o € G, but there are no G-invariant lines in V. Roughly spoken, we want
to construct some f in an extension of KP such that f % is a G-invariant vector space.

The map ¢: G — (KP)*, 0 — ﬁ is a 1-cocyle in H'(G, (KP)*). We want to use
Hilbert theorem 90 to construct a G-invariant space, but the problem is that G is not
the Galois group of K?/C(t), which is GP. We can avoid this problem by considering
the map d : GP — (KP)*,7 — c¢(0)?, where o € G is some lift of 7 € GP. The value
c(0)? is independent of the chosen lift. So d is an element of H(GP, (KP)*), and
therefore Hilbert theorem 90 implies that there exists an f € (KP?)*, with d(7) =
% V 7 € GP. In other words, % = %;)2 V 0 € G, where ¢ € GP denotes the
image of o. This f is unique up to multiplication by an element in C(¢)*. We define
K = KP(fs), by f2 = f. We have fy ¢ KP?, for otherwise Vo= fg% would have a
GP-action, which is impossible because G — GP has no section. The field extension
C(t) C K is a Galois extension. This follows from the fact that for 7 € GP with lift
o € G, we have 7(f) = c(0)?f, so the square roots of the conjugates of f are present.
Note that the choice of £ € V is irrelevant, because for an other choice ', we can take
f4= fg%, which leaves V unchanged.

Lemma 3.3 — Using the above notations, there is a natural isomorphism Gal(K/C(t))
2G, andV = fg% is G-invariant and G-isomorphic to V.

Proof. — We will extend the GP-action on KP to a G-action on K. Write K =
K? 4+ KPf;. We define a G-action on K by o(a + Sf2) = d(a) + 5(6)#]"2. Using
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a( = 52)2 it is clear that G acts by automorphisms. A counting argument shows
G = Gal(K/C(t)), and clearly V is G-isomorphic to V. O

To V corresponds a differential operator L = 92 + ad, +b € C(1)[0:] with solution
space V. We will now show that the normalization L of L corresponds to a different

choice for f. Let {y1,y2} be a basis of solutions of L. Then q = det ( ) lies in

C(t) because the differential Galois group is unimodular. We have ¢/ = —aq. We can
normalize L by making the shift 9, — 9 — 5@ which changes the solution space 1%
into g5 V, with ¢ = g. This corresponds to replacing the f above by ¢~!f. This is
allowed, because f was defined up to multiplication by elements of C(t). We have that
KP? is a purely transcendental extension of C. The Galois extension C'(¢t) C KP, with
Galois group GP is ramified in three points, which we can suppose to be {0,1, 0o} by
making an appropriate choice for ¢. For any such ¢ we call the constructed operator

L a standard operator for G.

With the appropriate choice for ¢, the constructed differential operator L is equal
to the differential operator Stg defined in Section 1.1. This follows from Theorem
3.9, which we prove for third order operators, but which is also valid for second order
operators.

3.2. Standard operators of order 3. — Now let V be a 3-dimensional vector
space over C, and again let G C SL(V) be an irreducible finite group. We will
now give a construction of third order standard operators, with projective differential
Galois group isomorphic to GP. This construction is to some extend a copy of the
construction in the previous section.

Definition 3.4 — Let Z C P(V) be a GP-invariant irreducible curve, such that
Z|GP = ]P’lc. Note that by Remark 3.8 such a curve always exists. We write
C(t) := C(Z/GP). We define a standard operator corresponding to Z and GP, to be
a differential operator Lz € C(t)[0:] given by the construction below.

Construction 3.5(Standard operator corresponding toZ). — For the construction of
standard operators, we must consider two different cases for GP. Let 7 : SL(V) —
PGL(V) be the canonical map. We have that the center of G is trivial, or a cyclic
group of order three. We will write C'5 for a cyclic group of order three. The cases
we have to consider are:

1. the natural map m—*(GP) — GP has no section, so G = 7~ 1(GP),

2. the natural map m—*(GP) — GP has a section, so 77 1(GP) = C5 x GP. In this

case G = 17 1(GP) or G = GP.

We will now give the construction of standard operators case by case.

Case 1. For 0 # ( € V, we regard ¥ as a set of functions on P(V'), which induce
functions on Z. This gives a map % — C(Z), which is an injection, for otherwise Z
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would be a line in P(V'). This is impossible because G is irreducible, and therefore
has no G-invariant planes.

As in the construction of second order standard operators, we consider the cocycle
d:GP — C(Z2)",0 — (55)°. Then d € H'(G?,C(Z)"), and therefore Hilbert
theorem 90 implies that there exists an f € C(Z)*, with d(7) = % V 7€ GP. Now
take f3, with f3 = f. We have f3 ¢ C(Z), for otherwise fg% would be GP-invariant,
which is impossible because G — GP has no section. So we consider the degree 3
extension C(Z) C C(Z)(fs). We have that C(t) C C(Z)(f3) is a Galois extension.
As in the second order case, we have Gal(C(Z)(f3)/C(t)) = G, and V := f3¥ is

G-invariant.

To V corresponds a unique monic differential operator L. As in the second order
case, normalizing L corresponds to making a different choice for f. This normaliza-
tion Lz of L is now uniquely determined and will be called the standard differential
operator corresponding to Z. Note that the standard operator depends on the choice
of t. By construction, the differential Galois group of Ly is G.

Case 2. Let H be a lift of GP in SL(V) that is isomorphic to G?. Now Hilbert
theorem 90, applied to H*(H,C(Z)*), implies the existence of an f € C(Z)* with

% = F(% Vhe H. SoV = f% is H-invariant. This defines an operator L which in
general is not in normal form. We call the normalization Lz of L a standard operator
for Z. The projective differential Galois group of Lz is GP, but the differential Galois

group can be different from G!

From the construction above, we get the following properties for a standard oper-
ator Lz with solution space Vz and Picard-Vessiot extension K.

1. Lz is uniquely defined, up to a Mdbius-transformation of ¢.

2. The projective differential Galois group of Ly is isomorphic to GP, and P(Vy)
is GP-isomorphic to P(V).

3. There is a GP-equivariant isomorphism K?G) >~ C(2).

3.3. A Klein-like theorem for order 3 operators. — Let G C SL3 be a fi-
nite irreducible group. Let L be a monic third order differential operator over C(x)
with Picard-Vessiot extension K, and solution space V' C K. We assume that the
representation of the differential Galois group in V' is isomorphic to G.

Remark 3.6 — Let L; = 02 + ad? + - - be a differential operator with finite differ-
ential Galois group in GL3. Then a = —%, g = det(F), where F is a “fundamental
matrix” as in 1.3.1. In particular ¢ is algebraic. Applying the shift 9, — J, — %a to Ly
produces a differential operator L with differential Galois group in SLz. Writing V3
for the solution space of L1, the solution space of L is ¢3 vy, g3 = q. So the solutions
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of L are also algebraic, and therefore the differential Galois group of L is finite. We
will prove that L is the pullback of some standard equation, and therefore L; is a
pullback of this standard equation, too. So the restriction to the case G C SL(3) is
no real restriction.

We will start by constructing an irreducible curve Z C P(V') corresponding to L.
This Z will be G? invariant, and satisfy Z/GP = P.

Construction 3.7 — The map V — K extends to a map ¢ : C[V] — K. This
map is G-equivariant. Now take some vy € V \ {0}. For f := [[,cs0o(v0), we
can consider the ring (C [V][%])o of homogeneous elements of degree zero in C[V];.
We can extend ¢ to a map 1 : (C[V] [l})o — K. Write I := ker(¢)). We have that

(CV] [ﬂ )0 = O(P(V)\Z(f)), where Z(ff) is the variety given by f = 0. Now [ defines
a subset Z3 C P(V) \ Z(f), and we write Z for its closure in P(V). Note that Z is
independent of the choice of vy. The function field of Z is C(Z) = frac((C[V] [ﬂ )O/I).
Furthermore ¢ induces a GP-equivariant injection of C(Z) in K? := K%(%). The fixed
field C(Z)%" is a subfield of C(z) of transcendence degree 1 over C, so it can be written
as C(t), for some t € C(Z), where t is unique up to a Mobius transformation. We

conclude that L defines a GP-invariant irreducible curve Z C P(V), with Z/GP = P{..

Remark 3.8 —  We can use the above construction to show that for every finite
group G C SL(3) there exists a curve Z as in Definition 3.4. Indeed, let G C SL(3)
be a finite group. We can make a Galois extension C(z) C K with Galois group G,
by realizing G as a quotient of the fundamental group of P}, minus a finite number
of points. As in [vdPUOQO], we can construct a third order differential operator over
C(z), with Picard-Vessiot extension K, such that the Galois action on the solution
space equals G C SL(3). Now the construction above gives the desired curve Z.

We can now state an equivalent of Klein’s theorem, for third order operators.

Theorem 3.9 — Let L and G be as above. These data define a GP-invariant projective
curve Z C P(V) with Z/GP = PL. If Ly is a corresponding standard differential
operator, then L is a weak pullback of L.

Proof. — From the construction of Z above, we get the following diagram:
Cx) ¢ KPP C K
U U
cit)y c CZ2)

We have that the GP-action on C(Z) corresponds with the GP-action on K?. Let Kz
be the Picard-Vessiot extension of Lz. By the definition of a standard operator we can
write K?G) = (C(Z). Let Vz C Kz be the solution space of Lz. In the compositum
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K of K and Ky over C(Z), we have the identity Vz = %V, for the appropriate f, £ as
defined in the construction of Lz. We will now use Notation 1.7. If F' is the image of
d

t in C(x), then the pullback ¢r(Lz) again has solution space Vz. The derivation

extends uniquely to K. Also d% extends uniquely to K, and d%( )= ‘ZII: C‘lit( ), a € K.
So we can define b := d%(%)/(%) Applying the shift 0, +— 0, + b to ¢r(Lz) defines
a differential operator with solution space V. So (F')?¢p,(Lz) = L, and therefore L

is a weak pullback of L. O

3.4. Examples with Galois group A; or Gigs. — In this subsection we will
give, for the cases G = As and G = G1gs, all possible non-singular curves Z, as in
Definition 3.4. We will also give an example of a standard operator with projective
differential Galois group As.

Consider A5 C SL(3,C), with generators

10 0 1 2 2

1
0 " 1 G+¢G? G+t
0 0 ¢t 1 G+Gh @+G?

Here (5 is a primitive 5-th root of unity.
We have an action of As on the polynomial ring C[z,y, z]. It acts on linear terms
by g(ax + by + cz) = <g (Z) , (C§)>, and this action is extended to all of Clz,y, z].
(&

In [Ben96] we find the basic invariants:

4 i —q n
fn = Cn5%71 <£Cn + Z (%\/;gg)z) ) NUAS {2563 10}

=0

1

We take as constants ¢y = 5,06 = 1,c10 = 3.

There is one more basic invariant fi5 which is the determinant of the Jacobian
matrix of (fQ, fG; flO)' So we have (C[SC, Y, Z]A5 = (C[fg, f67 f107 f15], where

fo= x*+yz,
fo = 2(132% 4 3zy® + 152tyz + 45229222 + 10y323 + 3225,
fio=3 (626:010 + 910 + 9028y 2z + 126025222 + 420024y 2% + 3150x2y* 24
+252y52° + 210 + (25225 (y° + 2°) + 84023yz + 360xy?22) (y° + 2°)),
fis = 180 (22 + (G5 + G3)(y + 2))
e+ (E+E)W+2) 22+ 1+ Gy + (1 +¢)2)
r+1+Gy+1+E)2) e+ 1+ Gy +(1+E)z2)
(22 + 1+ Gy + (1+$5)2) (22 + (G + By + (6 +¢5)2)
(22 + (G +CGy+ (G +¢)z) (e + (G + Gy + (G +¢2)2)
(22 + (G + By + (G +6)2) (y—2)(y — G2)(y — G2)(y — B2)(y — (32).
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‘We have the relation
1
4—00f125 = 3in’0 - 15”90f120fﬁfz2
+ 2501470 f5 — 90 f10f¢ f2 + 285840 f10 3 f
— 8928000 f10fs.f4 + 70060500 f10f2° + 185 + 14860 f4 f3
— 17651900 £3 £ + 810582000 fZ f3

— 12634745000 fs f22 + 65956225000 f5°.

We want to find all irreducible As-invariant plane curves Z, with Z/As = P{.
Such a curve Z is given by f = 0, for some f € C[fa, fs, f10, f15]. We get a Galois
covering Z — Z/As. The ramification points of this covering are points in P% which
are fixed by a cyclic subgroup of As. So to calculate the genus of Z/As; and the
ramification data, we need information on the points in P(% fixed by a cyclic subgroup
of As. From [Web96] we get the following table. The first column gives the type
of cyclic subgroup of As. The second column gives the number of subgroups of that
type. The third column gives the number of points in P4, which have a stabilizer of
the type given by the first column.

There are 15 lines in P%, given by fi5 = 0, and the points with stabilizer Cy are
the points that lie on precisely one of these lines. Note that each line as a whole is
invariant under a group Co x Co C As.

From this data we get the following information. For a branch point of the cov-
ering Z — Z/As, the ramification index e must be in {2,3,5}. Then the stabilizer
of a ramification point above this branch point is C.. Above a branch point with
ramification index 3, there lie 20 points. So there is at most one branch point with
ramification index 3. In the same way we see that there is at most one branch point
with ramification index 5.

The ramification points with ramification index 2 are intersection points of Z with
Z(f15) = {p € P&|f15(p) = 0}. If Z = Z(f), and f has degree d, f [ fi5, then for a
fixed line I C Z(f15), Z N1 consists of at most d points. Such a line [ is fixed by a
group D3, so a point p € ZNI with stabilizer Cs has a conjugate in Z NI different from
p. All lines in Z(f15) are images under G of [, so all branch points with ramification
index 2 are given by the images of Z N1 in Z/As. We see that there are at most %
such branch points.
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Now we can use Hurwitz’s formula to calculate all possibilities for non-singular Z.
Hurwitz’s formula states 29 — 2 = 60(2go — 2) + 60 )", “==. Here i runs over the
branch points of the covering Z — Z/As, and e; are the C(;rresponding ramification
indices. Further, g denotes the genus of Z, and go denotes the genus of Z/A5;. We
write n; for the number of branch points with ramification index ¢, and d for the
degree of f, Z = Z(f). Then for non-singular Z, we have g = W. So we can
rewrite Hurwitz’s formula as d? — 3d + 120 = 120gg + 30ns + 40n3 + 48ns.

If go = 0, the restrictions ng,ns < 1,ny < % give the bound d < 15. A computation
in Maple shows that the homogeneous irreducible nonsingular f € C|[f2, fs, f10, f15] of
degree < 15 lie in the set { fo, \f3 + fo, Afs + iuf3 fo + fro, Afs + ufs fo + v f§ + f2fio |
A v € Ch.

For such a polynomial f of degree d, the values of no,ns,ns can be computed
using Hurwitz’s formula. For d € {10,12}, there is the possibility that go = 1, but
an explicit calculation of the number of intersection points of fig and f& + f2 fip with
the invariant line y = z rules out this possibility. We find the following table for the
possibilities for d, ns, n3, ns, for non-singular Z.

d ng N3 Nj
211 1 1
613 0 1
wow}5 1 0
1216 0 1

From this table, we can see that the 12 points with stabilizer Cs lie on Z(f2) and on
Z(fs). Therefore by Bezout’s theorem, they are the points Z(f2) N Z(fs). So we have
a complete list of all non-singular curves Z satisfying definition 3.4, and we see that
there are infinitely many such curves Z.

Unfortunately we are not able to give a complete list of all singular curves Z, with
Z /A5 = IP’%:. We can give the list up to a certain degree. By the previous, we see that
the singular curves of degree 10 are of the form f3 + Afi0, A € C*, and the genus is
36. For degree 12 we find the family f$ + \f3fs + ufé, A € C,u € C* of genus 19.
For degree 16, all irreducible curves in our family are non-singular, so here gy > 1.

The group Gigs. — We take G1gs C SL(3,C), with generators:

¢ 0 0 G-¢ GE-¢G &-¢
0 ¢ o || ¢-¢ @G-¢ &-¢
0 0 ¢ G-¢ G-¢ G+

Here (7 is a primitive 7-th root of unity.
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In [Ben96| we find that the ring of invariants for Gigs is C[fa, fs, f14, f21]-

fa = 2(xy® +y2* 4 za?),
fo = 315 Det(Hes(f1)),
0%fa  O%fa  O*fs  Ofs
Ox2 Ox0y Ox0z ox
TWE N B %
fra = gz Det | G 5 B ofs |

920x 020y 022 Oz
ol 9 ok
ox oy oz

far = g5 Det(Jac(fs, fo, f14))-

For completeness, we give fg, f14 explicitly.
fo = 2(5222%y% — 252 — yPz — 2¥y),
fia = 2" M 4y 18y a7 + 18y727 4+ 182727 — 12623251y° — 250y*2%2
—34y? 2 e — 34222 My 4+ 3752%28y? — 25024 xy® + 375282294
—34za?ylt — 1262523y — 2502921y + 3752%0%y® — 126252%5.

f21 factors as a product of linear terms over Q(¢7). In fact fo; has as linear factors:

z—y(1+ + () +2(¢F +¢?) and its 5 conjugates, = —y(Cr + (7 +C7) +2(¢r +¢F)
and its 5 conjugates, z — y(¢3 + 2 + ¢2) — 2(¢F + ¢8) and its 5 conjugates, and
r—y(1+ ¢+ ¢2)+ 2(¢2 + ¢2) and its 2 conjugates.

There is one relation between the f;:

fh = Afdy —8fuafi — 442 f2f6 — 81 f6 + 68f1afifé
17215 f3 4+ 126 frafafd — 938f3 12 + 5AST

According to [Web96], we have the following table of points in P2, fixed by some
subgroup of Gies (for details, see the As-case):

There are 21 lines with stabilizer C5. To be precise, each point which is on precisely
one line is fixed by a group Cs, and each line as a whole is invariant under a group
CQ X CQ.

For Z a Gigs-invariant curve of degree d, the covering Z — Z/G1s can have
ramification indices in {2, 3,4,7}. For a non-singular curve Z such that the quotient
has genus 0, the Hurwitz formula writes:

d? — 3d + 336 = 84no + 112n3 + 126n4 + 144n;.
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By calculating the number of ramification points, we find ng,n4,n; € {0,1}, and
ng < %. This gives the following possibilities for d, na, ns, ng, nz:

d|ny ng ng ng
411 1 0 1
6|1 0 1 1
1413 1 1 0
1814 0 1 1
2005 1 0 1

There are infinitely many Gies-invariant non-singular irreducible curves Z in PZ,
with Z/Gies = PL. They are given by the irreducible polynomials in the set

{f4, fo, fra, A\fS + frafa, \f? + fiafe|) € C*}.

Example 3.10 — We will give here explicit standard operators corresponding to some
of the GP-invariant irreducible curves Z (with Z/GP = P},) described above. We will
give the calculation for the case G = Gigs, Z = Z(fs), but the method can be
applied to the As-case, and to arbitrary Z of the above form. Independent from
the author, Mark van Hoeij also calculated such operators. For his method, see
http://www.math.fsu.edu/"hoeij/files/G168/.

We have that C(Z) = Quo(C[z,y,z2]/fs)(0)), i-e, the quotients of homo-
geneous elements in Clx,y,z]/fs of the same degree, where we use the grad-
ing on C[z,y,z]/fs induced by the one on Clz,y,z]. We will now calculate
C(2)%.  Obviously Quo(Clz,y,z]/fe)¢ = Quo((Clx,y,z]/fs)®) which equals
Quo(Cf4, f14, f21]), where we consider C|f4, f14, f21] as a subring of C[z,y, 2]/ fs.
So C(2)¢ = Quo(C[f4, fia, f21])((0)), and since f2, equals some polynomial in fy, fi4
modulo f, we find C(Z)¢ = Quo(C|f4, f14])((0)). So we can write C(2)¢ = C(¢),

with ¢ := J{T%

Let Vi = (x,y,2)c, then V := ;T%Vl C C(Z) is a G-invariant vector space,
and C(Z) is generated as algebra by the elements of V. We want to calculate the
corresponding differential operator. For this we write C(Z) as Quo(Clu, v]/ge), where

9i = fi(u,v,1). Then t = %, and we write [ := ;T“dl. The differential equation
corresponding to V' is the determinant of the wronskian matrix W (Y, fu, fv, f) (see
[vdPS03, Definition 1.11]). This equation can be calculated in terms of u,v using
% = %(%% — %%)71, % = %(%% — %%)71, where h := gg. If we divide
by the coefficient of Y, we get an equation L with coefficients in C(Z)% = C(t).
From our calculations, we get the coefficients of L as rational expressions in u,v.
We can find the corresponding rational function in ¢ as follows. Let ¢ € C(2)¢
be an expression in u,v. We can write ¢ = r(t) for some rational function r. Let
(us)?_y, u; € C be some tuple of elements of C, and let (v;);, v; € C be a tuple

with the property that h(u;,v;) =0, ¢ = 1---n. Then c(u;,v;) = r(t(ui, v;)), so we
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have an n-tuple ((¢(ui,v;), c(ui,v;))?, of points on the graph of r. If we know that
r has degree m with n > 2m + 1, then r is determined by these points, and can be
easily calculated.

Returning to our example, let ¢ be some coefficient of L. We can make some
heuristic guess for the degree of ¢. Using floating point approximations for the v; we
get a good approximation of the coefficients of r (which are unique if we take the
denominator to be monic). Rounding gives a sophisticated guess for r, which can
then be rigorously checked by verifying that r(%) = ¢ mod gg.

This method leads to the following standard operator, where we applied some
mobius transformation to ¢ and a shift in order to get a nicer formula (note that a
shift does not change the projective differential Galois group).

oo 36L=3) 5 BT —14) o 57
44— 1) 11262t — 1) 2195262(¢ — 1)
In [vdPUO0O, 8.2.1 (2)] we find the operator (up to an automorphism of Q(¢)[d])
9% 4 13t -7 o 131t —14 27
4t —1) 1122(t — 1) 219522(t — 1)

which also corresponds to fg, so it must be a pullback of the previous operator.
Similar calculations lead to the operator with projective differential Galois group
As corresponding to the invariant fg

o 1483 + 173252 4 6824280t + 945465625 _,
2(t3 + 1575t2 + 853035¢ + 189093125)
323 + 2872012 + 7040545t 4 370622525
442 (3 4 1575t2 + 853035t + 189093125)
40885(2t — 185)
 83(t3 4 1575t + 853035t + 189093125)"

This equation does not appear in [vdPUOO], since it has four singular points.
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