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Abstract. Quantum models on the hyper-cubic d-dimensional lattice of spin—% particles
interacting with linear oscillators are shown to have three ferromagnetic ground state order
parameters. Two order parameters coincide with the magnetization in the first and third
directions and the third one is a magnetization in a continuous oscillator variable. The
proofs use a generalized Peierls argument and two Griffiths inequalities. The class of spin-
oscillator Hamiltonians considered manifest maximal ordering in their ground states. The
models have relevance for hydrogen-bond ferroelectrics. The simplest of these is proven to
have a unique Gibbsian ground state.
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1 Introduction

In this paper we consider quantum lattice models of oscillators interacting with spins whose vari-
ables are indexed by the sites of a hyper-cube A with the finite number of sites |A| in the
hyper-cubic lattice Z¢. Interaction is considered to be short-range and translation invariant.
The corresponding Hamiltonian Hp is expressed in terms of the oscillators variables gy =
(qz,x € A) € RIM and spin % Pauli matrices S = (SL,z € A,l = 1,3), defined in the ten-
sor product of the 2/A-dimensional Euclidean space and the space of square integrable functions
L} = (0F”)N © L2(RI),

Hy =Y [ 07+ 12 (g +n62(SR))> =] + Y JaSly+Va,  p>0, neR, (L1
TEA ACA

where 0, is the partial derivative in ¢,, J4 and V) are real-valued measurable functions, the
first of which depends on ¢z and the second on S3, ga and the translation invariant ¢, is given
by (see Remark 2 in the end of the paper)

da(sa) = > Jo(z; A)spa,  Jo(wsa) = 1. (1.2)
ACA
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For products of operators, functions and variables we use the following notation: B = I B..
€A

The scalar product in (®E?)A, L3 will be denoted by (-, -)o, (-,), respectively. The Schwartz
space of test functions on R™ will be denoted by S(R"™).

We require that the Hamiltonian is well defined and bounded from below on (®E?)Al @
Cg° (RW), i.e. the tensor product of the 2/*l-dimensional Euclidean space and the space of
infinitely differentiable functions with compact supports. The ground state average for an
observable (operator) F' is determined by

(F)p = Zy ' (Tp, FUy), Zy = (Wp, Wy) = [Ty

where Z, is a partition function. For partial cases of F' we have
(Grao1a(SR))a = 2! /Q[A](\I/A(QA)aCb[A’}(S?\)\IJA(qA))OdQA»

where the integration is performed over R and qa) is the operator of multiplication by g.

We will employ the orthonormal basis 13 (sa) of the Euclidean space (®E2)IM | diagonali-
zing S3, which is chosen in the following way: ¥ (sp) = ®zeat)?(s2), s = £1, ¥°(1) = (1,0),
PO(=1) = (0,1), S1y0(s) = ¢O(—s), S290(s) = sy%(s). For F € L3 we have the following

decomposition

F(gn) =Y F(qa; sa)¥} (sa),

SA

where the summation is performed over the |A|-fold Cartesian product (—1, 1)/ of the set (—1,1).

The Hamiltonians in (1.1) are employed in hydrogen-bond ferroelectric crystal models, consi-

dered in [1, 2, 3], and describe interaction between heavy ions (oscillators with constant fre-

quency) and protons (spins). The second term with J4 = 0, |A| > 2 corresponds to the energy

of protons, tunneling along hydrogen bonds from one well to another, and J, is associated with

the tunneling frequency. The last term in the expression for our Hamiltonian V4 = AZ Ji(A)S 64]
cA

describes many-body interaction between protons (Ji(A) is the intensity of the |A]-body inter-
action).

A rigorous analysis of a mean-field version of the Hamiltonian in (1.1) with ¢,(S3) given
in (1.2) that is linear in S3, J, # 0, VA = —(un)? Y. ¢2(53), Ja = 0 for |A| > 2 and Jo(x;y)

€A
uniformly in lattice sites proportional to |A|~! was carried out in [3] in the framework of the Bo-
golyubov approximating Hamiltonian method [4] and occurrence of spin and oscillator orderings
(the corresponding order parameters are non-zero) for two-body interaction between protons at
non-zero temperatures was proved. To establish such orderings for ground states without the
mean-field limit in a general case is an important task for a theory.

The oscillator and spin orderings are established if one proves the existence of ferromagnetic
oscillator and spin long-range orders (lro’s) in ground states for the corresponding Hamiltonians.
This means that the ground state averages (GzGy)a, (S257)Aa, j = 1,3 are bounded uniformly in A
from below by positive numbers . Occurrence of the ferromagnetic Iro’s implies the existence of

the spin order parameters (magnetizations in the first and third directions) M4 = |A|71 3" S
€A
[ = 1,3, and the oscillator order parameter @y = |A|~! 3 ¢, in the thermodynamic limit
zEA
(A — 7Z%) since the ground state averages of their squares are uniformly bounded in A from

below by a positive number.
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In this paper we describe three classes of Vj for which ground states or eigenstates Wy of the
Hamiltonians in (1.1) are Gibbsian

Walga) = Y e U998 (s0)hoa (ga). (1.3)

with the linear in g5 spin-oscillator quasi-potential energy U

U(sniqn) = 26m Y Geda(sa) + U%(sn), (1.4)
z€EA

i

where Yoa(qa) = [ %o(az), Yo(q) = (um™1) exp{—%qQ}, is the ground state of the free oscilla-
zEA

tor Hamiltonian, that is the first term in the right-hand side of (1.1) with 7 = 0. The first and the

second classes correspond to the choice U%(s5) = aly(sa), U%(sp) = alUp(sp) +un? 3. #2(sa),
TEA
a > 0 (the second choice makes V) independent of oscillator variables), respectively, and the

third class coincides with the set of finite-range V), if the the following conditions are satisfied:
Ja =0 for |A| > 2 and |J;1(A)| < 1 is sufficiently small. For the first two of them we prove the
maximal ordering in the corresponding systems (provided some simple conditions are satisfied):
magnetizations Mk, 1 = 1,3, Qx are non-zero. No other ground states are known with such the
property.

Gibbsian ground states were introduced by Kirkwood and Thomas in [5] in XZ spin—% models
with Hamiltonians (linear in S1) that include the spin part of (1.1), i.e. the second and third
terms, with only J, # 0 and the periodic boundary condition (this boundary condition is not
essential). Matsui in [6, 7] enlarged a class of Spin—% XZ-type models in which Gibbsian states
exist. The method was further developed by Datta and Kennedy in [8]. An application of
classical spin systems for constructing of quantum states was given in [9].

In [10] we showed how to find Vj for a given Gibbsian ground state and established existence
of Iro’s in ST and S3 for a wide class of the spin-3 XZ models (see also [11, 12]). This reference
contains the most simple proofs of the existence of Iro’s in ground states of quantum many-body
systems. A reader may find a review of the results concerning several quantum orders in it (see
also [13, 14, 15]).

The ground state in (1.3) can be represented in the following equivalent form

Wa(gn) = Y Folsa)dR(sa)toa(an +néalsa)), (1.5)
Fozexp{—;U*}, Ue=U"—pn* Y _ 2. (1.6)
TEA

From (1.5), orthonormality of the basis (see the beginning of the third section) and the equalities
[¥&(q)dg =1, [¥3(q)qdq = 0 it follows that

(GeGy)n = 17 (02 (SR) Dy (SR))a = 1 (Du(0n)dy(oa))ea,  (S2Sp)A = (020y)un, (1.7)

where 0,(sp) = s, and

(D2(0n)by(0a))er = Zox D [Fo(sa)Pul(sa)dy(sn),  Zen =D [Fo(sa)l*

Equalities in (1.7) reduce a calculation of averages in our quantum systems to a calculation of
averages indexed by a star in Ising models and the following statement (principle) is true.
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Proposition 1. Let Jy > 0 in (1.1) and ferromagnetic lro occur in the Ising model with the
potential energy U, given by (1.6), that is (0,0y)«a > 0 uniformly in A, then ferromagnetic Iro
occurs in oscillator variables and S in the quantum spin-oscillator system with the Hamilto-
nian (1.1).

Another important statement is formulated as follows.

Proposition 2. If J4 and V) do not depend on oscillator variables and ¥op = FO(sA)wR(sA),
SA
where Fy is a complex valued function, is the ground state of the the spin part of (1.1), then the

ground state U of the Hamiltonian (1.1) is given by (1.5).

The simple proof of Proposition 2 is based on the fact that the unitary operator T 1=

[T T '(¢) of translation of oscillator variables on each one-dimensional subspace of (@C?)A,
e
where

(To($)F)(ar) = Y F(qa + 1 (sa), aave: sa)¥R (54),

SA

maps the vector in (1.5) into the tensor product of the ground states the free oscillator Hamil-
tonian and the spin part of the Hamiltonian (1.1). Proposition 2 guarantees that our quan-
tum spin-oscillator system will possess a Gibbsian ground state if a pure spin system possesses
such state with the Hamiltonian coinciding with the spin part AZA J AS[lA] + Vi of the Hamil-
C

tonian (1.1). Usefulness of Gibbsian ground states is explained by comparative simplicity of
a proof of existence of Iro. Our results show that Gibbsian ground states are expected to appear
in many quantum spin-oscillator systems with non-trivial interactions.

Our paper is organized as follows. In the second section we formulate our main results in two
theorems, a lemma and two propositions. The first and second theorems deal with the cases
when the spin part of the Hamiltonian (1.1) do not depend and depend on oscillator variables,
respectively. In the next sections we prove the results.

2 Main result

Proposition 2 shows that the case when J4 and V do not depend on oscillator variables is the
simplest. The existence of the Gibbsian ground state will yield a proof of lro via Proposition 1
for it. We know from [10] that if

Va=— Y Jae 2W0alS0 Wa(sa) = Un(saa, —s4) — Uo(sn). (2.1)
ACA
then the ground state of the spin part of the Hamiltonian (1.1) is Gibbsian with Fy = e300 in
Proposition 2.

Theorem 1. Let Ja, V) be independent of oscillator variables, (2.1) hold and U be determined

from the equality U = aUq + un? > ¢2. Then
TEA
I. Wy, given by (1.3), (1.4), is an eigenfunction of the Hamiltonian (1.1) with the zero eigen-

value and is its (unique) ground state if J4 < 0 (if the uniform bound J, < J_ < 0 holds);

I1. Iro in S and oscillator Iro occurs if Jo(z, A) > 0 and Iro occurs in a classical spin system
with the potential energy Uy;

L. Iro in S* occurs if Ahl%d Woa(sa) exists for |A| =2 and is uniformly bounded.
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The second item follows from Propositions 1 and 2. The proofs of items I and III can be
recovered easily from the proof of the next theorem (see also [10]).

The following Proposition is proved without difficulty with the help of Proposition 2 and the
results of [5] concerning an existence of the Gibbsian ground state for a XZ Spin-% model.

Proposition 3. Let V) not depend on oscillator variables, ¢, be finite range, J4 = 0 for |A| > 2,
the potential |J1(A)| < 1 be sufficiently small and the periodic boundary condition in the spin
variables hold. Then there exists a function UY such that Wy, given by (1.3), (1.4), is a unique
ground state of the Hamiltonian (1.1).

Items II, III of Theorem 1 for Vi = —(un)* > ¢2(S3) do not follow from [5] since Iro is
zEA

proved there for nearest-neighbor interaction (note that this V determines non-nearest neighbor
interaction even if ¢, determines such).
It turns out that Gibbsian ground states exist, also, for J4 depending on ¢y if

ACA

where S34 = (—5%, Si\ 4)- The analog of Theorem 1 can be proved for such Vi but its proof
is more involved since this operator is unbounded. Negative J4 generate positive function Vj
in (2.2) and this enables us to prove the following lemma for the case when V) depends on
oscillator variables.

Lemma 1. Let Vi be given by (2.2) and have a domain D(Vy), Ja be bounded negative functions
and U in (2.2) coincide with U in (1.4) in which UY = alUy. Then Hy is positive definite and
essentially self-adjoint on the set (RC?)N @ S(RIM)Y N D(Vy) that contains (@ C?)IA @ O3 (RIA)
and item 1 of Theorem 1 is true.

Remark 1. If the functions J4 are only negative then statement II still holds and W, is the
ground state of the self-adjoint extension of the Hamiltonian preserving positive definiteness.

The most simple translation invariant short-range Uy is ferromagnetic

Uo(sa) == Jhsp,  J4 20, (2.3)
ACA

where J4 = 0 for odd | A|. The following theorem establishes analogs of items II-1IT of Theorem 1
for the case of Vj given by (2.2).

Theorem 2. Let all the conditions of Lemma 1 be satisfied, Jo > 0, Jo(x; A) = 0 for even |A],
Jo(0; 1), J&l > J and Uy be given by (2.3). Then

L. For a sufficiently large 8 = (n*u+a)J > 1 there exist ground state Iro’s in S® and oscillator
variables for d > 2;

II. Let the positive constants C, Bj, j =0, 1,2, independent of A, exist such that |¢5(sp)| < C

[Woa(sa)l < Bo, ~ W{(sa) < Bj,

WP (sa) = Y 16l (si) = ol (sa)l, =12,
' EA

where |A| = 2. Then ground state ferromagnetic Iro in S' occurs in arbitrary dimension d.
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If Up = 0 then V, from (2.2) is given by

Vy =— Z JAU[A], v, = coshug, + S;Z’ sinh u,, Uz = 201z (qa)-
ACA

This equality follows from the equalities

Wa(SR) = —2 Z Uz Sy, ¢*5* = cosha + $®sinha, (%2 =1.
x€A

In the simplest case the conditions of item II of Theorem 2 can be checked without difficulty.

Proposition 4. Let ¢, be linear in S3 in (1.2) and ||Jo||1 = 3. |Jo(x)| < oo, where the sum-
x

mation is performed over Z¢. Then the conditions of item I1 of Theorem 2 are satisfied.

Note that if one uses the Pauli matrices with % instead of the unity as matrix elements
then Vj should be changed by adding to Wp4 and Wy in (2.1) and (2.2), respectively, the
number —|A|In2.

The expression for V) in (2.1) can be calculated for certain Uy (see [10]). If one chooses the
anti-ferromagnetic Uy in (2.2), specifically,

Uo(sp) = o tun? Zqﬁg(sA) + Z 525y, a>0

xEA (x,yyeA

then it can be easily proved that the spin Iro in the third direction will be anti-ferromagnetic,
generating a staggered magnetization (spins at the even and odd sublattices take different va-
lues).

The interesting and important property of the Hamiltonians with Vj given by (2.1), (2.2) is
that they are simply related to generators of stationary Markovian processes (see, also, [16]).
We believe that it is possible to apply the same mathematical technique for proving existence
of order and phase transitions in equilibrium quantum systems and non-equilibrium stochastic
systems (see [17]).

3 Proof of Lemma 1

For our purpose it is convenient to pass to a new representation. It is determined by the Hilbert
space of sequences of functions F'(qa;sa), sz = +1, which are found in the expansion of the
vector F' € LJQ\ mentioned at the beginning of the introduction, with the scalar product

(PP = Y [ Filaxisn) Falanis)dan.
(Fi(qa), Fa(aa))o = > Filga; sa) Fa(qa; sa),

where the integration is performed over RIAl. Here we took into account the orthonormality of
the basis, i.e. the equality

(\IJE)X(SA)’ \II(/)\(SA))O = 0(sA; S;&) = H 581,5;7
TEA

where 05 ¢ is the Kronecker delta. Let

hy = =02 + 1% (qu +192(S3))? — 1,
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hg = —832: + /1,2(]2 — = (—895 + qu)(ax + /~ngc)

and

ha = hay B} = h,

zEA TEA

then
hy = To(d)ROT, H(B),  ha = TahQ Ty

Here we took into account that differentiation commutes with 7. This means that the Hamil-
tonian H A=T)y 'H AT\ = h[/)\ + f/A is decomposed into the sum of the free oscillator Hamiltonian
and a pure spin X Z-type Hamiltonian V if J4, Vi do not depend on oscillator variables.

Our Hamiltonian is rewritten as follows

Hy = hp + ZJAP[A]v PA:S[IA]—eféwA(S?\).
ACA

The remarkable fact is that the symmetric operator P4 and the harmonic operator h, have both
common eigenvector W, with the zero eigenvalue (see Remark 3 in the end of the paper). Note
that the space of ground states of the operator h, (eigenfunctions with the zero eigenvalue) is
21Al_fold degenerate since S2 is diagonal and the Laplacian is translation invariant. From (1.5)
and the definition of T, (@) if follows that T, }(¢)¥, is equal to 1o(q,) multiplied by a function
independent of ¢,

T, (@)Tp =) e~ 208 (50)on (aare + n0a\e (Sa12)) 00 (62)-

SA

Hence hT,; 1 (¢)Wx = 0 and h, ¥y = T,(¢)hOT, 1(¢)¥a = 0. The proof that ¥, is an eigenvec-
tor with the zero eigenvalue of Py is inspired by our previous paper [10]. For simplicity we will
omit g in the expression for U in (1.4). Taking into consideration the equalities

Sty (sa) = ¥R (sd) = ¥R (smar —sa),  S3f(sa) = sa9] (sa),

we obtain

(0A) " PaTa = > (¥R (sa\4, —54) — e 2 Walsa)yl (sy))e 2 ()

SA

= (@R (sma, —sa)e 2OV — 4R (sp)e2V0R)

SA
= Y (e72VlR) — eV (sy) = 0.
sA
Here we changed signs of the spin variables s4 in the first term in the sum in sy.
Positive definiteness of the Hamiltonian follows from the following proposition.
Proposition 5. The operator — Py is positive definite on D(Vy).

Proof. V, is an operator of multiplication by infinite differentiable functions on each one-
dimensional spin subspace and its domain contains (®C?)/A @ Cg°(RI). This domain coincides
with the direct sum of 24! copies of of L2(RIM, elelodgy ), where |glo = 32 |g||¢el-

xre
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The scalar product in the Hilbert space L3 is given by (F1,F2) = [(Fi(qa), Fa(qa)) dga,
where the integration is performed over RIAl. We have to show that —(PaF(qa), F(qa))o > 0.
Let us define the operator

PX = 2U(S} )PAB_%U(S?\).

It is not difficult to check on the basis wR that
1

PA"_Ie 2 (A)(S[A] )

where [ is the unit operator. Here we used the following equality
—1U(S34) ¢l 1 —2U(S3
e 2 ( A )S[A] :S[A}e 2 ( A).
For the operator PX we have

PIF = (P{F)(qr;s8)¢R(sa)

SA

and
(PEF)(qa;sa) = —e 2WAGN (F(gy;50) — Flga; s2))-

It is convenient to introduce the new scalar product

(Fi, By = (e VNP, By) = Z/FI(QAaSA)FQ(QAa sa)e VN dgy

_ 3
= /(Fl(QA)yFQ(QA))?]dQA = /(6 VS Fi(qa), Fa(a))odaa.
The operator P:( is symmetric with respect to the new scalar product since

(PEFi(gn), Fo(qa))) = (Pae 2V Fy(gy), e 2D Fy(ga))o. (3.1)

It is not difficult to check that

—(P{F(qn), F Z e~ UG (F(qas s0) — Flga; s4)) Fga; sa)
5 Z Ven VDN (F(qps sa) — Flaas si)? > 0. (3.2)

Here we took into account that the function under the sign of exponent is invariant under
changing signs of the spin variables s4. From (3.1), (3.2) it follows that —P4 > 0. [

From Proposition 5 it follows that Hy = Y J4Pj4 is positive definite since for the nega-
ACA
tive J4 we have

(HA\FF)=>" /JA an)(PaF(qa), F(qa))odga = 0.
ACA

The fact that the Hamiltonian is essentially self-adjoint is derived from the following propo-
sition (see example X.9.3 in [18]).
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Proposition 6. The operator —A + p?z? + V + (y,x), where (y,x) is the Euclidean scalar
n

product of x = xj, j = 1,...,n with the constant vector y, A = ) a%j, w#0ify#0,V is
j=1

the operator of multiplication by a non-negative function V(z) € L2(R™ e *"dz), 22 = (x,z),
is essentially self-adjoint on S(R™) N D(V'), i.e. the intersection of the Schwartz space and the
domain of V.

Proof. The following two inequalities are valid
n
Yl < N(=A+ V4220l + 2u®nllvll,  (9.2) < e + -yl (3-3)
where p is a real number, |y| = max|y|;, || - || is the scalar product in the Hilbert space of
J

square integrable functions. We tacitly assume that 22 means the operator of multiplication of
a squared variable. The first inequality follows from the inequalities (0; = %)

(—A N ve +M2x2)2 > (/1121'2)2 _ /LQ(AZZ +x2A),
— (072} + 27037) = — (2w 02wy, + 205) > —26; 1,
—(Az? + 22A) > — Z(@?w? + :L‘?&?)

j=1

Here we took into account that V' is positive and [0, x;] = 0ja) — 240; = ;5. As a result

2
(g, 2)0|| < all(=A+V + 2l + B[],  a=p2e b=n(2+ 'Z')

For p # 0 number a can be arbitrary small and from the Kato—Rellich theorem [18] it follows
that the essential domain of —A + V + u?2? + (y,z) coincides with the essential domain of
—A+V+p%2?. But the last one coincides with S(R®)ND(V) [18, Theorem X.59]. Inequality (3.3)
is sufficient, also, for the proof of the proposition in the case p = y = 0 (this is explained in
Example X.3 in [18]). [

Since Si is a diagonal operator on (®(C2)‘A‘ the operator

R+ Va+ 2 qeda(S3)

TEA TEA TEA

is the direct sum of 214! copies of the minus |A|-dimensional Laplacian plus the three functions

coinciding with the three functions in Proposition 6. From Proposition 6 it follows that this

operator is essentially self-adjoint on the set (2C?)IM @S(RIA)ND(V)) that contains (2C?)A @

C&(RIA). The same is true for the Hamiltonian since operator (nu)? 3. ¢2(S%) and the operator
zeA

depending on S}\ in its expression are bounded.

The operators hy, H} are positive definite on the dense set (2C?)M @ S(RIA) N D(V}) which
is the essential set for Hp. This implies that Hp is positive definite on its domain D(H) and Wy
is its ground state.

Proof of uniqueness. We have to establish that the symmetric semigroup Pj, generated
by —Hp, maps non-negative functions into (strictly) positive functions (increases positivity) and
this will imply that the ground state is unique (see Theorem XIII1.44 in [18]). We will establish
this property with the help of a perturbation expansion. The kernel of the semigroup P},
generated by hp + Vi, is expressed in terms of the Feynman-Kac (FK) formula [18, 19]

t
Plaxsnith ) = 8o, [ Py ldun)expd = [ Vi (wa(r)sa)ir o
0
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where Vi" (g5 1) = Va(aas sa)+ X (12 (gz+n1¢a(sa))? =, Py, (dwn) = TT Py (dws) is the
TEA TEA

conditional Wiener measure and wy (t) is the sequence of continuous paths. The semigroup P!
is represented as a perturbation series in powers of Vj

ACA

This series is convergent in the uniform operator norm [20] since V; is a bounded operator. Its
perturbation expansion is given by

n+1

=Yor m= [ dneednn [J0PP

nz0 0<r <SS <t J=

where 7,41 =t . We now use the following simple inequality
t
| Vi war)sa)lar
0
t
< V(wp) = !JIA/ lexp {an + 20> falwa(7) } + ) (P (Jwe (1) +1¢a)® — ) | dr,
0 zeA zEA

where Uy = max Up(sp), |J|a =sup > |Ja|, ¢ = max|¢p.(sp)|. Let
SA an ACA SA

Pl(qa;qn) = /PqA ¢, (dwp)e ~V(wa), Vo=—J_ Z st
zEA

then it follows from the positivity of the the kernel P{ and V; that

P'(qa, 50347, 53) > Pi(qa;aa Z V” (54350 (3.4)
n>0 nl

Here we utilized the semigroup property of P!, the inequalities e® > el Vi > V_,

(VoP” 77" )(ans sa3dhs si) = P77 (gas gy ) V- (53, 8y)-

Now, it is easily proved as in [10] that the matrix V_ is irreducible. As a result there exists
a positive integer n such that and that V", has positive non-diagonal elements [21, 22]. Hence
the kernel in the left-hand side of (3.4) is positive.

4 Order parameters

In this section we will prove Theorem 2, i.e. occurrence of different types of Iro in the considered
quantum systems. In the proof we will rely on the following basic theorem.

Theorem 3. Let the ferromagnetic short-range potential energy U of the classical spin-1 Ising
model on the hyper-cubic lattice Z¢ with the partition function Zx = > exp{—BU(sp)} be
A

given by

U(sa) == > p(A)sia, (4.1)

ACA
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where p(A) > 0. Let, also, the uniform bound ¢(z,y) > @ > 0 for nearest neighbors z, y hold
and p(A) = 0 for A with odd number of sites. Then for a sufficiently large @3 > 1 and the
dimension d > 2 there is the ferromagnetic lro, that is, for the Gibbsian two point spin average
the uniform in A bound holds

<UmUy>A > 07

where 0,(sp) = s, and the magnetization (an order parameter) My = |A|~1 Y s, is non-zero
€A

in the thermodynamic limit A — 7.2,

The proof of this theorem is based on an application of the generalized Peierls principle
(argument). It will be given in the end of this section (see, also, [17, 26]. The next theorem is
the consequence of the basic theorem.

Proof of item I of Theorem 2. Condition (1.2) shows that

2

D 2sa) =M +2) 0 B(A)spg+ Y| DD Jo(ws sy

TEA ACA zeN \xgACA

where Ja(x U A) = Jo(x; A) and Jo(A) = 0 for odd |A]. The last term is equal to
SN TaA 42> > Jola; A Jolx; As)siaaay)
zeN g ACA z€N 2g A1, A2CA

where sz = 1 and A1AAs = (A1 U A2)\ (A1 N Az). Due to translation invariance of interaction
the first term is bounded by |A|Y" J2(0; A), where the summation is performed over Z%, and
A

this expression is finite since the interaction is short-range. Hence subtracting a finite constant
proportional to |A| from U, one sees that the result admits representation (4.1) with positive J,
instead of ¢ such that J,(A) = 0 for odd |A| and for nearest neighbors z, y the inequality
Jo(x,y) > (2n*p + )J. The first Griffiths inequality and (1.2) with Jy > 0 imply that

77_2<4$qu>1& = <¢$(UA)¢y<JA))>*A > <Jny>*A7
where 0,(sp) = sg. It is obvious that the following equality also holds
<S:L;)S$>A = <O'mo'y>*A~

The basic theorem and Proposition 1 imply occurrence of ferromagnetic lro in S3 and oscillator
Iro. |

Proof of item II of Theorem 2. Let 5 (qa; 1) = %3 (sa)%0a(qa). Then (1.3) and the defi-
nition of S* imply that

S1SIWA(gn) = Y e 2VEnim iy, (gassh¥) = e 2VER 0y (g s).
sA

SA

Taking into account also the orthonormality of the basis one obtains
(S1SyIa = 213 [ AU OR el (g )y
SA

p ’ +gr(s37Y))?
_ le Ze 4 z%/\(% (sa) 6z (o)) e 5 Uo(s3")+Uo(sa)]
SA
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77 H + f Z,Y\\2
> e‘%BOZ Z IZGA o (1) 001 (537)) e—aUo(sa)

We also have

Z (¢x’(5A) + ¢x/(5:/v\,y))2

' €A

=D B (sa) + 82 (sy")] +2 ) dwrlsa)[=dur(sa) + b (s3V)]

z’'eA z'eN
= > 4¢2(sn) + Y [~02(sa) + G2 (sy + 2D dar(sa)[—bar(54) + b (s55)]
z'eN ' €A z'eN
>4 ¢2(sp) — Ba — 2CBy.
z’'eN
This yields
2
(S150)3 > e 128 =380 71 3 I atian
SA
— 6—"?%(32—&-2031)6—%30. .

Proof of Proposition 4. It is obvious that |¢5(sa)| < ||Jo][1 and that
|62 (s37) = S (sa)l = | = 2[syJo(y — 2) + s Jo(z — )| < 2[|To(y — 2)| + [Jo(z — 2)]].
As a result ngly)(s/\) < 4||Jol|1. Further
2
102, (sY) — ¢2(sa)| = ‘ [ Z Jo(z —2")s, — sydo(y — ') — sz do(z — x’)]

zeA\(z,y)

2
- Z Jo(z — 2")s, + sydo(y — 2') +st0(x—:U')]

LzEA\(z,y)
=|—4 Z Jo(z — 2')s5(syJo(y — 2') + sy Jo(x —m’))‘
2EA\(2,y)
<4 1oz = 2)(1Io(y — &) + |o(a — 2)]) < 4llJoll1(|Jo(y — 2)] + | Jo(z —a")]).
z€EA
Hence W;,ng)(SA) < 8]|Jo] 3. |

Proof of Theorem 3. Let yi = %(1 + o) then one obtains

4<X:X;>A =14 (oz)r — (oy)A — (0z0y)A-

Since the systems are invariant under the transformation of changing signs of spins the third
and the second terms in the right-hand side of last equality are equal to zero and

(oeoy)n =1 — 40 x; )a-

Hence if

XXy < = (4.2)
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then the ferromagnetic lro occurs, i.e.
(oz0y)A > a >0, (4.3)

where a is independent of A. If one succeeds in proving that there exists a positive function Ey (/)
and positive constants a, a’ independent of A such that

(XZxy ) < aefo® (4.4)

and proves that Ej is increasing at infinity then (4.2), (4.3) will hold for a sufficiently large
inverse temperature (3. The Peierls principle reduces the derivation of (4.4) to the derivation of
the contour bound. [ ]

Peierls principle. Let the contour bound hold

(T] xixgia <e M2 (4.5)
(z,y)el

where (-)p denotes the Gibbs average for the spin system confined to a compact domain A,
I is a set of the nearest neighbors, adjacent to the (connected) contour, i.e. a boundary of the
connected set of unit hypercubes centered at lattice sites. Then (4.4) is valid with Ey = a"E,
where a” is a positive constant independent of A.

Proof of contour bound. Bricmont and Fontain derived the contour bound for the spin sys-
tems with the potential energy (4.1) with the help of the second Griffiths [23] and Jensen
inequalities [24] (see also [25, 26])

(o018 A — (o)A (oB) AL = 0, /efdu > exp {/fdu} ,
where dy is a probability measure on a measurable space. Their proof starts form the inequality

_ _B B _ _B _ _B
XXy =€ 27 eaT iy, < em 27Xy < em 2%

As a result (8" = ¢3)

( H XExg)a <le  @hEr Yy = (e waer >X[1r]
(z,yyel’

where (-, )z is the average corresponding to the potential energy

Up(qA):U(sA)+§ 3 susy
(z,y)el

In the last line we applied the Jensen inequality. From the second Griffiths inequality it follows
that the average (o,0,) A[r] 1S @ monotone increasing function in ¢ 4. So, in the potential energy
determining this average we can put ¢4 = 0, except A = (z,y) and leave the coefficient ¢ in
front of the bilinear nearest-neighbor pair potential in (4.1) without increasing the average. This
leads to

N o 7—1 ﬁ, B—/slsg _ [18132
(ozoy)Ar) = (00') = Z, <2> D> sispe T, ZoB)= > er

s1,820==%1 s1,52==%1
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That is,
Er>|TE, E=2"'§(0d)
or
E=p8"7 —e 22 e ) > 0715/ (1 — e ).

Here we used in the denominator the inequality =218 < 270, Obviously, E tends to infinity
if 3’ tends to infinity. This implies (4.5). [

5 Discussion

We showed that in the considered lattice spin-boson models with J4 < 0 ground states are
Gibbsian and the ground state averages for special observables are reduced to averages in classical
Ising models. This means that existence of ground states order parameters is connected with
existence of order parameters in the associated Ising models and that a breakdown of symmetries
in the quantum systems is determined by a breakdown of symmetries in Ising models. We
considered the free boundary conditions implying that for the cases of the perturbation Vj,
considered in the two theorems, the ground state averages of ¢, 5’3 are zero, that is (g,)x =0,
(S3)A = 0 if the associated Ising potential energy is an even function. In order to make such the
averages non-zero (explicit symmetry breaking) one has to introduce special boundary conditions
(quasi-averages) which have to single out pure Gibbsian states in the associated Ising models. It
is known [28] that for the two-dimensional ferromagnetic Ising nearest-neighbor model there are
two boundary conditions which generate pure states and that every other state is a convex linear
combination of these two states. A discussion of a construction of ground states in lattice spin
and fermion quantum systems with an explicit symmetry breaking a reader may find in [29].

Remark 2. Translation invariance means that
Jxl,...,xn = JO,IQ*IL...,ITL*JH’ JO(:U7 Tlye-- 7xn) = J0(07 Tl —Ly..., Tn — .f)

where J, Jy are symmetric functions. The short-range character of interaction means that

mxasz: | Tz, 4] < 00, mg?XZA: |Jo(z; A)| < oo.

Remark 3. If only one-point sets are left in the sum for Vj then the expression for Hj can be
rewritten in the following way

Hy = ZHz

TzEA

The property of the ground state W to be a ground state with the zero eigenvalue of a local
Hamiltonian H, was found earlier for special isotropic anti-ferromagnetic Heisenberg chains with
valence bond ground state in [27].
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