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1 Introduction

We consider the differential-difference operators Tj, j = 1,2,...,d, on R? associated to a root
system R and a multiplicity function &, introduced by C.F. Dunkl in [3] and called the Dunkl ope-
rators in the literature. These operators are very important in pure mathematics and in physics.
They provide a useful tool in the study of special functions related to root systems [4, 6, 2].
Moreover the commutative algebra generated by these operators has been used in the study of
certain exactly solvable models of quantum mechanics, namely the Calogero—Sutherland—Moser
models, which deal with systems of identical particles in a one dimensional space (see [8, 11, 12]).
C.F. Dunkl proved in [4] that there exists a unique isomorphism V}, from the space of homo-
geneous polynomials P,, on R? of degree n onto itself satisfying the transmutation relations

0
T’]Vk’:nga ]:1727ad7 (11)
J

and
V(1) = 1. (1.2)

This operator is called the Dunkl intertwining operator. It has been extended to an isomorphism
from £(R?) (the space of C*°-functions on R?) onto itself satisfying the relations (1.1) and (1.2)
(see [15]).

The operator V possesses the integral representation

VeeR,  Vi(f)(z) = » FWdus(y),  f € ERY), (1.3)

where y, is a probability measure on R% with support in the closed ball B(0, ||z|) of center 0
and radius ||z|| (see [14, 15]).

*This paper is a contribution to the Special Issue on Dunkl Operators and Related Topics. The full collection
is available at http://www.emis.de/journals/SIGMA /Dunkl_operators.html
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We have shown in [15] that for each z € R?, there exists a unique distribution 7, in &'(R9)
(the space of distributions on R? of compact support) with support in B(0, ||z||) such that

Vil (@) = (e, f), - f € ERY). (1.4)

We have studied also in [15] the transposed operator *V} of the operator Vj, satisfying for f
in S(R?) (the space of C°°-functions on R? which are rapidly decreasing together with their
derivatives) and g in £(R?), the relation

L Dty = [ Vil f)one)ds,
where wy, is a positive weight function on R% which will be defined in the following section. It
has the integral representation

VyeRl M) = [ 1@, (1.5

where v, is a positive measure on R? with support in the set {z € R% |z| > |ly||}. This
operator is called the dual Dunkl intertwining operator.

We have proved in [15] that the operator 'V} is an isomorphism from D(R) (the space of C°°-
functions on R? with compact support) (resp. S(R?)) onto itself, satisfying the transmutation
relations

0 .
vyERda th(T?f)(y) = @tvk(f)(y)a J= 1727"'ad'
i
Moreover for each y € R%, there exists a unique distribution ZyinS' (R?) (the space of tempered
distributions on R?) with support in the set {x € R% ||z|| > ||ly||} such that

VilNw =2y 1), feSRY. (1.6)
Using the operator Vi, C.F. Dunkl has defined in [5] the Dunkl kernel K by
VeeR! VzeC!,  K(x,—iz) = Vi(e 0% (a). (1.7)

Using this kernel C.F. Dunkl has introduced in [5] a Fourier transform Fp called the Dunkl
transform.
In this paper we establish the following inversion formulas for the operators V}, and 'Vj:

veeR, Vi (f)(@) = PVi(f)(x),  feSRY, (1.8)
veeR,  VIH()(@) = V(P())(@),  feSRY,
where P is a pseudo-differential operator on R%.

When the multiplicity function takes integer values, the formula (1.8) can also be written in
the form

veeR,  VIH(H)) ="Ve(@Q())(@),  feSRY,

where (@ is a differential-difference operator.

Also we give another expression of the operator th_l on the space £&'(R%). From these
relations we deduce the expressions of the representing distributions 7, and Z, of the inverse
operators Vk_1 and th_l by using the representing measures u, and v, of V, and V},. They are
given by the following formulas

Vre Rda Nx = tQ(Vm)a
Ve Rd, Zr = tP(Mm)a

where P and !Q are the transposed operators of P and Q respectively.
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The contents of the paper are as follows. In Section 2 we recall some basic facts from Dunkl’s
theory, and describe the Dunkl operators and the Dunkl kernel. We define in Section 3 the
Dunkl transform introduced in [5] by C.F. Dunkl, and we give the main theorems proved for
this transform, which will be used in this paper. We study in Section 4 the Dunkl convolution
product and the Dunkl transform of distributions which will be useful in the sequel, and when
the multiplicity function takes integer values, we give another proof of the geometrical form of
Paley—Wiener—Schwartz theorem for the Dunkl transform. We prove in Section 5 some inversion
formulas for the Dunkl intertwining operator Vj, and its dual 'V}, on spaces of functions and
distributions. Section 6 is devoted to proving under the condition that the multiplicity function
takes integer values an inversion formula for the Dunkl intertwining operator Vi, and we deduce
the expression of the representing distributions of the inverse operators Vk_1 and th_l. In
Section 7 we give some applications of the preceding inversion formulas.

2 The eigenfunction of the Dunkl operators

In this section we collect some notations and results on the Dunkl operators and the Dunkl
kernel (see [3, 4, 5, 7, 9, 10]).

2.1 Reflection groups, root systems and multiplicity functions

We consider R? with the Euclidean scalar product (-,-) and ||z|| = /{z, z). On C%, || -|| denotes

also the standard Hermitian norm, while (z, w) = Z?Zl

For a € ]Rd\{O}, let o, be the reflection in the hyperplane H, C R orthogonal to a, i.e.

2(a, x)
oute) =2 = (%5 ) o
A finite set R C R?\{0} is called a root system if R N Ra = {+a} and 0,R = R for all a € R.
For a given root system R the reflections o,, a € R, generate a finite group W C O(d), the
reflection group associated with R. All reflections in W correspond to suitable pairs of roots.
For a given 3 € R%\ Uaer Hy, we fix the positive subsystem R, = {a € R; (a, ) > 0}, then for
each a € R either a € Ry or —a € Ry.

A function k£ : R — C on a root system R is called a multiplicity function if it is invariant
under the action of the associated reflection group W. If one regards k as a function on the
corresponding reflections, this means that k is constant on the conjugacy classes of reflections
in W. For abbreviation, we introduce the index

y=vR)= Y k(o).

acER

ijj .

Moreover, let wy denotes the weight function
we(@) = T Kewa)PH),
acER

which is W-invariant and homogeneous of degree 2+.
For d =1 and W = Zy, the multiplicity function k is a single parameter denoted v and

Vo eR, wi(x) = |z|*7.

We introduce the Mehta-type constant

%:<Aﬁ—wwmmgq,

which is known for all Coxeter groups W (see [3, 6]).
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2.2 The Dunkl operators and the Dunkl kernel

The Dunkl operators T}, j = 1,...,d, on R?, associated with the finite reflection group W and
the multiplicity function k, are given for a function f of class C'! on R? by

~ f(oal2)

(o, 2)

T3 (x) = ;%f(wH S k(a)ay LY

acER

In the case £ =0, the T}, j = 1,2,...,d, reduce to the corresponding partial derivatives. In this
paper, we will assume throughout that £ > 0 and ~ > 0.
For f of class C' on R? with compact support and g of class C' on R¢ we have

/]Rd T f(x)g(x)wg(x)dr = — y f(@)Tj9(z)wy(x)d, j=12,...,d (2.1)

For y € R?, the system

Tiu(z,y) = yju(z,y), j=12,...,d,

admits a unique analytic solution on R, denoted by K(x,y) and called the Dunkl kernel.
This kernel has a unique holomorphic extension to C* x C¢.

Example 2.1. From [5], if d = 1 and W = Zy, the Dunkl kernel is given by

2t

K(Z,t) = jw_l/Q(izt) + m

j’y—‘,—l/?(iZt)? Zat € Ca

where for « > —1/2, j, is the normalized Bessel function defined by

U o0 —1)"(u 2n
ja(u):2al“(a+1)<]z(a) :F(a—kl)zm, ueC,

n=0
with J, being the Bessel function of first kind and index « (see [16]).
The Dunkl kernel possesses the following properties.

(i) For z,t € C% we have K(z,t) = K(t,2), K(2,0) = 1, and K(\z,t) = K(z,\t) for all
AeC.

(ii) For all v € Z4, z € R?, and 2 € C? we have
DL (o) < x|, e )| (2.3

with

. olvl

=0 and vi=r+-+ g
S O i

In particular

IDYK (2, 2)] < ||| expl||z]|[Re 2]]]] (2.4)
K (2, 2)| < exp[||z[[[[Re 2[],

and for all z,y € R?

K (iz,y)| < 1, (2.5)
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(iii) For all 2,y € R? and w € W we have
K(—iz,y) = K(iz,y)  and  K(wz,wy) = K(z,y).

(iv) The function K (z,z) admits for all z € R? and z € C? the following Laplace type integral
representation

K(,2) = /R ey (), (2.6)

where p, is the measure given by the relation (1.3) (see [14]).

Remark 2.1. When d = 1 and W = Zy, the relation (2.6) is of the form

Ty +1/2), oy [ - .
K(@2) = = bl [l =7 ol e

Then in this case the measure p, is given for all x € R\{0} by du.(y) = K(z,y)dy with

Kl = =2 E2al = 7 e+ ) ()

where 1)_|,| | is the characteristic function of the interval |—|z|, [z|[.

3 The Dunkl transform

In this section we define the Dunkl transform and we give the main results satisfied by this
transform which will be used in the following sections (see [5, 9, 10]).

Notation. We denote by H(C?) the space of entire functions on C% which are rapidly decreasing
and of exponential type. We equip this space with the classical topology.

The Dunkl transform of a function f in S(RY) is given by

VyeR:  Fp(f)y) = y f(@) K (2, —iy)wg(x)dx. (3.1)
This transform satisfies the relation
Fo(f) = Fo'Vi(f),  feSR?, (32)

where F is the classical Fourier transform on R¢ given by
VyeRl  FW = [ f@e s fes@.
R4

The following theorems are proved in [9, 10].

Theorem 3.1. The transform Fp is a topological isomorphism
i) from D(R?) onto H(C?),
ii) from S(RY) onto itself.

The inverse transform is given by

02
Ve Rl @) = g [ K@ i)y (33)
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Remark 3.1. Another proof of Theorem 3.1 is given in [17].

When the multiplicity function satisfies k(«) € N for all & € Ry, M.F.E. de Jeu has proved
in [10] the following geometrical form of Paley—Wiener theorem for functions.

Theorem 3.2. Let E be a W-invariant compact convex set of R® and f an entire function
on C%. Then f is the Dunkl transform of a function in D(RY) with support in E, if and only if
for all ¢ € N there exists a positive constant Cy such that

VzeC!,  [f(2)] < Oyl + ||z|))~%e =),
where Ig is the gauge associated to the polar of E, given by

VyeRY,  Ip(y) = Sgg@,y)- (3.4)

4 The Dunkl convolution product and the Dunkl transform

of distributions

4.1 The Dunkl translation operators and the Dunkl convolution product
of functions

The definitions and properties of the Dunkl translation operators and the Dunkl convolution
product of functions presented in this subsection are given in the seventh section of [17, pa-
ges 33-37].

The Dunkl translation operators 7., € R?, are defined on £(R%) by

VyeR,  nf(y) = (Vi) (Vy[Vi (1)@ + )] (4.1)
For f in S(RY) the function 7,f can also be written in the form
VyeRL  mfy) = (Vi) (Vi Dyl Vi) (@ +y))- (4.2)

Using properties of the operators V; and 'V; we deduce that for f in D(R?) (resp. S(R?))
and z € R?, the function y — 7, f(y) belongs to D(R?) (resp. S(R?)) and we have

V¢ e R? Fplraf)(t) = K (iz, ) Fp(f)(t). (4.3)

The Dunkl convolution product of f and g in D(R?) is the function f *p g defined by
Vo eRL  fepgl) = | ml(-alidy
For f, g in D(RY) (resp. S(R?)) the function f*p g belongs to D(R?) (resp. S(R?)) and we have
VteRY  Fp(f+*pg)(t) = Fo(f)(H)Fplg)(®).

4.2 The Dunkl convolution product of tempered distributions

Definition 4.1. Let S be in §’(R?) and ¢ in S(R?). The Dunkl convolution product of S and ¢
is the function S *p ¢ defined by

Vae Rda Sxp p(x) = (Sy, T2o(=Yy)).
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Proposition 4.1. For S in 8'(R?) and ¢ in S(RY) the function S *p ¢ belongs to E(RY) and
we have

TH(S *p ) = S=*p (T"(¢)),
where
TH=T{" 0T} o--- 0T} with = (p1, o, - - ., p1g) € N
Proof. We remark first that the topology of S(R?) is also generated by the seminorms

Qua() = sup (1+ (]2 [T*¢(x)], Kk, €N,

z€R?
i) Let 29 € R?. We prove first that S *p ¢ is continuous at xg. We have
Vo eRY  Skpg(x) = Spp(wo) = (Sy, (T — Tao) (—1))-

We must prove that (7,9 — T»,) converges to zero in S(RY) when z tends to z.
Let k,/ € N and p € N? such that |u| < k. From (4.3), Theorem 3.1 and the rela-
tions (2.1), (2.2) we have

(14 912 T*(atp — 7o) (—0)

el o2
= gtk [+ IR R ) (0 - 80 e i)
- K(=iz0. N)Folo) V)] 2 S

with M = MM - M Ay, = Z?Zl Tj2 the Dunkl Laplacian and p € N such that p > 7+%+1.
Using (2.4) and (2.5) we deduce that

Qs (720 — 7o 0) :ﬁ‘ﬁp<1+HyMT“(w—Tmoso><—y>\ —0  as T
H|<k
y€ER?

Then the function S *p ¢ is continuous at xg, and thus it is continuous on R,
Now we will prove that S*p ¢ admits a partial derivative on R? with respect to the variable xj.
Let h € R\{0}. We consider the function f;, defined on R¢ by

0
(T(x17,,,7xj+h7,,,7xd)@(_y) - 7—(11,...,mj,...,xd)(p(_y)) - aTT-TSD(_y)
J

==

fuly) =

Using the formula

Vy e R fiu( )—l R (—y)dt; | du;
Yy y Ja\Y) = h atQT(zl ..... Ljyees zq)PLTY)al; Uy s
Tj Tj

we obtain for all k,¢ € N and p € N? such that |u| < k:

VyeRL (L4 |yl T faly)

1 :E]'+h Uj 2€ 82
— [ T e o)ty | dug. (4
T T J
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By applying the preceding method to the function

2\¢ m 82
(1 + ”yH ) T @T(xlv-“vtj7"~71'd)90(_y)’
J

we deduce from the relation (4.4) that

l
Qk,e<fh)=|sx|1<pk(1+||yu2) T fu(y)| = 0 as h—0.
<
yeRY

Thus the function S *p ¢(x) admits a partial derivative at zg with respect to z; and we have

o 0
67:1;‘75 *D SO(-TO) - <Sy7 87%7—93090(_?/)>

These results is true on R%. Moreover the partial derivatives are continuous on R?. By proceeding
in a similar way for partial derivatives of all order with respect to all variables, we deduce that
S xp ¢ belongs to £(RY).

ii) From the i) we have

0 0
RY, = (Sy, 53— (=y))-
V2 e RY aij xp p(x) = (S, o o(—y))

On the other hand using the definition of the Dunkl operator 7} and the relation
Tj(rzp(=y)) = 7=(Ti) (=v),
we obtain
Vo R, Ti(S#p 9)(x) = (Sy, a(Tip)(—y)) = S *p (Tj) ().
By iteration we get
VzeRY  THSxpp)(z) =8 *p (TF)(z). |

4.3 The Dunkl transform of distributions
Definition 4.2.

i) The Dunkl transform of a distribution S in S’(R¢) is defined by
(Fp(S),¥) = (S, Fp(¥)), v € S(R?).

ii) We define the Dunkl transform of a distribution S in &' (R?) by

VyeR:  Fp(S)(y) = (Se, K(—iy,x)). (4.5)

Remark 4.1. When the distribution S in &(R?) is given by the function gwy, with g in D(RY),
and denoted by Ty, , the relation (4.5) coincides with (3.1).

Notation. We denote by H(C?) the space of entire functions on C% which are slowly increasing
and of exponential type. We equip this space with the classical topology.

The following theorem is given in [17, page 27].
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Theorem 4.1. The transform Fp is a topological isomorphism

i) from S'(RY) onto itself;
ii) from &'(RY) onto H(CY).

Theorem 4.2. Let S be in S'(R?) and ¢ in S(RY). Then, the distribution on R? given by
(S *p ©)wy, belongs to S'(R?) and we have

fD(T(S*Dgo)wk) = ]:D(QO)J:D(S) (46)

Proof. i) As S belongs to S'(R%) then there exists a positive constant Cp and ko, £y € N such
that

1S 5D ()] = [(Sy, Tao(=y))| < CoQro to (Tz)- (4.7)
But by using the inequality
d 2 2 2
Va,yeRY 14 flz+yl> <2(1+ (o)) (1 +[lyll®),

the relations (4.2), (1.3) and the properties of the operator !V}, (see Theorem 3.2 of [17]), we
deduce that there exists a positive constant C; and k, ¢ € N such that

Quoto(72p) < Cr(1+ 2”)* Qree(o).
Thus from (4.7) we obtain

1S %0 (@) < C(1+ [l2?)° Qreleo). (4.8)
where C is a positive constant. This inequality shows that the distribution on R? associated
with the function (S *p ¢)wy, belongs to S'(R%).

i) Let 1 be in S(RY). We shall prove first that

(T(sxpgon: V) = (5,9 *p ), (4.9)
where S is the distribution in &’(R?) given by

(S,0) = (S, 9),
with

VzeRY, () = p(—x).

We consider the two sequences {@n}neny and {¥, men in D(R?) which converge respectively
to ¢ and ¥ in S(R?). We have

Tiseponronr ) = | (Surpn(—)) b @)in(a)do,
= <Sya/1Rd¢m(x)Tan(_y)wk(x)d$> = <Sya/R;Lm(x)T—zSOn(_y)wk(x)dx>'
Thus

<T(S*D<pn)wk7ﬂ)m> = <S7 ®Pn *D @Lm> (4.10)
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But

<T(S*D4Pn)wk’¢m> - <T(S*Dgo)wka VYm) = iy S#p (on — @) ()b (z)w (z)d.

Thus from (4.8) there exist a positive constant M and k, ¢ € N such that
|T(S*D<pn)wk7wm> - <T(S*D<p)wka ¢m>| < MQk,f((Pn - SD)

Thus

<T(S*Dgon)wk7wm> - <T(S*D<p)wk7¢m>' (4'11>

n—-4o0o

On the other hand we have

(T 55 )y > Ym) e (T sxpp)ors V)5 (4.12)
and
on D Ym  —— @D, (4.13)
m—-+00

the limit is in S(RY).
We deduce (4.9) from (4.10), (4.11), (4.12) and (4.13).
We prove now the relation (4.6). Using (4.9) we obtain for all 1 in S(R?)

<fD(T(S*Dg0)wk)aw> = <T(S*D<p)wk7fD<w>>7: <Sv()0 *D (-I'E.D(w)»
But
¢ xp (Fp(¥)) = (Fp[Fple)¥]).
Thus
(S, 0% (Fp())) = (S, FplFn(e)¥)), = (Fp() Fn(S), 1).
Then
<fD(T(S*D<p)wk)’w> = <fD(90)fD(S)v¢>
This completes the proof of (4.6). [

We consider the positive function ¢ in D(R?) which is radial for d > 2 and even for d = 1,
with support in the closed ball of center 0 and radius 1, satisfying

[ earaads =1
Rd
and ¢ the function on [0, 00| given by
p(x) = o(llzl) = ¢(r)  with = [|lz].
For ¢ €]0, 1], we denote by . the function on R? defined by

1zl
d —
\V/l' € R ’ QOE(‘/E) - €2W+d ( c )

(4.14)

This function satisfies the following properties:
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i) Its support is contained in the closed ball B. of center 0, and radius e.

ii) From [13, pages 585-586] we have

215

+4-1
VyeR:  Folpa)ly) == —Fp (@), (4.15)
d_
where ]:;+2 1( f)(A) is the Fourier-Bessel transform given by
3 O (a.16)
VA eR, Fg? / f(r)g, . a_ dr, 4.16
B v+ i or+ar (v+9)
with j_ g_l()\r) the normalized Bessel function.
iii) There exists a positive constant M such that
VyeR,  |Fp(ee)(y) — 1] < eMy|*. (4.17)
Theorem 4.3. Let S be in S'(RY). We have
liH(l)(S *p Qe )wi = S, (4.18)
E—>
where the limit is in S'(R?).
Proof. We deduce (4.18) from (4.6), (4.15), (4.17) and Theorem 4.1. [

Definition 4.3. Let S; be in S'(R%) and S in & (R?). The Dunkl convolution product of S;
and Sy is the distribution S; *p S on R defined by

(S1#p S2,9) = (S1.0, (S2y. ¥ (y))), ¥ € D(RY). (4.19)
Remark 4.2. The relation (4.19) can also be written in the form
(S1 %D S2,9) = (S1, 82 *p ). (4.20)

Theorem 4.4. Let Sy be in S'(RY) and Sy in E'(RY). Then the distribution Sy *p So belongs
to 8'(RY) and we have

fD(Sl *D SQ) = fD(SQ) . .7:[)(51).

Proof. We deduce the result from (4.20), the relation

Ty p Fp () = 92 *D Trp ()wys

and Theorem 4.2. [ |

4.4 Another proof of the geometrical form
of the Paley—Wiener—Schwartz theorem for the Dunkl transform

In this subsection we suppose that the multiplicity function satisfies k(«) € N\{0} for all &« € R..
The main result is to give another proof of the geometrical form of Paley—Wiener—Schwartz
theorem for the transform Fp, given in [17, pages 23-33].
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Theorem 4.5. Let E be a W-invariant compact convex set of R® and f an entire function
on C%. Then f is the Dunkl transform of a distribution in &' (R?) with support in E if and only
if there exist a positive constant C and N € N such that

VzeCl  |f(2)] <CA+ ||z||P)Nelelm=), (4.21)
where Iy is the function given by (3.4).

Proof. Necessity condition. We consider a distribution S in &'(RY) with support in E.
Let X be in D(R?) equal to 1 in a neighborhood of E, and € in £(R) such that

1, ift <1,
Q(t)_{ 0, ift>2.

We put n =Im z, z € C% and we take ¢ > 0. We denote by 1, the function defined on R? by

a(a) = x(@)K (=iz, 2) W[ Y 0(=]° ((wa, ) — Ip(n))).

weW

This function belongs to D(R?) and as E is W-invariant, then it is equal to K(—iz,z) in a
neighborhood of E. Thus

VzeCd, Fp(S)(z) = (Su, ¥ (x)).

As S is with compact support, then it is of finite order N. Then there exists a positive cons-
tant Cy such that

VzeC  |Fp(S)(2) <Co Y. sup | Dy (). (4.22)
<N TER

Using the Leibniz rule, we obtain

VeeR!,  D(x)= Y P DX () DK (—ix, 2)

q'rls!
g+r+s=p
x DIWITH Y 0|2l ((wz,m) = I(n)). (4.23)
weW
We have
Ve RY |D?x(z)| < const, (4.24)
and if M is the estimate of sup [§%)(t)], k < N, we obtain
teR
Vo eR, ‘DS (Z O(|z[1* ((wa, m) — IE(??)))) < M(||z|* Il (4.25)
weWw
On the other hand from (2.3) we have
VeeRY  |D'K(—iz,z)| < |z|"emaxwew wam) (4.26)

Using inequalities (4.24), (4.25), (4.26) and (4.23) we deduce that there exists a positive cons-
tant C7 such that

VazeR?, |DPap, (z)] < C1(1 + || z]|2)N(AFe) gmaxwew (wa.m)
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From this relation and (4.22) we obtain

VzeCh | Fn(S)(2)] < oLt |2V sup emswew e, (4.27)
S

where C is a positive constant, and the supremum is calculated when |[|z]| > 1, for
2
(wz,n) < Ip(n) + TFE

because if not we have § = 0. This inequality implies

Sgg eMaxwew (wz,n) < e2 . ele() (4.28)
X

From (4.27), (4.28) we deduce that there exists a positive constant C3 independent from e such
that

VzeCl |z =1, |Fp(S)(2)] < Cs(1 + ||z|2)NOHeele)

If we make ¢ — 0 in this relation we obtain (4.21) for ||z|| > 1. But this inequality is also
true (with another constant) for ||z|| < 1, because in the set {z € C%||z|| < 1} the function
Fp(S)(z)e ) is bounded.

Sufficient condition. Let f be an entire function on C? satisfying the condition (4.21). It is
clear that the distribution given by the restriction of fw; to R? belongs to S'(R%). Thus from
Theorem 4.1i there exists a distribution S in S’'(R%) such that

Ty, = Fp(95). (4.29)

We shall show that the support of S is contained in E. Let ¢. be the function given by the
relation (4.14). We consider the distribution

Tfswk = fD (T(S*Dgos)wk)' (430)

From Theorem 4.2 and (4.29), (4.30) we deduce that

fe = Fplee)f.

The properties of the function f and (4.15), (4.16) and (4.17) show that the function f. can
be extended to an entire function on C% which satisfies: for all ¢ € N there exists a positive
constant Cj such that

Vae Tl [f(2)] < Cyll + 2] telesn(ma), (4.31)

Then from (4.31), Theorem 3.2 and (4.30), the function (S*¢.)wy, belongs to D(R?) with support
in £+ B.. But from Theorem 4.3, the family (S * ¢, )w}, converges to S in S'(R?) when ¢ tends
to zero. Thus for all € > 0, the support of S is in F + B, then it is contained in E. |

Remark 4.3. In the following we give an ameliorated version of the proof of Proposition 6.3
of [17, page 30].

Let E be a W-invariant compact convex set of R? and = € E. The function f(z,-) defined
on C? by

flz,2) = e_i(gle)7



14 K. Trimeche

is entire on C¢ and satisfies
VzeCh  |f(z2)] <elem2)
Thus from Theorem 4.5 there exists a distribution 7, in &'(R%) with support in F such that

VyeRY fz,y) = e @) = (i, K (—iy,-)).

Applying now the remainder of the proof given in [17, page 32], we deduce that the support
of the representing distribution 7, of the inverse Dunkl intertwining operator kal is contained
in F.

5 Inversion formulas for the Dunkl intertwining operator
and its dual

5.1 The pseudo-differential operators P
Definition 5.1. We define the pseudo-differential operator P on S(R?) by

d 2

227

VzeR?!,  P(f)(z)= F o F (f))(2). (5.1)
Proposition 5.1. The distribution T, given by the function wy, is in S'(RY) and for all f
in S(R?) we have

d .2
TCy,

22’7 f(ka) * f(—l‘)

vz eRY P(f)(z) =

where * is the classical convolution production of a distribution and a function on R%.

Proof. It is clear that the distribution 7}, given by the function wy belongs to &'(R%). On the
other hand from the relation (5.1) we have

VeeR!,  P(f)@) =T / F(F(€+2)) (y)on()dy.

Thus

d 2

Ve eRY  P(f)(z) = -7

(F(Top )y, (@ +y)). (5.2)

With the definition of the classical convolution product of a distribution and a function on R,
the relation (5.2) can also be written in the form

227

VzeR:,  P(f)(z) = k(T ) * f(—x). u

Proposition 5.2. For all f in S(R?) the function P(f) is of class C> on R and we have

d .
VzeRY, @P(f)(m) <8€]f>() j=1,2,....d (5.3)

Proof. By derivation under the integral sign, and by using the relation

vueRl iAW =7 (505) o)

we obtain (5.3). ]



Inversion Formulas for the Dunkl Intertwining Operator 15

5.2 Inversion formulas for the Dunkl intertwining operator
and its dual on the space S(R?)

Theorem 5.1. For all f in S(R?) we have
veeR:,  WVIH()(@) = Vi(P(f) (@) (5-4)

Proof. From [15, Theorem 4.1] for all f in S(R?), the function *V, '(f) belongs to S(R?). Then
from Theorem 3.1 we have

2
vzeR,  VI(N@) = 5y /R K iy, ) Fo (Vi () ()wi(y)dy- (5:5)
But from the relations (3.2), (1.7), (1.3), we have

vyeRL  Fp('Vi (M) = F(HW),

and
Vye Rda K(Z.?/?x) - F(ﬁr)(y)a
where fi, is the probability measure given for a continuous function f on R? by
FOda0) = [ F(-t)duae)
Rd Rd
Thus (5.5) can also be written in the form
2
k

VeeRl VNN = g [ Fi) e mFR W

Then by using (5.1), the properties of the Fourier transform F and Fubini’s theorem we obtain

02
VoeRl  VNN@) = i [ FFOIWdW = [ P00,

Thus

veeRL Vil ()() = Vi(P(f) (@) u
Theorem 5.2. For all f in S(R?) we have

Ve eRY  VU(f)(2) = PVi(f)(2). (5.6)
Proof. We deduce the relation (5.6) by replacing f by Vi (f) in (5.4) and by using the fact
that the operator Vj, is an isomorphism from &(R?) onto itself. |

5.3 Inversion formulas for the dual Dunkl intertwining operator
on the space £'(R%)

The dual Dunkl intertwining operator ‘V} on &'(R?) is defined by
(Vi(S), ) = (S, Vi), feERT).

The operator ‘V}, is a topological isomorphism from £'(R%) onto itself. The inverse operator
is given by

(VN9 H) = (S Vi (), feERY, (5.7)
see [17, pages 26-27].
Theorem 5.3. For all S in £ (R?) the operator th_l satisfies also the relation

(VHS), £y = (S, PVi(f)),  feSRY). (5.8)
Proof. We deduce (5.8) from (5.6) and (5.7). [
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6 Other expressions of the inversion formulas
for the Dunkl intertwining operator and its dual
when the multiplicity function is integer

In this section we suppose that the multiplicity function satisfies k(a) € N\{0} for all & € R.
The following two Propositions give some other properties of the operator P defined by (5.1).

Proposition 6.1. Let E be a compact convex set of R%. Then for all f in D(RY) we have
supp f C E = supp P(f) C E.

Proof. From the relation (5.1) we have

d 2

22’7 R4

We consider the function F' defined by

veeR!  P(f)(z)= Ffy)e' V() dy. (6.1)

Vel  F)=| [] (a.2)? ) F(f)(2).

aERL

This function is entire on C? and by using Theorem 2.6 of [1] we deduce that for all ¢ € N, there
exists a positive constant C, such that

VieCl  |F(2)] < Cy(l+ [2]?) telema), (6.2)

where I is the function given by (3.4).
The relation (6.1) can also be written in the form

e ,
VezeRY,  P(f)x)=—=2L | Fy)e™vdy. (6.3)
227 Rd
Thus (6.3), (6.2) and Theorem 2.6 of [1], imply that supp Pf C E. [

Proposition 6.2. For all f in S(R?) we have

Wdc% k(@) 0 0 2k()
P(f) = 55, ag+(—1) (oua51 +---+ad8£d) (f)- (6.4)
Proof. For all f in S(R?), we have
VyeR, w)FHw) = J] (e u)* D F(F)w). (6.5)
aER
But
VyeR, () F(f)y) = F|—i (ala ool ) f} (v). (6.6)
’ ’ i 06 0&q
From (6.5), (6.6) we obtain
vy e R? ()f(f)()—f—]—[(—l)k(“)< 9 8)%()1" )
Yy ) WY Yy) = 041651 ad@fd y).

_a€R+
This relation, Definition 5.1 and the inversion formula for the Fourier transform F
imply (6.4). [

Remark 6.1. In this case the operator P is not a pseudo-differential operator but it is a partial
differential operator.
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6.1 The differential-difference operator QQ
Definition 6.1. We define the differential-difference operator @ on S(R%) by
VzeRY  Q(f)(x) ="V, ' oPo Vi(f) ().
Proposition 6.3.
i) The operator Q is linear and continuous from S(RY) into itself.
ii) For all f in S(R?) we have
veeR!,  TQ(N@)=QLNHE, j=1L...d
where T, j = 1,2,...,d, are the Dunkl operators.

Proof. We deduce the result from the properties of the operator ‘V} (see Theorem 3.2 of [17]),
and Proposition 5.2. |

Proposition 6.4. For all f in S(R?) we have
d
mdc?
227

veeR,  Q(f)(x) =

Fp' (@nFp(f))(@). (6.7)

Proof. Using the relations (3.2), (5.1) and the properties of the operator ‘V} (see Theorem 3.2
of [17]), we deduce from Definition 6.1 that
el

R FUF o F anFo (D]} @)

V2 eRY Q(f)(x) = Fo{F o P("Vi(f))}(z) =

As the function wyFp(f) belongs to S(R?), then by applying the fact that the classical Fourier
transform F is bijective from S(RY) onto itself, we obtain

d.2
T Cy,

2%y

VezeR:,  Qf)(z) = =EF; (weFp(f))(x). u

Proposition 6.5. The distribution Twﬁ given by the function w,% is in S'(RY) and for all f
in S(R?) we have

Yo eR!, Q@) = 5piaFo(Te) b f(-u),

where *p is the Dunkl convolution product of a distribution and a function on R?.

Proof. It is clear that the distribution T w? given by the function w? belongs to &’ (R%). On the
other hand from the relations (6.7), (3.3) and (4.3) we obtain

VeeR!,  Qf)(z)= 24%/ Fp (7)) (y)wi (v)dy

= = 94y+d <‘7:(Twi)y77—x(f)(y)>

Thus Definition 4.1 implies

d 4
TC

Ve eR,  QU@) = 5y Fo(Tp) +p f(-2). n
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Proposition 6.6. For all f in S(R?) we have

d.2
QU = Tk | TT (~0M D (aaTy + -+ + aqT)* @ | (f). (6.8)
aERy

Proof. For all f in S(R?), we have

VyeR,  wFo(Hy) = T Gav)™ P Fp(H)(). (6.9)

acR

But using (2.1), (2.2) we deduce that

VyeR?, (a, ) Fp(f)(y) = Fp[ —ileaTi + - - - + aqTy) ] (y). (6.10)

From (6.9), (6.10) we obtain

VyeR,  w@)Fo(Hy) =Fp | [T DM@+ +adl))™ M f| ().

acR4

This relation, Propositions 6.3, 6.4 and Theorem 3.1 imply (6.8). |

6.2 Other expressions of the inversion formulas for the Dunkl intertwining
operator and its dual on spaces of functions and distributions

In this subsection we give other expressions of the inversion formulas for the operators V}, and tV},
and we deduce the expressions of the representing distributions of the operators Vk_1 and th_l.

Theorem 6.1. For all f in S(R?) we have
veeR,  VIHS)(@) = "Vil(Q(N))(@). (6.11)
Proof. We obtain this result by using of Proposition 6.3, Theorem 5.2 and Definition 6.1. H

Proposition 6.7. Let E be a W -invariant compact convex set of R%. Then for all f in D(R?)
we have

supp f C E <= supp 'Vi(f) C E. (6.12)
Proof. For all f in D(R?), we obtain from (3.2) the relations

Vi(f) = F Lo Fp(f),
V) = Fp o F ).

We deduce (6.12) from these relations, Theorem 3.2 and Theorem 2.6 of [1]. [ |
Proposition 6.8. Let E be a W -invariant compact convex set of R%. Then for all f in D(R?)
we have

supp f C E = suppQ(f) C E. (6.13)

Proof. We obtain (6.13) from Definition 6.1, Propositions 6.1 and 6.7. |
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Theorem 6.2. For all S in & (R?) the operator th_l satisfies also the relation
<th_1(S)7 f> = <S,th(Q(f))>, f € S(Rd) (614)
Proof. We deduce (6.14) from (5.7) and (6.11). [ |

Corollary 6.1. Let E be a W-invariant compact convex set of RE. For all S in £'(RY) with
supp S C E, we have

supp 'V, 1(S) C E.

Definition 6.2. We define the transposed operators !P and ‘Q of the operators P and
on S'(RY) by

('P(S), f) =(S,P(f)), feSRY,
(Q(S), £) =(S,Q(f)),  feSRY.

Proposition 6.9. For all S in S'(R%) we have

d.2 2k(a)
tP(S):WCk H (aa+...+ada> S,

2
2% aek, 96 94
t Wdci _ 2k(c)
Q(S) = <5, 1;1 (Ty + - 4 aqTq) S,
| @€+

where Tj, j =1,2,...,d, are the Dunkl operators defined on S'(R?) by
<TJS7f>:_<Sv,'T]f>7 fES(Rd)

Proposition 6.10. For all S in S'(R?) we have

d .2
TC,

FUP(S) = SEF (S)an,
2

= o

FpH(S)wk.

Proof. We deduce these relations from (5.1), (6.7) and the definitions of the classical Fourier
transform and the Dunkl transform of tempered distributions on R%. |

Theorem 6.3. The representing distributions n, and Z, of the inverse of the Dunkl intertwining
operator and its dual, are given by

Ve Rda Nz = tQ(Vm) (6'15)
and
Ve RY Zy = "P(uz), (6.16)

where py and v, are the representing measures of the Dunkl intertwining operator Vi and its

dual tVj,.
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Proof. From (1.5), for all f in S(RY) we have
Ve eRY,  Vi(Q()(@) = (e, QU)) = (Qwa), f). (6.17)
On the other hand from (1.4)
Ve eRY,  VIH)(@) = (s f)
We obtain (6.15) from this relation, (6.17) and (6.11).
Using (1.3), for all f in S(RY) we can also write the relation (5.4) in the form
veeR, W ()(@) = (e, P()) = (Plpa), £). (6.18)
But from (1.6) we have
VazeRY W) (2) = (Z, f).
We deduce (6.16) from this relation and (6.18). [
Corollary 6.2. We have
mdc?
VzeRY, = 227’“ [T (a7i+ -+ aaTw)®™ ™ | (va)
aER,
and
Ve ]Rd, Ly = W:;; H (0418851 4 ad£l>2k(a) ().
a€Ry
Proof. We deduce these relations from Theorem 6.3 and Proposition 6.9. |

7 Applications

7.1 Other proof of the sufficiency condition of Theorem 4.4

Let f be an entire function on C¢ satisfying the condition (4.21). Then from Theorem 2.6 of [1],

the distribution F~1(f) belongs to &'(RY) and we have
supp F1(f) C E.
From the relation

Fol(f) ="V o FH(S)

given in [17, page 27] and Corollary 6.1, we deduce that the distribution F5,'(f) is in &'(R?)

and its support is contained in F.
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7.2 Other expressions of the Dunkl translation operators
We consider the Dunkl translation operators 7., * € R?, given by the relations (4.1), (4.2).
Theorem 7.1.

i) When the multiplicity function k(«) satisfies k(o)) > 0 for all o € R4, we have
VyeR:, ()W) = pexmy(PV(F),  feSRY, (7.1)

where  is the classical convolution product of measures on RY.

ii) When the multiplicity function satisfies k(o) € N\{0} for all o € Ry, we have
VyeR,  m(N®) = e xm(VR(QF),  feSRY. (7.2)

Proof. i) From the relations (4.1) and (1.3), for f in S(R?) we have

Yoy Rl n() = [ [ VIOE Ddua@du o).
Rd JRd

By using the definition of the classical convolution product of two measures with compact
support on R%, we obtain

Va,yeRY ()W) = pa * 1y (Vi ().

Thus Theorem 5.2 implies the relation (7.1).
ii) The same proof as for i) and Theorem 6.1 give the relation (7.2). [
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