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1 Introduction

In this paper, we consider the Dunkl operator A,, a > —1/2, associated with the reflection
group Zg on R. The operators were in general dimension introduced by Dunkl in [2] in connection
with a generalization of the classical theory of spherical harmonics; they play a major role in
various fields of mathematics [3, 4, 5] and also in physical applications [6].

The Dunkl analysis with respect to & > —1/2 concerns the Dunkl operator A,, the Dunkl
transform F, and the Dunkl convolution #, on R. In the limit case (« = —1/2); Ay, Fo and #,
agree with the operator d/dx , the Fourier transform and the standard convolution respectively.

First, we study the Dunkl Sonine operator S, g, 8 > a:

Sa,p(f)(@) = (7= 5+1a+1 / Flat) (1 — )51 4 )|t e,

and its dual tSa,g connected with these operators. Next, we establish for them the same results
as those given in [8, 14] for the Radon transform and its dual; and in [9] for the spherical mean
operator and its dual on R. Especially:

— We define and study the complex powers for the Dunkl Laplacian A, = A2.

— We give inversion formulas for S, g and 'S, g associated with integro-differential and
integro-differential-difference operators when applied to some Lizorkin spaces of functions
(see [9, 1, 13]).

— We establish a Plancherel formula for the operator tSa”g.

The content of this work is the following. In Section 2, we recall some results about the
Dunkl operators. In particular, we give some properties of the operators S, g and 'S, 3.

*This paper is a contribution to the Special Issue on Dunkl Operators and Related Topics. The full collection
is available at http://www.emis.de/journals/SIGMA /Dunkl_operators.html
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In Section 3, we consider the tempered distribution |z|* for A € C\{—(¢41), ¢ € N} defined
by

A = 117)\ i X.
e ) .—/R\ Pp(a)d

Also we study the complex powers of the Dunkl Laplacian (—A,)?, for some complex number \.
In the classical case when o = —1/2, the complex powers of the usual Laplacian are given in [16].
In Section 4, we give the following inversion formulas:

9=S05K1('Sup)(9),  f=("Sap)K2Sas(f),

where

c c 1
Ki(f)= 2 (A7 Ka(f) = 2 (=870 and Ca = Batin(a £ D2

Next, we give the following Plancherel formula for the operator ‘S, g:

/If(w)|2lfv|25“dw=/IKs(tSa,ﬁ(f))(y)Izlﬂfl%““dy,
R R

where

Kaf) =\ (~80) 0P,

2 The Dunkl intertwining operator and its dual

We consider the Dunkl operator A,, o > —1/2, associated with the reflection group Zs on R:

20t 1 ) S,

Maf(@) = 5 f(a) + 1)

For « > —1/2 and A € C, the initial problem:

Aozf<$) - )‘f(x)v f(O) =1,

has a unique analytic solution E,(Az) called Dunkl kernel [3, 5] given by

Ea()\l‘) = ga()\l') + 2(0[)\?_1)%Q+1()\l’),
where
> T 2n

n=0
is the modified spherical Bessel function of order a.
Notice that in the case o = —1/2, we have
A_1/2 = d/d$ and E_l/Q()\l’) = €>\$.
For A € C and =z € R, the Dunkl kernel F, has the following Bochner-type representation
(see [3, 11]):
1

E,(\x) = aa/ ekwt(l - tQ)Q_I/Q(l +t)dt,
-1
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where

__TletD)
VTl (a+1/2)’

which can be written as:

Ao

||

Ea(Xe) = ansgu(o) o] G0 [ (et <) Pk ghdy. w20
— ||

Ea(0) = 1.

We notice that, the Dunkl kernel E,(Az) can be also expanded in a power series [10] in the
form:

— (Az)"
E,(\x) = ) (2)
nzz;) bn ()
where
22np)
ban () = Fn+a+1), bant1(@) = 2(a + 1)bop (o + 1).

I'a+1)

Let o« > —1/2 and we define the Dunkl intertwining operator V, on £(R) (the space of
C*°-functions on R), by

1
Va(f)(@) = aa /_ RICOIC £2)* 2 (1 t)at,

which can be written as:

||
Val(f)(@) = aq sgn(x) [z]~@+D / UGS A 22t ypdy, @ A0,

Remark 1. For a > —1/2, we have
E,(\) =Vo(ed), MeC.

Proposition 1 (see [18], Theorem 6.3). The operator V,, is a topological automorphism
of E(R), and satisfies the transmutation relation:

Aa(Val)) = Va (jxf) )

Let o > —1/2 and we define the dual Dunkl intertwining operator ‘V,, on S(R) (the Schwartz
space on R), by

Vo)) = aa / sen(y) (v — 22)° (& + 1) F(w)dy,

[y|=x|

which can be written as:

Walf)(z) = aasgn(a)|z>*H /ﬁ . sgn(t) (12 — 1) (1 + 1) f(at)dt.
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Proposition 2 (see [19], Theorems 3.2, 3.3).
(i) The operator 'V, is a topological automorphism of S(R), and satisfies the transmutation
relation:

Valdf) = (Valf)), S € S(E).

(13) For all f € E(R) and g € S(R), we have

/ Vo () (2)g(2) |22 da = / (@) Valg) (x)da.

Remark 2 (see [15]).
(i) For « > —1/2 and f € £(R), we can write

Val)(@) = Ra(fe) () + - Ra(M £,

where

1

SU@)+ f(=x),  folz) =

fe(z) = 9

SU@ —f-a),  Mfo(a) = wful),

and R, is the Riemann-Liouville transform (see [17], page 75) given by
Ra( = 2aa/ fel( wt a I/th x> 0.
Thus, we obtain
Vi (£)(e) = R (o)) + 5 (M) fal).

Therefore (see also [20], Proposition 2.2), we get

d r )rma1/22a
S = d(dx+) Lo [ o et
D@ =da (S5) L [ nen - t?)’“‘a‘l/ztwdt} ,

where r = [ + 1/2] denote the integer part of a + 1/2, and d,, = F(a+1)12“z;::ra+1/2)'
(17) For @« > —1/2 and f € S(R), we can write

Va(f) (@) = Walfe)(|z]) + aWa (M~ fo)(|2),

where

M~ fo(x) = o—(f(2) = f(=a)),

2z
and W, is the Weyl integral transform (see [17, page 85]) given by

Wa(feo)(z) := 2aq2%H /OO fe(xt) (£ — 1)a_1/2tdt, x > 0.
1

Thus, we obtain

("Va) M (@) = Wt (fo) () + aWi (M1 fo)(Jz)).
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The Dunkl kernel gives rise to an integral transform, called Dunkl transform on R, which

was introduced by Dunkl in [4], where already many basic properties were established. Dunk!’s

results were completed and extended later on by de Jeu in [5].

The Dunkl transform of a function f € S(R), is given by

FalH)) = /R Fo(—ida) f(0)|z2Hde,  AER

We notice that F_;/, agrees with the Fourier transform F that is given by:

F(HN) = /R () de, AER

Proposition 3 (see [5]).
(1) For all f € S(R), we have

fa(Aaf)()‘):i)‘fa(f)()‘)v A ER,

where Ay, is the Dunkl operator given by (1).
(17) Fo possesses on S(R) the following decomposition:

fa(f) =Fo tVa(f)v S S(R)

(1i1) Fo is a topological automorphism of S(R), and for f € S(R) we have

f(@) = ca /R Eo(ihe) Fal /) (V) A2,

where

1
2 (o + P

Coq =

(iv) The normalized Dunkl transform \/cq Fo extends uniquely to an isometric isomorphism
of L*(R, |z|***t1dx) onto itself. In particular,

/ |f @)l dr = ca/ [FalFHNPAPTAA.
R R
For T € §'(R), we define the Dunkl transform F,(7") of T, by

(Fa(T), ) := (T, Falp)), ¢ €SR). (3)
Thus the transform F, extends to a topological automorphism on S'(R).
In [19], the author defines:
e The Dunkl translation operators 7., € R, on £(R), by

T2 f(Y) = (Va)z @ (Va)y [(Va)_l(f)(x + y)]» yeR.

These operators satisfy for =,y € R and A € C the following properties:

Eo(Ax)Ea(Ay) = 7o (Ea(X.))(y), and
Folref)(A) = Ex(iAz) Fo(f)(N), feSM).
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Proposition 4 (see [11]). If f € C(R) (the space of continuous functions on R) and x,y € R
such that (x,y) # (0,0), then

=aq i T T Tty — sgn(zy) cos 0] sin®®
a0 = o [ 2w o) + £l | 11— sty coso)sin® 6,
fe(2) = 5(f(2) + f(=2)),  fol2) = 5(f(2) = f(=2)),

(z,9)0 = V22 + y2 — 2|xy| cos b.

e The Dunkl convolution product %, of two functions f and g in S(R), by

[ *a g(a) == Afzf(—y)g(y)lyl2a+ldy, z €R.
This convolution is associative, commutative in S(R) and satisfies (see [19, Theorem 7.2]):
Falf *a 9) = Falf)Falg)-
For T € §'(R) and f € S(R), we define the Dunkl convolution product T *, f, by
T o f(z) = (T(y), 2 f(-y)), zER. (4)
Note that *_; /5 agrees with the standard convolution :

T f(x) = (T(y), f(x — y))-

3 The Dunkl Sonine transform

In this section we study the Dunkl Sonine transform, which also studied by Y. Xu on polynomials
in [20]. For thus we consider the following identity, which is a consequence of Xu’s result when
we extend the result of Lemma 2.1 on £(R).

Proposition 5. Let o, € |—1/2,00[, such that f > «. Then
1
Es(\x) = aaﬁ/ Eo(at) (1 —2)770 71 (1 4 o) e, (5)
-1

where

B rpE+1)
“f T T(@E-a)T(a+1)

Proof. From (2), we have

/1 Ea(at) (1 — 27707 (1 4 )|t de = i m L(a, B),
-1 n=0 " a

where

1
I(a, B) = / (1 — )77 1 )P,

or

1 1
IZn(Oéyﬁ) — 2/ (1 _ t2)ﬁ*a71t2n+2a+1dt — / (1 _ y)ﬁ—oc—lyn—i-ady
0 0
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- IB-a)l(n+a+1)
N I'(n+p+1) ’

and

1
Ionyi(a, B) = 2/ (1- t2)ﬁ7071t2n+2a+3dt = Im(a+1,8+1).
0

Thus
: o (3 - a)l(a+1)
E,O\at) (1 —£2)P77 1 4 ) e2etlar = Es(\x),
[ Bt (=) ol o EaOa)
which gives the desired result. |

Remark 3. We can write the formula (5) by the following

2] o
Eg(Ar) = aq,5 sgn(z) [z~ EaO) (2% =) @+ y)yPotldy,  x#£0.

— ||

Definition 1. Let o, € |—1/2,00], such that § > «. We define the Dunkl Sonine trans-
form S, 3 on £(R), by

1
Saﬁ(f)(l') = Qa3 /1 f(fl?t)(l — tQ)ﬁiail(l + t)‘t‘2a+1dt,

which can be written as:

|z
Sa,8(f)(2) = a5 sgu(z) x|~ /| | F) (=) e+ y)lytldy,  z#0,

Remark 4. For «, 5 € |—1/2, 00|, such that 8 > «, we have
Bo(\) = Sup(Ba(h)),  A€C. (6)

Definition 2. Let o, € |—1/2,00], such that § > «. We define the dual Dunkl Sonine
transform 'S, g on S(R), by

'S (£)(2) = dag / sen(y) (4% — 22)7 7 (@ + 9) f(w)dy,

[y|>]z|

which can be written as:

Sas(f)(2) = aq g sgn(z)|z|? P~ / sen(t) (2 — 1) (t + 1) f (it dt.

[t]>1

Proposition 6.
(1) For all f € E(R) and g € S(R), we have

J, Snal @@ e = [ 50 S0slo)@lel
(it) Fp possesses on S(R) the following decomposition:

F(f) = Fa o "Sap(f),  feSM).
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Proof. Part (i) follows from Definition 1 by Fubini’s theorem. Then part (ii) follows from (i)
and (6) by taking f = E,(—i\.). [

In [20, Lemma 2.1] Y. Xu proves the identity S, 3 = V3 o V! on polynomials. As the
intertwiner is a homeomorphism on £(R) and polynomials are dense in £(R), this gives the
identity also on £(R). In the following we give a second method to prove this identity.

Theorem 1.
(i) The operator 'S, 5 is a topological automorphism of S(R), and satisfies the following
relations:

Sap(f) = (Va)h o Vs(f),  feESR),
"Sap(Msf) = Aa("Sap(f), [ ESR).

(i1) The operator S is a topological automorphism of E(R), and satisfies the following
relations:

Sap(f)=Va o Vol (f),  fe&),
Ap(Sap(f)) = Sap(Maf), [ eER).

Proof. (i) From Proposition 6 (ii), we have

"Sa,(f) = (Fa)™t o Fs(f). (7)
Using Proposition 3 (i), we obtain
Sas(f) = (Vo)™ 0 Va(f),  feSM). (8)

Thus from Proposition 2 (i),

SaplBaf) = (Vo)™ o Valhaf) = (Vo) (4 Val) )
Using the fact that
Valbaf) = - (ValD) = AV (1) = (V) (17).

we obtain

"Sas(Apf) = Aa(Va) T ("Va(f)) = Ma("Sas(f))-

(#7) From Proposition 2 (ii), we have
/ f(2)"Vs(g)(x)dx = / Va(f (z)|z*d.
On other hand, from (8), Proposition 2 (ii) and Proposition 6 (i) we have
/ f(2)"Vs(g)(x)dx = / f(2)"WVy 0 18, 5(9)(z)dx = / Val( w.5(9)(@)|2[** d
= [ S 0 Vol D)@yl

Then

Sa,ﬁ © Va(f) = V,B(f)
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Hence from Proposition 1,

de @

As(Sap(F)) = AsVa(V () = Vi <V‘1(f)> |

Using the fact that

we obtain

Ag(Saﬁ(f)) = Vﬁ o Va_l(A&f) = SOéﬂ(AC!f)7

which completes the proof of the theorem.

4 Complex powers of A,

For A € C, Re()\) > —1, we denote by |z|* the tempered distribution defined by

e ) = /R wPo@)dr, € SR).
We write
(e ) = /0 TP o) +p(-o)dr,  pe SR),

then from [1], we obtain the following result.

Lemma 1. Let ¢ € S(R). The mapping g : A — {(|z|}, @) is complex-valued function and has

an analytic extension to C\{—(1 + 2¢), ¢ € N}, with simple poles —(2¢ + 1), £ € N and

p*0(0)

Res(g,—1—20) =2 30)

Proposition 7. Let ¢ € S(R).

(1) The function X — (|z|*29+ ) is analytic on C\{—(2c + 2¢ + 2), £ € N}, with simple

poles —(2a+ 20+ 2), £ € N.

22a+A+21—\(a+1)1—\( 2a4+A+2

(1) The function X — NESvo )(]:U|*()‘+1), ©) is analytic on C\{—(2ac + 2¢ + 2),

¢ € N}, with simple poles —(2cc + 20 + 2), £ € N.
(i13) For A € C\{—(2a:+ 20 + 2), £ € N} we have

220D (o 4 1) (224242

fa(|$|>\+2a+1) = |x|_(’\+1), in S'-sense.

I'(=A/2)
(iv) For A € C\{—(2a + 20 +2), £ € N} we have

2>\ F( 2a+2/\+2 )

|>\+2a+1 —
T(a + D0 (=A/2)

Fol|z| Oy, in §'-sense.

|z
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Proof. (i) Follows directly from Lemma 1.

(13) From [7, pages 2 and 8] the function A — F(W) has an analytic extension to
C\{—(2a+2¢+2), ¢ € N}, with simple poles —(2a+2¢+2), ¢ € N, and the function A —
has zeros 2¢, £ € N. Thus from Lemma 1 we see that

22a+)\+2r(a + 1)F(2a+2>\+2)
I'(=A/2)
is analytic on C\{—(2a + 2¢ + 2), ¢ € N}, with simple poles —(2ac + 2¢ + 2), £ € N.

(iii) Let determine the value of Fy(|z[*29+1) in the &-sense. We put ¢y (x) := e~ #7° t > 0.
Then ¢ € S(R), and from [12]:

1
I'(=X/2)

A— (2|7, )

Fa(r)(z) = T(a+ 1)t~ (D=4 5 e R,

Furthermore, for ¢ € S(R) we have
/ Fal ()| dr = T(a + 1) / @(m)t_(a+1)e_z2/4t|x|2a+1d1:.
R
Multiplying both sides by t~*/2~1 and integrating over (0,00), we obtain for Re(\) €]—(2a +
2),0[:
22a+/\+2r(a + 1)F(2a+)\+2)
D S 2 ~(+1) g

| Floala v [ elalal V.

This and from (3) we get for Re(\) €]—(2a + 2),0[:

22a+A+2F(a + 1)F( 2a+2>\+2)
I'(=A/2)

The result follows by analytic continuation.
(1v) From (i7i) we have

fa(|x’)‘+2a+l) _ ’ ‘*(/\4’1).

22a+)\+2r(a + 1)P( 2a+2)\+2)
[(=A/2)

|m’>\+2a+1 — .7:(;1(|$|_(>\+1)).

Using the fact that
(Fo (Jo|~ M), ) = (2|~ Fol(e)),  » e S(R).

By applying (9) and Proposition 3 (iii), we obtain
F2 (a0 0) = o [ ol OVF o), o€ SR
Then
fgl(‘x’—(AH)) = c, fa(’x‘*(/\+l))’
which gives the result. |

Definition 3. For A € C\{—(a+/¢+1), ¢ € N}, the complex powers of the Dunkl Laplacian A,
are defined for f € S(R) by

222 T (a + A+ 1)

(_Aa))\f(x) =

where *,, is the Dunkl convolution product given by (4).
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In the next part of this section we use Definition 3 and Proposition 7 (iv) to establish the
following result:

Fa((2) ) (@) = |2 Fa(f)(2).

Proposition 8. For A € C\{—(a+/¢+1), £ € N} and f € S(R),

T (1 +sgn(xy)cosh) . o, N
Bl HE =0 | [/o R s | )

where

22T (a+ A+ 1)
VrD(a+1/2)T(=N)’

Proof. From Definition 3, (4) and (9), we have

ba(A) = (z,9)o = \/:U2 + y2 — 2|zy| cosb.

22T (a+ A+ 1)
T(a+ 1)I(=A)
22T (a+ )\ +1)

- T(a+1)T

(fy|~ D, 7 f(—y))

/’ ‘ 2)\+a+1)7_xf( )|y’2a+1dy.

(—Au)*f(z) =

So
(801 1@) = [ a2+ D) o)l .
Then the result follows from Proposition 4. |

Note 1. We denote by
e U the subspace of S(R) consisting of functions f, such that

f®oy=0, VkeN.

e ®, the subspace of S(R) consisting of functions f, such that

/Rf(y) yFly*edy = 0, V k€ N.

The spaces W and ®_; /; are well-known in the literature as Lizorkin spaces (see [1, 9, 13]).

Lemma 2 (see [1]). The multiplication operator My : f — |z|*f, X € C, is a topological
automorphism of W. Its inverse operator is (My)~! = M_,.

Theorem 2.

(1) The Dunkl transform Fy is a topological isomorphism from ®, onto V.

(i) The operator 'S, g is a topological isomorphism from ®g onto ®,.

(i3i) For A € C\{—(a+ £+ 1), £ €N} and f € ®,, the function (—Ay)*f belongs to € ®,,
and

Fal(=Ra)* () = 22 Fa(f) (). (10)
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Proof. (i) Let f € ®,, then

. K
by ()

(FulF)D(0) = (—i) /R f@)a¥a*Hdy =0,  YkeN.

Hence F,(f) € V.
Conversely, let ¢ € ¥. Since F, is a topological automorphism of S(R). There exists
f € S(R), such that F,(f) = g. Thus

k!
br.(a)

So f € &, and Fo(f) =g.

(i) follows directly from (7) and (7).

(i74) Similarly to the standard convolution if f € S(R) and S € S'(R), then S %, f € E(R)
and Tj20+1 g4, 5 € S'(R). Moreover

g0 = (s [ f@atle a0, VEeN,
R

fa(ﬂz|2a+1 S*af) = fa(f)fa(s)

Let f € &, and A € C\{—(a+ ¢+ 1), £ € N}. Consequently, from Definition 3, Proposi-
tion 7 (iv) and (9) we have

Fa(Taparr(—anry) = [2PAP2HFL(f) = Taprszari g, () (11)
On the other hand from (3),

FalTgpati(-aaps) = Tapoti za(-aa)s) (12)
From (11) and (12), we obtain

Fal(=Aa)*f) = [P Falf)-

Then by Lemma 2 and (i) we deduce that (—Ay) N f € ®,. [ |

5 Inversion formulas for S, 3 and tSa,ﬁ

In this section, we establish inversion formulas for the Dunkl Sonine transform and its dual.

Definition 4. We define the operators Ky, Ko and K3, by

Ki(f) = L F (PO Fal) = L (<800 f €@,

N (_Aﬁ)ﬁ_a.ﬁ f € (I),Ba

Ka(f) = \F F AP0 Fulf)) = \F (—A)E-2f fea,

Lemma 3. For all g € ®3, we have

E1("Sa)(9) = ("Sap) K2(g). (13)

o
Ca
c - o c

Ko(f) = 2 FH (IAPO Fo(f) = 2

Proof. Let g € ®3. Using Proposition 6 (i),

K1("Sap)(9) = gFJI(IAIQ(ﬁ’a) F5(9)) = ("Sa.8)K2(g). u
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Theorem 3.
(i) Inversion formulas: For all f € ®, and g € ®g, we have the inversions formulas:

(@) 9= SasK1("Sap)(9), () f=("Sap)K2Sas(f).

(1) Plancherel formula: For all f € ®g we have

[ @PPs e = [ 1K Sup(1)) (@) ol da,
R R

Proof. (i) Let g € ®3. From Proposition 3 (iii), (6) and Proposition 6 (i7), we obtain
9= | Sus(Balid)) Fala) WA

= ¢4 Sa,9 UR Eq(iX.) Fy o tSa,ﬁ(g)()\)|/\|2ﬁ+1d)\}
= 7 S [ APO) o 0 1S pl9))]
Thus
9="S45K1("%ap)(9), g€ Pp.
From the previous relation and (13), we deduce the relation:

f=(8ap)K2S05(f), f€Pa.

(i1) Let f € ®3. From Proposition 3 (iv) and Proposition 6 (i), we deduce that

/ £ (@) Pl e = ¢ / A Fa("Sas (N AP*HdA.
R R
Thus we obtain
[ @PPs e = co [ [Fa(Ka('Sun(£) AP ar
R R

Then the result follows from this identity by applying Proposition 3 (iv). |

Remark 5. Let f € ®, and g € ®3. By writing (a) and (b) respectively for the functions
Sa5(f) and 'S, 5(g), we obtain

() f=Ki("Sa,3)Sas(f), (d) g=K2S503("Sas)(g)-
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