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Abstract. This paper consists of two parts. The first provides a review of the basic proper-
ties of integrable and almost-toric systems, with a particular emphasis on the integral affine
structure associated to an integrable system. The second part introduces faithful semitoric
systems, a generalization of semitoric systems (introduced by Vũ Ngo.c and classified by
Pelayo and Vũ Ngo.c) that provides the language to develop surgeries on almost-toric sys-
tems in dimension 4. We prove that faithful semitoric systems are natural building blocks of
almost-toric systems. Moreover, we show that they enjoy many of the properties that their
(proper) semitoric counterparts do.
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1 Introduction

A driving problem in Hamiltonian mechanics and symplectic geometry is to classify integrable
systems up to a suitable notion of equivalence. An integrable system is a triple (M,ω,Φ),
where (M,ω) is a 2n-dimensional symplectic manifold and Φ: (M,ω) → Rn is a smooth map
whose components are in Poisson involution and functionally independent almost everywhere
on M . This paper introduces faithful semitoric systems, a category of integrable systems on
4-dimensional symplectic manifolds that generalizes toric and semitoric systems and lays the
foundation for studying almost-toric systems. A key feature of faithful semitoric systems is
that they behave well under a process of taking appropriate subsystems, a fact that facilitates
development of precise language to define, for faithful semitoric systems, integrable surgeries in
the sense of Zung [55].

In general, classification of integrable systems becomes a tractable problem only under as-
sumptions that restrict the topology of fibers of the system. Intuitively, the greatest challenge
comes from non-compactness of the group action arising from the flow of the Hamiltonian vector
fields of the components of the moment map. Accordingly, full classifications were first estab-
lished for toric systems in which the Rn-action descends to a Tn-action. Building upon the
foundational results of Atiyah [1] and Guillemin and Sternberg [15], Delzant [9] classified toric
systems on closed manifolds up to isomorphism. More recently, Karshon and Lerman [25] have
extended Delzant’s classification to non-compact toric manifolds, relying upon the local normal
forms of Guillemin and Sternberg [16] and Marle [29].

Once one allows non-compactness of the group acting on the total space, complexity of both
the fibers and of the total space can be reasonably controlled by restricting the singularities of the
moment map. Symington [43] and Vũ Ngo.c [47] have proposed a notion of almost-toric systems
on 4-dimensional symplectic manifolds that includes toric systems but also allows for so-called
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focus-focus fibers, which can be thought of as the Lagrangian analog of the nodal fibers that arise
in Lefschetz fibrations. The diffeomorphism types of closed manifolds that support an almost-
toric system has been determined (cf. Leung and Symington [28]), and recently, almost-toric
systems have proved to be of independent interest in symplectic topology (cf. Vianna [49, 50, 51]).

While the classification problem of almost-toric systems has not been settled, even in the
compact case, an important subclass of almost-toric systems has been completely understood:
Pelayo and Vũ Ngo.c [38, 39] have classified semitoric systems, which were initially introduced
by Vũ Ngo.c in [47]. An integrable system (M,ω,Φ = (J,H)) is semitoric if it is almost-toric and
if J is a proper moment map of an effective Hamiltonian S1-action. Semitoric systems, whose
total spaces may be non-compact, share many fundamental properties with closed symplectic
toric manifolds, like connectedness of the fibers of the moment map, but their classification is
significantly more involved as the presence of focus-focus fibers introduces more data (see Pelayo
and Vũ Ngo.c [38]). While semitoric systems appear naturally both in symplectic topology and
in (quantum) Hamiltonian mechanics (cf. Eliashberg, Polterovich, Le Floch, Pelayo and Vũ
Ngo.c [12, 27, 40]), the properness condition on J excludes some familiar almost-toric integrable
systems, such as the spherical pendulum (cf. Duistermaat [11]). For this reason, Pelayo, Ratiu
and Vũ Ngo.c [35, 36] introduce a family of almost-toric systems that share some of the main
properties of semitoric systems, like connectedness of the fibers of the moment map, while
allowing enough freedom to include examples such as the spherical pendulum. These systems
are called proper semitoric. In such an almost-toric system (M,ω,Φ = (J,H)) the moment
map Φ is proper and J is the moment map of an effective Hamiltonian S1-action that satisfies
some constraints on the sets of singular points and values (see Definition 1.3 in Pelayo, Ratiu
and Vũ Ngo.c [36]).

Faithful semitoric systems, defined and studied in this paper, can be viewed as an extension of
proper semitoric systems to the non-compact setting but were defined with different purposes in
mind. For instance, faithful semitoric systems provide the appropriate setting to accommodate
non-compact systems that are convenient local models and building blocks for almost-toric sys-
tems. The essential difference between faithful semitoric systems and proper semitoric systems
is that the moment maps of the former are merely required to be proper onto their image while
the moment map of a proper semitoric system must be proper.

The definition of a faithful semitoric system is crafted so that appropriately chosen subsystems
are again faithful semitoric. Specifically, given an open, connected subset U of the moment
map image of a faithful semitoric system, if the intersection of U with any vertical line is
either empty or connected then restricting the moment map to the preimage of U yields a
faithful semitoric system. In fact, such a subsystem of a (proper) semitoric system is faithful
semitoric. In a forthcoming paper, [22], the process of taking such subsystems is an essential
ingredient in the definition of surgeries in the category of faithful semitoric systems. We plan
to apply those surgeries to the determination of which Hamiltonian S1-spaces underlie compact
semitoric systems ([21], forthcoming), thus completing the work started in Hohloch, Sabatini and
Sepe [20]. The language of faithful semitoric systems also allows one to have a more conceptual
understanding of the local-to-global arguments in the classification of semitoric systems (cf.
Pelayo and Vũ Ngo.c [38, 39]); this is also going to be explored in a separate paper.

The main results of this paper are as follows:

(A) The fibers of a faithful semitoric system are connected (see Theorem 4.3).

(B) A connected component of a fiber of an almost-toric system admits an open neighborhood
that is isomorphic to a faithful semitoric system (see Proposition 4.9).

(C) Using terminology analogous to that for (proper) semitoric systems (cf. Pelayo, Ratiu
and Vũ Ngo.c [36]), faithful semitoric systems possess cartographic homeomorphisms (see
Theorem 5.11). These are homeomorphisms of the moment map image onto subsets of R2



4 S. Hohloch, S. Sabatini, D. Sepe and M. Symington

that encode the induced Z-affine structures (see Section 2.3) and generalize inclusion of
the moment map image for toric systems into the ambient Euclidean space. In particular,
the monodromy introduced by focus-focus fibers is encoded via vertical cuts. (It is worth
mentioning that, for semitoric systems, the images of cartographic homeomorphisms are
convex, possibly noncompact, polygons, as shown in Vũ Ngo.c [47]).

(D) The space of all cartographic homeomorphisms of a given faithful semitoric system is de-
scribed (see Theorem 5.24), generalizing the analogous result for a semitoric system (cf.
Vũ Ngo.c [47]). This description can be used to construct an invariant of the isomorphism
class of a faithful semitoric system analogous to the semitoric polygon of Pelayo and Vũ
Ngo.c [38, Definition 4.5] (see Lemmas 5.16 and 5.26).

(E) Given a faithful semitoric system (M,ω,Φ = (J,H)) and a cartographic homeomorphism
f : Φ(M)→ R2, the composition f ◦Φ may lack the smoothness required of a moment map.
We provide a method for smoothing f ◦Φ to obtain a faithful semitoric system isomorphic
to (M,ω,Φ = (J,H)) whose moment map image equals f(Φ(M)) on the complement of
arbitrarily small neighborhoods of the cuts used to define f (see Theorem 5.36).

Result (A) is a simple consequence of the work by Pelayo, Ratiu and Vũ Ngo.c [35, 36]
and is included to highlight that connectedness of the fibers follows under the slightly weaker
assumption that the moment map be proper onto its image.

Result (B) establishes faithful semitoric systems as building blocks for almost-toric systems.
While it is probably known to experts in the area, we could not find a complete, self-contained
proof of this fact and decided to include it, along with proofs of basic topological facts leading
up to it (see Section 3.2).

Results (C) and (D) are not surprising in light of the work in Pelayo, Ratiu and Vũ Ngo.c
[36, 47]. However, because of the difference in purpose between those papers and this one, even
the fundamental notion of isomorphism of systems differs. We use a notion of isomorphism that
applies more generally to any integrable system (Definition 2.1), but we also prove that the
presence of focus-focus points imposes restrictions on isomorphisms between faithful semitoric
systems that causes the notions to align in the (proper) semitoric context (see Proposition 4.14).
Furthermore, we provide explicit proofs of Results (C) and (D) for the following reasons:

• Our alternative proof of the existence of cartographic homeomorphisms in the case in which the
defining cuts disconnect the moment map image allows us to avoid the ‘homotopy argument’
of Pelayo, Ratiu and Vũ Ngo.c [36, Step 5 of the proof of Theorem B].

• The description of the set of cartographic homeomorphisms of a faithful semitoric system
is analogous to that of a semitoric system. However, the potential for infinitely many focus-
focus points in a faithful semitoric system gives a richer behavior, as can be seen by comparing
Section 5.2 with Vũ Ngo.c [47, Section 4].

Result (E) ensures the existence of η-cartographic systems in the isomorphism class of a faith-
ful semitoric system – with respect to any of the notions of isomorphism of Definition 4.12.
Result (E) is useful for applications because one of the cartographic homeomorphisms of an
η-cartographic system is the identity on the complement of a small neighborhood of the vertical
cuts, and hence the moment map of the η-cartographic system can be thought of as a ‘smoothing’
of that cartographic homeomorphism. As one application, η-cartographic systems play an impor-
tant role in defining surgeries of faithful semitoric systems ([22], forthcoming). Also, Result (E)
allows one to make precise the notion that the image of a cartographic homeomorphism is a
limit of moment map images (see Proposition 5.40).

Structure of the paper. This paper is split in two parts. Part I, consisting of Sections 2
and 3, defines and explains notions that we use throughout the paper, while also establishing
notation.
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While Section 2 should serve as a self-contained primer to guide readers unfamiliar with the
subject through this paper (and the forthcoming [22]), it may be of interest to experts in the field
as well, for a few ideas which do not appear in many other places. For instance, we introduce the
notion of a faithful integrable system, which is one whose moment map image is homeomorphic,
as a subset of Rn, to the leaf space of the system (see Section 2.2). Moreover, in Section 2.7, we
elaborate on the notion of cartographic homeomorphisms that is introduced in Pelayo, Ratiu and
Vũ Ngo.c [36] for proper semitoric systems and establish some general properties for these objects.
Note that the section should not be taken as an exhaustive reference for either topological or
symplectic aspects of integrable systems.

In Section 3, almost-toric systems are defined and their basic properties are explored. In
particular, the neighborhood of a connected component of a fiber is described (see Section 3.2)
and, in preparation for the next section on faithful semitoric systems, we describe properties of
systems that are both faithful and almost-toric (Section 3.3).

Part II, consisting of Sections 4 and 5, contains the definition of faithful semitoric systems
as well as all the main results described above. While Part II uses notions and ideas that
appear in Part I, it is sufficiently self-contained that readers who are familiar with the basic
properties of integrable and almost-toric systems can skip Part I and refer to it as they read
Part II. Section 4 contains main results (A) and (B) as Theorem 4.3 and Proposition 4.9,
characterizations of the moment map image of faithful semitoric systems (Corollary 4.5), and
a useful criterion to determine which saturated subsystems of faithful semitoric systems are
faithful semitoric (Proposition 4.7). The relation between faithful semitoric systems and the
(proper) semitoric systems of Vũ Ngo.c [47] and Pelayo, Ratiu and Vũ Ngo.c [36] is studied in
Section 4.4, where examples are provided of proper semitoric systems that are not semitoric
in the sense of Vũ Ngo.c [47], and of faithful semitoric systems that are not proper semitoric
(see Example 4.8). Section 4.5 introduces various notions of isomorphism for faithful semitoric
systems, and relates the notion of isomorphism in Pelayo, Ratiu and Vũ Ngo.c [36, Definition 1.5]
with that of Definition 2.1 (see Remark 4.13 and Proposition 4.14). Section 4.6 explores the
consequences of the presence of the S1-action.

Section 5 contains all results concerning faithful semitoric systems and cartographic homeo-
morphisms. The existence of cartographic homeomorphisms (Theorem 5.11) is proved in Sec-
tion 5.1, which also establishes some useful topological properties of the complements of the cuts
needed to define cartographic homeomorphisms. Section 5.2 describes the set of cartographic
homeomorphisms associated to a given faithful semitoric system, paying particular attention to
the subtleties that arise from allowing infinitely many focus-focus points (see Theorem 5.24). By
understanding the set of cartographic homeomorphisms associated to a given faithful semitoric
system, we classify faithful semitoric systems with no focus-focus points up to any of the no-
tions of isomorphisms of Definition 4.12 (see Lemma 5.5), and construct an invariant of faithful
semitoric systems with at least one focus-focus point up to isomorphisms of integrable systems
(see Lemma 5.26). The latter can be viewed as a first step towards achieving a classification
of faithful semitoric systems as integrable systems. Finally, Section 5.3 proves that, in some
sense, cartographic homeomorphisms can be made smooth everywhere by modifying them on
arbitrarily small neighborhoods of the defining cuts. This is the content of Theorem 5.36, which
can be used to establish the existence of η-cartographic faithful semitoric systems in any given
isomorphism class (Theorem 5.39).

Notation and conventions

Topological conventions

• A subset of a topological space is endowed with the subspace topology unless otherwise stated.
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• A pair of topological spaces (Y,Z) consists of a topological space Y together with a subset
Z ⊂ Y endowed with the relative topology. A topological embedding of pairs of topological
spaces (Y1, Z1), (Y2, Z2) is a topological embedding χ : Y1 → Y2 that restricts to a topo-
logical embedding of Z1 into Z2. A homeomorphism between pairs of topological spaces is
a topological embedding onto the target.

• A map f : X → Y between topological spaces X and Y is proper if for any compact subset
K ⊂ Y , the preimage f−1(K) ⊂ X is compact; it is proper onto its image if the map
f : X → f(X) is proper.

Smoothness conventions

Throughout the paper, we use the following standard conventions on smoothness.

• Following Joyce [24], consider the subspace [0,+∞[ n ⊂ Rn and let M be a topological space.
An n-dimensional smooth atlas with corners on M is a set A := {(Ui, χi)}, where

– the set {Ui} is an open cover of M ;

– for each i, there is an open set Vi ⊂ [0,+∞[ n such that the map χi : Ui → Vi is a homeo-
morphism; and

– for all i, j with Ui∩Uj 6= ∅, the map χj◦χ−1
i : χi(Ui∩Uj)→ χj(Ui∩Uj) is a diffeomorphism.

A smooth manifold with corners of dimension n is a Hausdorff, second countable topological
space together with an n-dimensional smooth atlas with corners. A smooth structure with
corners on a topological space is an equivalence class of smooth atlases with corners, where
two atlases are deemed equivalent if their union is again a smooth atlas with corners of a given
dimension.

• A smooth atlas with corners is Z-affine (or integral affine) if the transition maps χj ◦ χ−1
i :

χi(Ui ∩ Uj)→ χj(Ui ∩ Uj) of the atlas are of the form

x 7→ Ax+ b,

for some (A, b) ∈ AGL(n;Z) = GL(n;Z) n Rn, where n is the dimension of the atlas. A Z-
affine manifold with corners of dimension n is a Hausdorff, second countable topological space
together with an n-dimensional Z-affine atlas with corners. A Z-affine structure with corners
on a topological space is an equivalence class of Z-affine atlases with corners, where two atlases
are deemed equivalent if their union is again a Z-affine atlas with corners of a given dimension.

Smooth atlases and Z-affine atlases, without corners, (and the corresponding manifold struc-
tures) are defined as above, with the stipulation that the images of the coordinate charts are
subsets of Rn. Also, note that, because the transition maps of are smooth, a Z-affine atlas
(with or without corners) is also a smooth atlas, and hence defines a unique smooth structure.

• Let A ⊂ Rn be a subset. A map f : A→ Rm is said to be smooth if for all x ∈ A there exists
an open neighborhood Ux ⊂ Rn of x and a smooth map fx : Ux → Rm that is a local extension
of f .

• A map f : A ⊂ Rn → Rm is a smooth embedding if it is a diffeomorphism onto its image.

• Manifolds are assumed to be without boundary or corners unless otherwise stated.

Boundary conventions

Two types of boundaries of subsets X ⊂ Rn are dealt with in this paper whenever X is a smooth
manifold with corners embedded in Rn. The topological boundary, the closure of X ⊂ Rn
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minus its interior, is denoted Bdy(X). Meanwhile, its boundary as a manifold with corners,
X ∩ Bdy(X), is denoted ∂X. For instance if X = {(x, y) | |x| < 1 and |y| ≤ 1}, then

Bdy(X) = {(x, y) | |x| = 1, |y| ≤ 1 or |y| = 1, |x| ≤ 1}

and

∂X = {(x, y) | |y| = 1, |x| < 1}.

Group conventions

Throughout the paper, the identification S1 ∼= R/2πZ is used tacitly.

Part I

Primer on integrable and almost-toric
systems

This part introduces the basic notions regarding integrable and almost-toric systems that are
used throughout the paper. Section 2 introduces integrable systems, their subsystems and some
of their invariants up to isomorphisms. While most of these notions are standard and appear in
more comprehensive texts on the topology and geometry of integrable systems, such as [2, 46],
the notions of faithfulness of a system and the definition of a cartographic homeomorphism,
introduced in Section 2, seem to be new. Section 3 defines almost-toric systems in dimension 4
and proves some of their fundamental properties. Almost-toric systems generalize toric systems
by allowing the presence of so-called focus-focus leaves (see Section 3.2).

2 Completely integrable Hamiltonian systems

This section presents the category of integrable systems and defines a coarse topological invari-
ant: the leaf space of an integrable system (see Definition 2.4). Systems whose moment map
images can be identified with their leaf spaces play an important role in this paper and are
studied in Section 2.2; we call such systems faithful. In Sections 2.3–2.6, we endow large subsets
of the leaf space of an integrable system with an Z-affine structure. First, following Duister-
maat [11], we show how the part of the leaf space corresponding to regular leaves inherits such
a structure in Section 2.3. Second, we identify a class of systems that are isomorphic to systems
equipped with Hamiltonian torus actions of maximal dimension: these are called weakly toric,
are related to symplectic toric manifolds and are studied in Section 2.5. (This notion is a mild
generalization of systems of toric type introduced by Vũ Ngo.c in [47, Definition 2.1], see Re-
mark 2.32.) Third, Section 2.6 extends the Z-affine structure on the regular part of the leaf space
to include singular leaves that admit a neighborhood supporting a Hamiltonian torus action of
maximal dimension. In Section 2.4, we recall a fundamental property that Z-affine structures
enjoy, namely that they can be developed. Finally, following Pelayo, Ratiu and Vũ Ngo.c [36],
we introduce the notion of cartographic homeomorphisms, which, intuitively, can be thought of
a way to encode the above Z-affine structure in a way that is compatible with singular orbits of
the system. Throughout this section there is no restriction on the dimension of the phase space
of an integrable system.
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2.1 Definition, subsystems and leaf spaces

Let (M,ω) be a symplectic manifold. Given a smooth function H ∈ C∞(M), its Hamiltonian
vector field XH ∈ X(M) is the unique vector field defined implicitly by the equation ω(XH , ·) =
dH. The symplectic form ω induces a Poisson structure on M , i.e., a Lie bracket {·, ·} on C∞(M)
that satisfies the Leibniz identity, defined by {H1, H2} := ω(XH1 , XH2), for H1, H2 ∈ C∞(M).
These notions allow to introduce the category of integrable systems.

Definition 2.1. For any n ≥ 1, the category of completely integrable Hamiltonian systems with
n degrees of freedom, denoted by IS(n), has objects and morphisms as follows:

• Objects: completely integrable Hamiltonian systems (M,ω,Φ) where (M,ω) is a 2n-dimen-
sional symplectic manifold and

Φ := (H1, . . . ,Hn) : (M,ω)→ Rn

a smooth map satisfying

– {Hi, Hj} = 0 for all i, j = 1, . . . , n, where {·, ·} is the Poisson bracket induced by ω;

– Φ is a submersion on an open dense subset, i.e., there exists an open, dense subset V ⊂M
such that, for all p ∈ V , dpH1, . . . , dpHn are linearly independent.

Sometimes, for brevity, Φ is referred to as a (completely) integrable (Hamiltonian) system.
Its component Hi is called the ith integral (of motion).

• Morphisms: isomorphisms of integrable systems (Ψ, ψ), where, for i = 1, 2, (Mi, ωi,Φi) is
a completely integrable Hamiltonian system, Ψ: (M1, ω1)→ (M2, ω2) is a symplectomorphism,
ψ : Φ1(M1)→ Φ2(M2) is a diffeomorphism, and the following diagram commutes:

(M1, ω1)
Ψ //

Φ1

��

(M2, ω2)

Φ2

��
Φ1(M1)

ψ
// Φ2(M2).

Given Φ = (H1, . . . ,Hn) : (M,ω)→ Rn, for 1 ≤ i ≤ n, the Hamiltonian vector field associated
to Hi is denoted by Xi. If the flows of the vector fields X1, . . . , Xn are complete, then there is
a Hamiltonian Rn-action on (M,ω), one of whose moment maps is precisely Φ.

Throughout this paper, unless otherwise stated,

integrable systems have compact fibers,

so the above completeness assumption is satisfied and Φ is a moment map for a Hamiltonian
Rn-action (upon identifying the Lie algebra of Rn with Rn). For this reason, it is referred to as
the moment map of the system.

Many of the integrable systems considered in this paper arise from restricting a given system
to a subset.

Definition 2.2. A subsystem of an integrable system (M,ω,Φ) is an integrable system
(V, ω|V ,Φ|V ) where V is an open subset of M . If V = Φ−1(U) for some open subset U of Φ(M),
the subsystem (V, ω|V ,Φ|V ) is also referred to as the subsystem of (M,ω,Φ) relative to U .

Remark 2.3. Subsystems of integrable systems with compact fibers need not have compact
fibers. If (M,ω,Φ) is an integrable system with compact fibers, for any point p ∈ M , the
subsystem (Mr{p}, ωMr{p},Φ|Mr{p}) does not have compact fibers. If p is chosen to be regular
in the sense of Definition 2.11, then the above example shows that subsystems of integrable
systems supporting a Hamiltonian Rn-action need not support a Hamiltonian Rn-action.
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The most accessible feature of an integrable system is the image of Φ. However, it is the leaf
space of the system that reliably reflects some of the topological structure.

Definition 2.4. Given an integrable system (M,ω,Φ),

• a leaf is a connected component of a fiber of Φ;

• its leaf space is the topological space L := M/∼, where p ∼ p′ if p and p′ belong to the same
leaf, endowed with the quotient topology;

• a subsystem (V, ω|V ,Φ|V ) of (M,ω,Φ) is saturated (with respect to the quotient map q :M→L)
if any leaf of (M,ω,Φ) that intersects V is contained in V .

Remark 2.5. Given an integrable system (M,ω,Φ), for any open subset U ⊂ Φ(M), the sub-
system of (M,ω,Φ) relative to U is saturated in the sense of Definition 2.4. However, a saturated
subsystem of (M,ω,Φ) need not be a subsystem relative to an open subset U ⊂ Φ(M), as illus-
trated by the following example. Indeed, consider the standard height function on T2 embedded
submanifold in R3 as in Fig. 2.1. Endowing T2 with an area form, the height function gives
rise to an integrable system. Observe that any sufficiently small open neighborhood of the leaf
marked heavily in Fig. 2.1 contains an open neighborhood V that is saturated with respect to
the quotient map q : T2 → L but that fails to be the preimage of an open set in the image of
the height function.

h

Figure 2.1. Level set of h consists of two circles, but any sufficiently small open neighborhood of the

heavily marked leaf contains a subsystem that is saturated with respect to the quotient map q : T2 → L
but that fails to be the preimage of an open set in the image of the height function.

Given an integrable system (M,ω,Φ) with leaf space L, the moment map Φ factors through L,
inducing a continuous map π : L → Φ(M) that makes the following diagram commute:

(M,ω)

q

||

Φ

((
L π // B := Φ(M) ⊂ Rn.

Leaf spaces descend to isomorphism classes of integrable systems and behave well with respect
to saturated subsystems:

Lemma 2.6.

(1) Isomorphic integrable systems possess homeomorphic leaf spaces.
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(2) The leaf space of a saturated subsystem of (M,ω,Φ) embeds naturally in the leaf space
of (M,ω,Φ).

Proof. To prove (1), suppose that integrable systems (M1, ω1,Φ1) and (M2, ω2,Φ2) are iso-
morphic via the pair (Ψ, ψ). For i = 1, 2, denote the leaf space of (Mi, ωi,Φi) by Li and let
qi : Mi → Li denote the quotient map. Let L1 ⊂M1 be a leaf of Φ1 in the sense of Definition 2.4.
Because Φ1(L1) is constant and Φ2 ◦Ψ = ψ ◦ Φ1, the continuity of Ψ ensures that Ψ(L1) ⊂M2

is contained in a leaf of Φ2. Therefore, there exists a map ζ : L1 → L2 such that ζ ◦ q1 = q2 ◦Ψ.
(Observe that π2 ◦ ζ = ψ ◦ π1, where, for i = 1, 2, πi : Li → Φi(Mi) is the induced continuous
map, since (Ψ, ψ) is an isomorphism of integrable systems.) Continuity of q2 ◦Ψ and the equa-
lity ζ ◦ q1 = q2 ◦ Ψ imply that ζ is continuous, since q1 is a quotient map. Applying the above
argument with

(
Ψ−1, ψ−1

)
yields the existence of a continuous inverse ζ−1 : L2 → L1 of ζ, thus

showing that ζ is a homeomorphism as desired.
To prove (2), let (V, ω|V ,Φ|V ) be a saturated subsystem of (M,ω,Φ), and denote the leaf

spaces of (V, ω|V ,Φ|V ) and of (M,ω,Φ) by LV and L respectively. The above argument shows
that there is a continuous map ι : LV → L. (This fact does not need the subsystem to be
saturated.) The fact that the subsystem is saturated implies that ι is injective and that its
image, which is equal to q(V ), is an open subset of L. To see that ι is a topological embedding,
observe that V = q−1(q(V )) as V is saturated with respect to q. Therefore, the fact that the
inclusion V ↪→M is a topological embedding implies that ι : LV → L is a topological embedding
as desired. �

Remark 2.7. The condition on the subsystem being saturated in part (2) of Lemma 2.6 is nec-
essary. For instance, consider the integrable system H :

(
R2,dx∧dy

)
→ R given by H(x, y) = x.

The leaf space of the subsystem
(
R2r{(0, 0)}, dx∧dy,H|R2r{(0,0)}

)
is not Hausdorff, while that

of
(
R2, dx ∧ dy,H

)
is.

The following result illustrates the fact that some topological properties of the phase space
of an integrable system are reflected in the topology of the associated leaf space.

Lemma 2.8. The set of connected components of the leaf space of an integrable system and the
set of connected components of its total space are in bijection.

Proof. Let (M,ω,Φ) be an integrable system, let L denote its leaf space and denote the quotient
map by q : M → L. Since q is continuous and surjective, the induced map from the set of
connected components of M to that of connected components of L is surjective. To establish
that the induced map is injective, we show that the image under q of a disconnected subset
is disconnected. First note that, by virtue of being a manifold, M is locally connected and
hence each connected component is open. Consider a disconnected subset M1 tM2 ⊂ M and
suppose its image q(M1 tM2) is connected. Consider p ∈ q(M1) ∩ q(M2). Then M1 ∩ q−1(p)
and M2 ∩ q−1(p) provide a disconnection of q−1(p) because M1 and M2 are open and disjoint.
But this is impossible because the fibers of q are by definition connected. The injectivity of the
induced map on connected components follows immediately because the preimage under q of
a connected component of L must be connected. Thus, the map that q induces on connected
components is bijective as desired. �

Topological properties of the leaves of an integrable system determine some topological prop-
erties of the associated leaf space, as illustrated by the following result.

Lemma 2.9. Given an integrable system (M,ω,Φ), if

(a) its leaves are compact and locally connected, or

(b) its fibers are connected,

then the associated leaf space L is Hausdorff.
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Proof. Let q : M → L denote the quotient map and let π : L → Φ(M) be the induced continuous
map. Suppose that (a) holds and let L1, L2 ⊂ M be distinct leaves of (M,ω,Φ). Since, for
i = 1, 2, Li is compact, it is closed; moreover, since M is a normal topological space (being
a smooth manifold), there exist disjoint open sets V1, V2 ⊂ M such that, for i = 1, 2, Li ⊂ Vi.
Observe that the map Φ: M → Rn satisfy the hypotheses of [33, Corollary 3.4]. Therefore, for
i = 1, 2, the open set Vi contains an open neighborhood V̂i of Li that is saturated with respect
to q. In particular, the subsets q

(
V̂1

)
, q
(
V̂2

)
⊂ L are open, disjoint and, for i = 1, 2, [Li] ∈ q

(
V̂i
)
,

where [Li] denotes the equivalence class of any point on Li. This shows that L is Hausdorff. On
the other hand, suppose that (b) holds. Then the map π : L → Φ(M) is injective. Continuity
of π and Hausdorffness of Φ(M) imply that L is also Hausdorff, as desired. �

Remark 2.10. Lemma 2.9 should be compared with [53, Proposition 3.3] whose hypotheses are
that the leaves of the integrable system be compact and that all singular points be non-degenerate
(see Section 3.1.1 and references therein). Using the linearization theorems for non-degenerate
singular orbits (cf. [10, 13, 31]), it can be shown that non-degeneracy of all singular points implies
local connectedness of leaves. However, as observed by Zung [53, p. 187], there are integrable
systems with degenerate orbits whose leaf spaces are Hausdorff. To the best of our knowledge,
all such examples satisfy either condition (a) or condition (b) of Lemma 2.9.

A natural way to enhance the topological data encoded in the leaf space of an integrable
system is to identify the singular leaves of the system.

Definition 2.11. Let (M,ω,Φ) be an integrable system with n degrees of freedom with leaf
space L.

• A point p ∈M is singular if rkDpΦ < n. Otherwise it is regular.

• A leaf of Φ is singular if it contains a singular point. Otherwise it is regular.

• The subset Lsing ⊂ L consisting of the image of singular leaves of Φ is said to be the singular
part of L, while its complement Lreg is said to be the regular part.

Definition 2.12. The pair (L,Lreg) associated to an integrable system (M,ω,Φ) is called the
pair of leaf and regular leaf spaces of the system.

The above association descends to isomorphism classes of systems and behaves well with
respect to saturated subsystems (see Lemma 2.6):

Lemma 2.13.

(1) Isomorphic integrable systems possess homeomorphic pairs of leaf and regular leaf spaces.

(2) The pair of leaf and regular leaf spaces of saturated subsystems of (M,ω,Φ) naturally embed
in the pair of leaf and regular leaf spaces of (M,ω,Φ).

Proof. Let (M1, ω1,Φ1) and (M2, ω2,Φ2) be integrable systems that are isomorphic via the pair
(Ψ, ψ). Part (1) is an immediate consequence of the fact that Ψ and ψ are diffeomorphisms.
The proof of (2) is analogous to the proof of part (2) of Lemma 2.6 and is left to the reader. �

2.2 Faithful integrable systems

In light of Lemma 2.6, it is helpful to distinguish those cases in which a moment map image
can be identified, as a topological space, with the leaf space. (To the best of our knowledge, the
following notion does not appear elsewhere in the literature.)
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Definition 2.14. An integrable system (M,ω,Φ) with leaf space L is said to be faithful if the
induced map π : L → B = Φ(M) is a homeomorphism. Here, B ⊂ Rn is equipped with the
subset topology.

Faithfulness implies connectivity of the fibers, but it is stronger than the latter (see Exam-
ple 2.18 for an integrable system with connected fibers that fails to be faithful). Faithfulness
also guarantees that the property of a subsystem being saturated coincides with there existing
an open subset of the moment map image relative to which it is a subsystem.

Lemma 2.15. A subsystem of a faithful integrable system (M,ω,Φ) is a subsystem relative to
an open subset U ⊂ Φ(M) if and only if it is saturated.

Proof. In light of Remark 2.5, it suffices to show that if (V, ω|V ,Φ|V ) is a saturated subsystem
then there is an open set of Φ(M) with respect to which (V, ω|V ,Φ|V ) is a relative subsystem.
We show that U = Φ(V ) is the desired subset. Because V is open and saturated with respect
to the quotient map q : M → L, the subset q(V ) ⊂ L is open. Since the system is faithful,
U = π(q(V )), where π : L → Φ(M) is the induced map, is open in Φ(M). Observe that

Φ−1(U) = q−1
(
π−1(U)

)
= q−1(q(V )) = V,

where the second equality follows from the fact that π is injective, while the last equality follows
from the fact that V is saturated with respect to q. �

The following result, which follows from Lemmas 2.6 and 2.8, details how faithfulness behaves
with respect to taking isomorphism classes and subsystems, and is stated below without proof.

Corollary 2.16. If an integrable system (M,ω,Φ) is faithful, then so is every integrable system
isomorphic to it, and every saturated subsystem. In particular,

• faithful integrable systems form a full subcategory of integrable systems, and

• if U ⊂ Φ(M) is open, the set of connected components of U is in bijective correspondence with
the set of connected components of the total space of the subsystem relative to U .

If the fibers of an integrable system are compact, necessary and sufficient conditions for
faithfulness can be phrased without reference to the leaf space.

Lemma 2.17. An integrable system (M,ω,Φ) with compact fibers is faithful if and only if Φ
has connected fibers and is proper onto its image.

Proof. Let L and B be the leaf space and moment map image, respectively, of (M,ω,Φ). Let
q : M → L be the quotient map and let π : L → B be the induced map. Suppose first that Φ
has connected fibers and is proper onto its image. By definition of L, the continuous map π is
a bijection because the fibers of Φ are connected. It remains to show that π is a closed map. In
general, a continuous proper map to a metrizable space is closed (cf. Palais [34]). To see that π is
proper, consider an arbitrary compact set K ⊂ B. The preimage Φ−1(K) is compact because Φ
is proper onto its image. Furthermore, π−1(K) = q

(
Φ−1(K)

)
because q is surjective, so π−1(K)

is compact because q is continuous and Φ−1(K) is compact. Therefore π is proper. Then, since
B ⊂ R2 is metrizable, the map π is also closed. Consequently, π is a homeomorphism.

Conversely, suppose that π is a homeomorphism; in particular, it is a bijection, which implies
that Φ has connected fibers. (Thus, by Lemma 2.9, L is Hausdorff.) It remains to prove that Φ
is proper onto its image; since π is a homeomorphism, it suffices to check that q is proper.
To this end, note that, since π is a homeomorphism, L is second countable and metrizable;
moreover, M is locally compact, the fibers of q are Hausdorff, and q has compact and connected
fibers. Therefore the result of Mrčun [33, Theorem 3.3] can be applied: any open neighborhood
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of any given fiber of q (= leaf of the system) contains an open neighborhood that is the union
of compact connected components of fibers of q. Connectedness of the fibers of q implies that
this neighborhood is q-saturated. Therefore, any open neighborhood of a fiber of q contains
a q-saturated neighborhood of the fiber. Arguing as in del Hoyo [8, Proposition 2.1.3], it follows
that q is ‘sequentially proper’ at any point, i.e., if {xn} ⊂M is a sequence such that {q(xn)} ⊂ L
converges, then {xn} has a converging subsequence. Since for both M and L compactness is
equivalent to sequential compactness, the above ‘sequential properness’ implies properness of q
as desired. �

Following the ideas of Symington [43], the moment map images of faithful almost-toric sys-
tems (see Definition 3.16) can be used to infer topological information regarding their total
spaces. (More generally, if the singular orbits of an integrable system are understood, we would
expect the above philosophy to extend to more general families of faithful systems.) Exam-
ples 2.18 and 2.19 illustrate two ways in which the above principle breaks down in the absence
of faithfulness – first if the fibers of the moment map are not connected, and second if the
moment map is not proper onto its image.

Example 2.18. Let A ⊂ R2 be the closed annulus centered at the origin with inner and outer
radii 1 and e, i.e.,

A =
{

(a, b) ∈ R2 | 1 ≤ a2 + b2 ≤ e2
}
.

Following Symington [43], if A is the moment map image of a faithful integrable system with
elliptic singularities (see Definition 3.9), then the total space of the system must be S2 × T2.
Such a system can be constructed as follows. Consider the toric system (see Definition 2.31)
whose underlying symplectic toric manifold is(

S2 × S1 × R, pr∗1 ωS2 + pr∗2 ωS1×R, µ̃ := pr∗1 µ+ pr∗2 ζ
)
,

where S2 ⊂ R3 is the standard unit sphere in Euclidean space, ωS2 is the standard area form
on S2, µ : S2 → R is the height function, ωS1×R = dθ ∧ dζ, where θ is a mod 1 coordinate on S1

and ζ is the standard coordinate on R, ζ : S1×R→ R is projection onto the second component,
and pr1 : S2 × S1 × R → S2 and pr2 : S2 × S1 × R → S1 × R are the standard projections.
The group Z acts freely and properly on S2 × S1 × R by translations in the last component;
the quotient by this action is diffeomorphic to S2 × T2 (this identification is henceforth used
tacitly), and inherits a symplectic form ωS2×T2 . Define gk : [−1,+1]× R→ A ⊂ R2 by

gk(x, y) =
(
e

1
2

(x+1) cos(kπ(y + 1)), e
1
2

(x+1) sin(kπ(y + 1))
)
,

where k ∈ N. The map g1 ◦ µ̃ descends to a smooth map Φ̄ and the triple
(
S2×T2, ωS2×T2 , Φ̄

)
is

a faithful system with elliptic singularities (see Definition 3.9) whose moment map image is A.
To illustrate how the failure of faithfulness can disrupt the relationship between the topology

of the total space and that of the moment map image of an integrable system, we construct the
following infinite family of integrable systems on S2 × S2 whose moment map image equals A.
Let (M,ω,Φ) be the toric system that underlies the compact symplectic toric manifold(

S2 × S2, pr∗1 ωS2 + pr∗2 ωS2 , µ̂ := pr∗1 µ+ pr∗2 µ
)
,

where S2, ωS2 and µ : S2 → R are as above, and, for i = 1, 2, pri : S
2×S2 → S2 is projection onto

the ith component. The moment map image µ̂
(
S2×S2

)
is the square R := [−1, 1]×[−1, 1] ⊂ R2.

Fix k ∈ N. The moment map of the integrable system (M,ω, gk ◦Φ) is proper (onto its image) as
the total space is compact, and its image equals A by construction. However, (M,ω, gk ◦Φ) fails
to be faithful, as the fibers of gk ◦Φ are not necessarily connected, for the fiber (gk ◦Φ)−1(a, b)
is given by:
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• k disjoint copies of S1 if a2 + b2 ∈
{

1, e2
}

and (a, b) /∈ {(1, 0), (e, 0)},
• 2 points and k − 1 disjoint copies of S1 if (a, b) ∈ {(1, 0), (e, 0)},
• 2 disjoint copies of S1 and k − 1 disjoint copies of T2 if (a, b) ∈ {(t, 0) | 1 < t < e}, and

• k disjoint copies of T2 otherwise.

In particular, in spite of being an integrable system with elliptic singularities, (M,ω, gk ◦Φ) has
singular fibers in the preimage of the interior of the moment map image A (see Fig. 2.2), unlike
any faithful system with elliptic singularities (see Remark 2.52). Moreover, the topology of the
total space of the above family of integrable systems with elliptic singularities differs significantly
from that of the family of the faithful integrable system constructed above.

Figure 2.2. Moment map image of the integrable system (M,ω, g2 ◦ Φ) of Example 2.18 showing the

fibers over the horizontal segment [1, e] × {0}. (For visual reasons, we have replaced the symbol for the

union with ×.)

Example 2.19. With notation as in Example 2.18, let (M ′, ω′,Φ′) be the subsystem of (M,ω,Φ)
relative to the subset [−1, 1] × [−1, 1[. Observe that M ′ is diffeomorphic to S2 × R2. By
construction, the integrable system (M ′, ω′, g1 ◦ Φ′) has connected fibers and its moment map
image equals A. However, its moment map is not proper onto its image, as the preimage of A
is not compact. Unlike any faithful system with compact moment map image, the total space
of the above system is not compact.

2.3 Z-affine structure on the regular part of the leaf space

When the fibers of an integrable system are compact, the regular leaf space inherits a geometric
structure. This is a consequence of the Liouville–Arnol’d theorem, which provides a local normal
form for a neighborhood of a regular leaf (cf. Cushman and Bates [6, Appendix D], Duister-
maat [11], Guillemin and Sternberg [17, Chapter 44], Sepe and Vũ Ngo.c [41, Theorem 3.36] for
various versions of a proof). Let Ω be the canonical symplectic form on T∗Tn ∼= Tn × Rn for
which the projection pr2 : (T∗Tn,Ω)→ Rn defines an integrable system.

Theorem 2.20 (Liouville–Arnol’d). Let (M,ω,Φ) be an integrable system with n degrees of
freedom and let F be a regular, compact leaf. Then there exist open neighborhoods V ⊂ (M,ω)
of F and W ⊂ (T∗Tn,Ω) of Tn × {0}, the latter saturated w.r.t. pr2, such that the subsystems
of (M,ω,Φ) and of

(
T∗Tn,Ω, pr2

)
, relative to V and W , respectively, are isomorphic via a pair

(Ψ, ψ) where ψ(Φ(F )) = 0.

Remark 2.21. Identify the Lie algebra of Tn with Rn. Using the notation of Theorem 2.20, the
composition ψ◦Φ|V is the moment map of a free, effective Hamiltonian Tn-action, i.e., the Hamil-
tonian vector fields of its components have 2π-periodic flows. Moreover, if Φ = (H1, . . . ,Hn)
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with H1 being the moment map of an effective Hamiltonian S1-action, then the diffeomorphism ψ
can be taken to be of the form

ψ(x1, . . . , xn) =
(
ψ(1), . . . , ψ(n)

)
(x1, . . . , xn)

=
(
x1 + a, ψ(2)(x1, . . . , xn), . . . , ψ(n)(x1, . . . , xn)

)
, (2.1)

where a ∈ R is a constant.

Corollary 2.22. Let (M,ω,Φ) be an integrable system with compact fibers. The regular leaf
space Lreg ⊂ L is open and inherits a structure of smooth manifold uniquely defined by requiring
that the restriction of the quotient map q|q−1(Lreg) be a submersion onto Lreg. In particular, the
restriction π|Lreg is smooth.

Proof. Moerdijk and Mrčun prove, in [32, Section 2.4], that the leaf space of a submersion whose
fibers are compact can be endowed with the structure of a smooth manifold uniquely defined
by demanding that the quotient map be a submersion. The version of the Liouville–Arnol’d
theorem given in Theorem 2.20 implies that, for any point p ∈ Lreg, the corresponding regular
leaf Fp has an open neighborhood that is saturated by regular leaves. Therefore, Φ|q−1(Lreg) is
a submersion whose leaf space is naturally isomorphic to Lreg, an open subset of L. Since the
fibers of Φ are compact by hypothesis, the result of Moerdijk and Mrčun implies the desired
result. �

A symplectomorphism ϕ of
(
Tn×Rn,Ω

)
that preserves the fibers of pr2 must have the form

ϕ =
(
ϕ(1), ϕ(2)

)
where ϕ(1)(t, x) =

(
A−1

)T
t+f(x) and ϕ(2)(t, x) = Ax+c for some A ∈ GL(n,Z),

some c ∈ Rn, and a smooth function f : Rn → Rn such that the matrix A−1 ∂f
∂x is symmetric

(cf. Symington [43, Lemma 2.5].) This implies that maps of the form ψ ◦ π, where ψ is as in
Theorem 2.20, can be used to define a Z-affine atlas on Lreg.

Definition 2.23. For any n ≥ 1, the category of n-dimensional Z-affine manifolds, denoted by
AffZ(n), has objects and morphisms as follows:

• Objects: Z-affine manifolds (with corners), as defined in the Notation and conventions sec-
tion.

• Morphisms: Z-affine maps, i.e., maps f : (N1,A1)→ (N2,A2) that are given in local Z-affine
coordinates, by restrictions of elements of AGL(n;Z) = GL(n;Z) nRn.

If (N2,A2) is a Z-affine manifold and f : N1 → N2 is locally a homeomorphism then there
exists a unique (up to isomorphism) Z-affine structure A1 on N1 that makes f into a Z-affine
morphism. The structure A1 is henceforth referred to as being induced by f .

Example 2.24. For any n ≥ 1, denote by A0 both the Z-affine structure on Rn and the Z-affine
structure with corners on [0,∞[ n obtained by declaring the standard coordinates x1, . . . , xn to be
Z-affine. Then the standard Z-affine structure on an open subset of Rn is the Z-affine structure
induced by inclusion of the subset in

(
Rn,A0

)
. Likewise, an open subset of the subspace [0,∞[ n

also inherits the standard Z-affine structure from inclusion in ([0,+∞[ n,A0).

For Z-affine manifolds, it makes sense to consider (the sheaf of) Z-affine functions, i.e.,
(locally defined) smooth functions that, in local Z-affine coordinates (x1, . . . , xn), are given by

n∑
i=1

kixi + c,

where ki ∈ Z and c ∈ R. The local normal form provided by the Liouville–Arnol’d theorem
(Theorem 2.20) implies that the regular leaf space of an integrable system with compact fibers
can be characterized, as a Z-affine manifold, by the sheaf of functions that generate 2π-periodic
flows tangent to the fibers of the quotient map.



16 S. Hohloch, S. Sabatini, D. Sepe and M. Symington

Corollary 2.25. Let (M,ω,Φ) be an integrable system with compact fibers. Then the subset
Lreg ⊂ L inherits a Z-affine structure Areg, uniquely defined by the property that locally defined
Z-affine functions from (Lreg,ALreg) to (R,A0) correspond, by taking the pull-back along the
restriction to q−1(Lreg) of the quotient map q : M → L, to functions on q−1(Lreg) ⊂ M whose
Hamiltonian vector fields are tangent to the fibers of q and have 2π-periodic flows.

Corollary 2.26. For each n ≥ 1, there is a functor IS(n) → AffZ(n) that, on objects, is
precisely the map (M,ω,Φ) 7→ (Lreg,Areg) given by Corollary 2.25.

Proof. The above functor is completely determined by the following property, which can be
checked directly: an isomorphism of integrable systems induces a Z-affine (iso)morphism between
the associated Z-affine manifolds. �

Furthermore, the correspondence between integrable systems and Z-affine manifolds given by
Corollary 2.26 behaves well under restriction to saturated subsystems.

Corollary 2.27. Given an integrable system (M,ω,Φ), the natural inclusion of the leaf space
of a saturated subsystem into the leaf space of (M,ω,Φ) corresponds to a Z-affine embedding of
the regular leaf space of the former into the regular leaf space of the latter.

Finally, the above discussion allows further refinement of the set of invariants that can be
associated to an integrable system. Given (M,ω,Φ), associate the pair (L, (Lreg,Areg)) to it,
where (L,Lreg) is the pair of leaf and regular leaf spaces of (M,ω,Φ) and Areg is the Z-affine
structure given by Corollary 2.25. This association descends to isomorphism classes of systems.
In this case, isomorphisms of pairs are homeomorphisms of the underlying topological pairs that
restrict to Z-affine isomorphisms on the Z-affine subspace.

Remark 2.28. For faithful integrable systems (M,ω,Φ), the leaf space L can be identified
topologically with the moment map image B = Φ(M). Under this correspondence, Lreg is
identified with the subset of regular values Breg ⊂ B. By Corollary 2.25, Breg inherits a Z-affine
structure denoted by Areg which, in general, is not isomorphic to the standard one as a subset
of Rn.

2.4 Developing maps

Given an n-dimensional Z-affine manifold (with corners) (N,A), let Ñ denote its universal cover.
The universal covering map q : Ñ → N induces a Z-affine structure Ã on Ñ , making q : (Ñ, Ã)→
(N,A) into a Z-affine morphism (cf. Goldman and Hirsch [14] for details). Identify Ñ with the
space of paths starting at x0, up to homotopy relative to endpoints. Fix a basepoint x0 ∈ N ,
a point x̃0 ∈ Ñ with q(x̃0) = x0, and a Z-affine coordinate chart φ0 : U0 → Rn defined near x0.
By shrinking U0 if necessary, it may be assumed that there exists an open neighborhood Ũ0

of x̃0 such that q|Ũ0
: Ũ0 → U0 is a diffeomorphism. Then φ ◦ q|Ũ0

: Ũ0 → Rn defines a Z-affine

chart for (Ñ, Ã). This map can be extended to a smooth map dev : Ñ → Rn (cf. Goldman and
Hirsch [14] and references therein for a proof and further details). Intuitively, developing maps
are constructed by means of ‘analytic continuation’ of a Z-affine chart). Such a map is called the
developing map of (N,A) (relative to the choices (x0, x̃0, φ0)). Moreover, there is a representation
a : π1(N ; x0)→ AGL(n;Z), called the affine holonomy of (N,A), which is intertwined with dev
as follows: for all γ ∈ π1(N ; x0), the following diagram commutes

(Ñ, Ã)
dev //

·γ
��

(Rn,A0)

(Ñ, Ã)
dev
// (Rn,A0),

a(γ)

OO
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where ·γ denotes the Z-affine isomorphism of (Ñ, Ã) induced by the natural action of π1(N ; x0)
on Ñ . Note that, using the fundamental groupoid of N , the information of a developing map
and of the affine holonomy can be packaged and conveyed independent of choices (cf. Crainic,
Fernandes and Mart́ınez-Torres [5]).

Remark 2.29.

• If dev, dev′ : Ñ → Rn are developing maps for (N,A) constructed using different choices then
there exists a unique h ∈ AGL(n;Z) such that dev′ = h ◦ dev (cf. Goldman and Hirsch [14]).

• If (N,A) is a Z-affine manifold with corners, then the image of any codimension-k face of Ñ
(0 < k ≤ n) under a developing map is the intersection of k linear hyperplanes of Rn whose
normals can be chosen to span a unimodular sublattice of Zn, i.e., this span is a direct summand
of Zn. This can be seen as follows. By definition of Z-affine chart on a manifold with corners,
the above statement holds locally. The way in which developing maps are constructed (cf.
Goldman and Hirsch [14]) implies that the local statement is sufficient to obtain the result
globally.

• In general, developing maps need not be covering maps and their images can be rather com-
plicated (cf. Sullivan and Thurston [42] for pathological examples).

2.5 (Visible) Toric systems

This section describes the connection between integrable toric actions and integrable systems.
Following Karshon and Lerman [25], we begin by introducing the category of integrable toric
actions on symplectic manifolds.

Definition 2.30. For any n ≥ 1, the category of symplectic toric manifolds of dimension 2n,
denoted by TM(2n), has objects and morphisms as follows:

• Objects: symplectic toric manifolds, i.e., 2n-dimensional symplectic manifolds (M,ω) en-
dowed with an effective Hamiltonian Tn-action with moment map µ : (M,ω) → t∗, where t∗

denotes the dual of the Lie algebra of Tn. (Observe that M is not required to be compact.)
A symplectic toric manifold is henceforth denoted by the triple (M,ω, µ) and, for brevity,
referred to as a toric manifold.

• Morphisms: isomorphisms of symplectic toric manifolds, i.e., given (Mi, ωi, µi) for i = 1, 2,
a pair (Ψ, ξ), where Ψ: (M1, ω1)→ (M2, ω2) is a symplectomorphism, and ξ ∈ t∗, making the
following diagram commute

(M1, ω1)

µ1

��

Ψ // (M2, ω2)

µ2

��
t∗

+ξ
// t∗,

where +ξ : t∗ → t∗ denotes translation by ξ. Equivalently, Ψ is Tn-equivariant.

Henceforth, for each n ≥ 1, fix an isomorphism t∗ ∼= Rn so that the standard lattice in t∗

(dual to ker
(

exp: t→ Tn
)
) is mapped to Zn.

Note that the components of the moment map µ : (M,ω) → Rn Poisson commute and µ
is a submersion almost everywhere, due to the Marle-Guillemin-Sternberg local normal form
for Hamiltonian actions of compact Lie groups (cf. Guillemin, Sternberg and Marle [16, 29]).
Therefore, taking Φ = µ, call (M,ω,Φ) the integrable system underlying (M,ω, µ). Because
isomorphisms of toric manifolds induce isomorphisms of underlying integrable systems, for each
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n ≥ 1, the function from TM(2n) to IS(n) that maps a toric manifold to its underlying
integrable system defines a ‘forgetful functor’ F : TM(2n)→ IS(n).

It is useful to identify the integrable systems that underlie symplectic toric manifolds and
systems that are isomorphic to such.

Definition 2.31. An integrable system (M,ω,Φ) is toric if there exists a toric manifold (M,ω, µ)
such that (M,ω,Φ) = F(M,ω, µ). An integrable system is weakly toric if it is isomorphic to
a toric one.

Remark 2.32. Vũ Ngo.c introduced the notion of integrable systems of toric type in [47, De-
finition 2.1]. Such systems are necessarily weakly toric in the sense of Definition 2.31; however
there are two important differences, namely:

• the moment map of an integrable system of toric type in the sense of [47, Definition 2.1] is
necessarily proper, and

• an integrable system is of toric type in the sense of [47, Definition 2.1] if it is isomorphic as
an integrable system to a toric system via an isomorphism of the form (id, ψ).

Thus weakly toric systems as in Definition 2.31 can be viewed as a slight generalization of
systems of toric type.

Example 2.33. Let (M,ω,Φ) be an integrable system with compact fibers and q : M → L the
quotient map to its leaf space. A Z-affine coordinate chart on Lreg ⊂ L yields, pre-composing
with the quotient map, the moment map of a locally defined effective (but not unique) Hamil-
tonian Tn-action (see Corollary 2.25), and hence a toric system on the preimage by q of the
domain of the coordinate chart.

Remark 2.34. The image of F is a subcategory of IS(n), but it is not full, i.e., there are
morphisms between objects in the image of F that are not the image of morphisms under F .
For instance, if h ∈ AGL(n;Z) is an element different from the identity, the toric manifolds
(M,ω,Φ) and (M,ω, h ◦ Φ) are not isomorphic, but the underlying integrable systems are. In
fact, the integral affine group AGL(n;Z) completely captures the failure of the functor to be full:
Suppose that (M1, ω1,Φ1) and (M2, ω2,Φ2) are isomorphic toric systems with isomorphism de-
noted by (Ψ, ψ). Then ψ : Φ1(M1)→ Φ2(M2) is given, on each connected component of Φ1(M1),
by the restriction of an element in AGL(n;Z). This follows from the fact that Ψ ◦ Φ1 is the
moment map of an effective Hamiltonian Tn-action whose components Poisson commute with
the components of Φ.

The classification by Delzant [9] of compact toric manifolds (M,ω, µ) is well-known. In
particular, the manifold M , the symplectic form ω and the moment map µ up to isomorphism
are determined by the image of the moment map, µ(M). Two properties of a compact toric
manifold (M,ω, µ) that are important for the classification are that µ has connected fibers and
that µ(M) is a convex polytope. These properties follow from work of Atiyah [1] and Guillemin,
Sternberg [15] and hold for the more general family of effective Hamiltonian Tk-actions on
compact 2n-dimensional symplectic manifolds for any 0 < k ≤ n.

If the underlying symplectic manifold is not compact, neither of the above properties need hold
(cf. Karshon and Lerman [25]). Nevertheless, Karshon and Lerman [25] achieve a classification
of these objects. The starting point is the fact that orbits are tori that have a neighborhood that
can be put in normal form (cf. Guillemin and Sternberg [16], Marle [29]). This is the content of
the following result, stated below without proof.

Theorem 2.35. Let (M,ω, µ) be a toric manifold. For each orbit O of dimension k, there exist

• open neighborhoods V ⊂M of O and W ⊂ T∗Tk × R2(n−k) ∼= Tk × R2n−k of Tk × {0};



Faithful Semitoric Systems 19

• a symplectomorphism Ψ: (V, ω)→ (W,ωcan ⊕ ω0) sending O to Tk × {0};
• an element A ∈ GL(n− k;Z);

• a translation −µ(O) : µ(U)→ Rn

making the following diagram commute

(V, ω)
Ψ //

µ

��

(W,ωcan ⊕ ω0)

pr2⊕A◦q
��

µ(U)
−µ(O)

// Rk × Rn−k,

where

• ωcan is the canonical symplectic form on T ∗Tk ∼= Tk × Rk;

• pr2 : Tk × Rk → Rk is projection onto the second factor;

• ω0 =
n−k∑
i=1

dxi ∧ dyi with respect to standard symplectic coordinates on R2(n−k);

• q =
(x2

1+y2
1

2 , . . . ,
x2
n−k+y2

n−k

2

)
.

Observe that in the statement of Theorem 2.35 the open set W is saturated by the fibers of
pr2⊕A ◦ q.

A simple, yet important, consequence of Theorem 2.35 is the following fact, stated below
without proof.

Corollary 2.36. Any Tn-orbit in a toric manifold is a connected component of a fiber of the
moment map. In particular, for a toric system, orbits and leaves coincide.

Corollary 2.36 sets toric systems apart from general integrable systems.
Another important ingredient in the classification of toric manifolds by Karshon and Ler-

man [25] is the following notion.

Definition 2.37. Let (M,ω, µ) be a toric manifold. The orbital moment map of (M,ω, µ) is
the unique continuous map χ : M/Tn → Rn such that µ = χ ◦ q, where q : M → M/Tn is the
quotient map.

The orbital moment map is an essential invariant of toric manifolds; this is the content of
the following result.

Proposition 2.38. Suppose that the toric manifolds (M1, ω1, µ1) and (M2, ω2, µ2) are isomor-
phic via (Ψ, ξ). Then there exists a homeomorphism ζ : L1 → L2 between the orbit/leaf spaces
of (M1, ω1, µ1) and (M2, ω2, µ2) respectively satisfying π2 ◦ ζ = +ξ ◦ π1, where, for i = 1, 2,
πi : Li → Rn is the orbital moment map of (Mi, ωi, µi).

Proof. The argument is entirely analogous to the one in the proof of item (1) of Lemma 2.6. �

In analogy with Corollary 2.25, Theorem 2.35 implies the following result, stated below
without proof.

Corollary 2.39. Let (M,ω, µ) be a toric manifold with underlying toric system (M,ω,Φ). Then

1) The orbit space M/Tn of (M,ω, µ) is a Z-affine manifold with corners uniquely characterized
as in Corollary 2.25.
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2) M/Tn is canonically homeomorphic to the leaf space L of (M,ω,Φ) so that the orbital moment
map is identified with the continuous map π : L → Rn. (Throughout the rest of the statement,
this identification is used tacitly.)

3) The image under π of a codimension-k face of L, where 0 < k ≤ n, is the intersection of k
hyperplanes of Rn whose normals can be chosen to span a unimodular sublattice of Zn, i.e.,
a sublattice Ξ ⊂ Zn such that the quotient Zn/Ξ does not have torsion (see Remark 2.29).

4) With the above identification, the Z-affine structure on L, denoted by AL, extends Areg, i.e.,
the inclusion (Lreg,Areg) ↪→ (L,AL) is a Z-affine embedding.

5) The regular leaf space satisfies Lreg = Lr ∂L.

The developing map dev : L̃ → Rn for (L,AL) makes the following diagram commute

L̃
q

��

dev

  
L π

// Rn,

where q : L̃ → L is the universal covering map and, under the identification of part 2) of Corol-
lary 2.39, π is the orbital moment map of (M,ω, µ) (cf. Karshon and Lerman [25, Proposition 1.1,
Remarks 1.4 and 1.5]). In particular, if L is simply connected, this proves the following result.

Corollary 2.40. Let (M,ω, µ) be a toric manifold with associated toric system (M,ω,Φ). If the
leaf space L is simply connected, then the map π : L → Rn is a developing map for the induced
Z-affine structure.

The remaining ingredients in the classification up to isomorphism are topological invariants
depending on H2(L;Z) (cf. Karshon and Lerman [25, Theorem 1.3] for a precise statement).
Motivated by the classification theorem of Karshon and Lerman [25, Theorem 1.3], we introduce
a class of toric systems whose corresponding toric manifolds are determined up to isomorphism
by their moment map images.

Definition 2.41. A toric system (M,ω,Φ) is said to be visible if it is faithful and Φ(M) is
contractible.

The reason for the terminology in Definition 2.41 is that, in order to reconstruct a visible
toric system, it suffices to know (or ‘look at’) its moment map image by Karshon and Lerman
[25, Theorem 1.3].

Lemma 2.42. The total space of a visible toric system is connected.

Proof. This follows from faithfulness of the moment map, connectedness of the moment map
image, and the equivalence of the cardinality of the set of components of the leaf space and of
the total space of an integrable system (see Lemma 2.8). �

The induced Z-affine structure on the leaf space of a visible toric system is (isomorphic to)
the standard one as a subset of Rn. More precisely, the following holds.

Corollary 2.43. Let (M,ω,Φ) be a visible toric system with n degrees of freedom. Then its
moment map image inherits an Z-affine structure from (M,ω,Φ) that agrees with the standard
one as a subset of Rn.



Faithful Semitoric Systems 21

Proof. Since (M,ω,Φ) is visible, it is faithful in particular and, therefore, its moment map
image B can be canonically identified with its leaf space L . The latter can in turn be canonically
identified with the orbit space of the toric system (M,ω, µ) associated to (M,ω,Φ) (see part 2)
of Corollary 2.39). By part 1) of Corollary 2.39, this implies that B inherits a Z-affine structure.
Unraveling the above identifications, Corollary 2.40 implies that Z-affine structure agrees with
the standard one as a subset of Rn as desired. �

Using Karshon and Lerman [25, Theorem 1.3], it is straightforward to obtain the classification
of visible toric systems.

Proposition 2.44. Two visible toric systems (Mi, ωi,Φi), i = 1, 2, are isomorphic if and only if
there is an element h ∈ AGL(n;Z) such that Φ2(M2) = h◦Φ1(M1). Furthermore, the two visible
toric systems underlie isomorphic toric manifolds if and only if Φ1(M1) and Φ2(M2) agree up
to translation.

Proof. Because (Mi, ωi,Φi), i = 1, 2, are toric systems, there exist toric manifolds (Mi, ωi, µi)
such that µi = Φi, i = 1, 2. Under that equivalence, faithfulness of the moment maps Φi cor-
responds to the orbital moment maps of the toric manifolds being embeddings (this follows
from part 2) of Corollary 2.39). Therefore, since µi(Mi) = Φi(Mi), i = 1, 2, is contractible,
Theorem 1.3 of Karshon and Lerman [25] implies the toric manifolds (Mi, ωi, µi) are determined
up to isomorphism by their moment map images. By the definition of TM(2n), the category
of symplectic toric manifolds (Definition 2.30), (Mi, ωi, µi), i = 1, 2 belong to the same iso-
morphism class if and only if µ1(M1) and µ2(M2) differ by a translation. The criterion for
isomorphism of the toric systems then follows from Remark 2.34 and connectedness of the total
space (Lemma 2.42). �

Unlike compact toric manifolds (and their associated toric systems), the moment map image
of a visible toric system need not be convex; however, Theorem 2.35 together with the defining
properties of visible toric systems, imply the following result.

Corollary 2.45. The moment map image of a visible toric system (M,ω,Φ) is locally convex,
i.e., for all c ∈ Φ(M), there exists an open neighborhood U of c in Φ(M) that is convex as
a subset of Euclidean space.

2.6 Weakly toric leaf spaces

Weakly toric systems provide examples of integrable systems whose leaf spaces are naturally
endowed with the structure of a Z-affine manifold with corners. This is not a phenomenon to
be expected in general. However it is natural to ask, what is the largest subset of the leaf space
of an integrable system that does inherit the structure of a Z-affine manifold with corners?

That question motivates the following notions of a weakly toric leaf and the weakly toric leaf
space of an integrable system.

Definition 2.46. Given an integrable system (M,ω,Φ), a leaf L ⊂M is said to be weakly toric
if there exists a connected open neighborhood V ⊂M such that the subsystem (V, ω|V ,Φ|V ) is
weakly toric.

Remark 2.47. A weakly toric leaf L is a smoothly embedded submanifold that must be compact
even though the system (M,ω,Φ) may have non-compact fibers. Also, the open neighborhood V
of Definition 2.46 is saturated with respect to the quotient map q : M → L and all leaves
contained in V are weakly toric. Finally, in analogy with Remark 2.21, if (Ψ, ψ) denotes the
isomorphism between (V, ω|V ,Φ|V ) and a toric system, and the first component of Φ|V is the
moment map of an effective Hamiltonian S1-action, then ψ can be taken to be of the form of
equation (2.1).
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Definition 2.48. Given an integrable system (M,ω,Φ) with leaf space L, the subset Lwt ⊂ L
corresponding to weakly toric leaves is called the weakly toric leaf space associated to (M,ω,Φ).

A priori, if the fibers of an integrable system are not necessarily compact, the associated
weakly toric leaf space may be empty. In contrast, when the fibers are required to be compact,
the Liouville–Arnol’d theorem (Theorem 2.20) implies the following result:

Corollary 2.49. If (M,ω,Φ) has compact fibers, then Lreg ⊂ Lwt. In particular, Lwt ⊂ L is
dense.

In fact, if an integrable system has compact fibers, its locally weakly toric leaf space inherits
a Z-affine structure.

Proposition 2.50. The weakly toric leaf space Lwt of an integrable system with compact fibers
inherits a structure of Z-affine manifold with corners denoted by Awt. This structure is uniquely
defined by the property that locally defined Z-affine functions from (Lwt,ALwt) correspond to
functions on q−1(Lwt) ⊂ M whose Hamiltonian vector fields are tangent to the fibers of q and
have 2π-periodic flows.

Proof. Fix an integrable system (M,ω,Φ) with n degrees of freedom with compact fibers. To
show that the weakly toric leaf space Lwt is Hausdorff, suppose that L1, L2 are distinct weakly
toric leaves. The aim is to show that, for i = 1, 2, there exists an open neighborhood Vi of Li,
saturated with respect to q and containing solely weakly toric leaves, with V1 ∩ V2 = ∅. First,
observe that L1, L2 ⊂ M are closed; thus there exist V ′1 , V

′
2 ⊂ M open, disjoint subsets with

Li ⊂ V ′i for i = 1, 2. Since, for i = 1, 2, Li is weakly toric, it follows that Li ⊂ Φ−1(Φ(Li)) is
open. Therefore, using the result of Mrčun [33, Theorem 3.3], it may be assumed, without loss
of generality, that V ′i is saturated with respect to Φ and, therefore, with respect to q. Since,
for i = 1, 2, Li is weakly toric, there exists an open neighborhood Vi ⊂ V ′i of Li saturated
with respect to q containing solely weakly toric leaves; V1 and V2 are the desired separating
open subsets. The space Lwt is second countable because it is the image of a second countable
space under an open map. Indeed q−1(Lwt) ⊂ M is second countable as it is an open subset
of a smooth manifold, and the topological quotient map q|q−1(Lwt) : q−1(Lwt) → Lwt is open
because the quotient maps in the local models for toric manifolds are open. Finally, since Lwt is
locally homeomorphic to a subset of Euclidean space, it is locally compact, thereby implying Lwt

is paracompact (by virtue of being a locally compact, Hausdorff, second countable space).
Next we define an open cover of Lwt and coordinate charts whose codomain is [0,+∞[ n.

Let L ⊂ M be a weakly toric leaf; by definition, there exists an open neighborhood V ⊂ M
of L whose corresponding subsystem is weakly toric. By restricting V if necessary, it may be
assumed that the corresponding subsystem is isomorphic to a local model for toric manifolds.
Since q|q−1(Lwt) is open, q(V ) is an open subset of Lwt; moreover, the above isomorphism implies
that there is a map χ : q(V ) → [0,+∞[n that is locally a homeomorphism. Since L ⊂ M is
arbitrary, the above reasoning defines an open cover of Lwt, denoted by {Ui}, and, for each i,
a map χi : Ui → [0,+∞[ n. In fact, Awt := {(Ui, χi)} is an n-dimensional Z-affine atlas with
corners. To see this, fix i, j with Ui ∩ Uj 6= ∅. Then, unraveling the above definitions, we
obtain an isomorphism (Ψij , ψij) of saturated subsystems of local models of toric manifolds with
ψij = χj ◦χ−1

i ; observing that ψij is necessarily the restriction of an element in AGL(n;Z) shows
the desired result. Finally, the defining property of Awt follows directly from its definition and
the fact it holds for the (weakly toric) leaf spaces of toric manifolds. �

Remark 2.51. Note that, by Proposition 2.50, the weakly toric leaf space of an integrable
system is, tautologically, the largest subset of the leaf space of an integrable system that inherits
the structure of a Z-affine manifold with corners from the integrable system. Moreover, if the
system has compact fibers, the inclusion (Lreg,Areg) ↪→ (Lwt,Awt) is a Z-affine morphism.
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As expected, the Z-affine manifold with corners (Lwt,Awt) associated to (M,ω,Φ) is an
invariant of the isomorphism class of (M,ω,Φ) and behaves well with respect to restriction
to saturated subsystems, i.e., statements analogous to Corollaries 2.26 and 2.27 hold for this
(possibly larger) Z-affine manifold with corners. This allows one to associate to an integrable
system (M,ω,Φ) the pair (L, (Lwt,Awt)), the latter being an invariant of the isomorphism class
of (M,ω,Φ).

Remark 2.52. If (M,ω,Φ) is faithful and has compact fibers, the weakly toric leaf space
corresponds to an open, dense subset denoted by Bwt ⊂ B = Φ(M) and its boundary as
a manifold with corners (corresponding to singular weakly toric leaves) satisfies ∂Bwt ⊂ B ∩
Bdy(B), where the inclusion may be strict.

2.7 Cartographic maps

Let (M,ω,Φ) be a faithful integrable system with compact fibers. If the inclusion B = Φ(M)
↪→ Rn is an Z-affine embedding when restricted to Bwt

∼= Lwt (as is the case for faithful toric
systems), then the Z-affine geometry of Bwt is ‘captured’ by the moment map image, i.e., it is the
standard one as a subset of Rn. In this case, the subsystem relative to Bwt is toric; expanding
the terminology introduced by Pelayo, Ratiu and Vũ Ngo.c in [36, Definition 4.2], we introduce
the following notion.

Definition 2.53. Let (M,ω,Φ) be a faithful integrable system with compact fibers. The mo-
ment map is said to be cartographic if the inclusion B = Φ(M) ↪→ Rn is an Z-affine embedding
when restricted to Bwt

∼= Lwt.

When the moment map of a faithful integrable system (M,ω,Φ) with compact fibers is
not cartographic, one could ask whether there is an isomorphic system whose moment map is
cartographic. Existence of such a system is tantamount to finding a smooth embedding of the
moment map image B into Rn whose restriction to the weakly toric leaf space Bwt is a Z-affine
embedding into

(
Rn,A0

)
. A necessary condition is that the affine holonomy of (Bwt,Awt) be

trivial; however, that condition is not sufficient, as the following example illustrates.

Example 2.54. For notation and further details, the reader is referred to Example 2.18 and
Fig. 2.2. Let R be the open square ]−1, 1[× ]−1, 1[⊂ R2. Consider the unique toric manifold(
T2 ×R,ω, µ

)
defined by the orbital moment map (see Definition 2.37) g2 : R→ R2 given by

g2(x, y) =
(
e

1
2
x+ 1

2 cos(2π(y + 1)), e
1
2
x+ 1

2 sin(2π(y + 1))
)
.

Observe that ω is not the standard symplectic structure induced by inclusion of T2 × R in(
T2 × R2, ωcan

)
. Moreover, if Φ: T2 × R → R ⊂ R2 denotes the projection onto the second

factor, then µ = g2 ◦ Φ. In fact, (T2 × R,ω,Φ) defines a faithful integrable system. Note
that for any open simply connected subset U ⊂ {(x1, x2) | 1 < x2

1 + x2
2 < e2}, the subsystem

of
(
T2 × R,ω, µ

)
relative to U is the union of at least two disjoint subsystems, each of which

is isomorphic to a subsystem of the toric system
(
T2 × R,ω,Φ

)
(see Fig. 2.3). However, the

integrable system
(
T2×R,ω,Φ

)
as a whole is not isomorphic to any system with a cartographic

moment map as g2, which is not injective, is the unique map (up to composition on the right
with an Z-affine diffeomorphism of (R2,A0)) such that g2 ◦Φ generates an effective Hamiltonian
T2-action on

(
T2 × R, ω

)
.

The faithful integrable systems with compact fibers considered in Section 3 and Part II allow
for singular fibers (focus-focus fibers, see Section 3.1.2) that induce non-trivial affine holonomy
on the weakly toric leaf space (see Theorem 3.32). Thus for such an integrable system there is
not necessarily a system in its isomorphism class that has a cartographic moment map. However,
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U

Figure 2.3. The preimage of the set U under the map g2 has two connected components.

following the insight of Symington [43] and Vũ Ngo.c [47], for such systems it is reasonable to ask
whether there is a homeomorphism of the moment map image that, when restricted to an open,
dense subset of the weakly toric leaf space, is a Z-affine embedding. That question motivates
introducing the following notion.

Definition 2.55. Let (M,ω,Φ) be a faithful integrable system with n degrees of freedom and
whose fibers are compact, and set B = Φ(M). A cartographic pair (f, S) for (M,ω,Φ) consists of
a topological embedding f : B → f(B) ⊂ Rn, called cartographic homeomorphism, and an open,
dense subset S ⊂ Bwt, with the property that f |S : (S,Awt|S) → (Rn,A0) is a Z-affine smooth
embedding. If such a pair exists, (M,ω,Φ) is said to admit a cartographic homeomorphism
whose image is said to be cartographic.

Example 2.56. Any faithful toric system admits a natural choice of cartographic pair. Namely,
if (M,ω,Φ) is one such system, then (id, B) is a cartographic pair.

Remark 2.57. If (f, S) is a cartographic pair for (M,ω,Φ), there is no guarantee that S is
maximal, i.e., that it is not a strict subset of another open, dense subset of Bwt on which f
restricts to a Z-affine embedding.

The following lemma provides a simple but useful way to adjust a given cartographic homeo-
morphism.

Lemma 2.58. If (f, S) is a cartographic pair for (M,ω,Φ), then, for any h ∈ AGL(n;Z),
(h ◦ f, S) is also a cartographic pair.

Intuitively, cartographic homeomorphisms should be thought of as continuous extensions of
restrictions of developing maps to suitable domains; for instance, if S is simply connected, S can
be identified with a dense subset of a fundamental domain in the universal cover of Bwt.

If S = B holds in Definition 2.55, then f ◦Φ is a cartographic moment map. If not, a carto-
graphic homeomorphism at least provides a dense subset of the total space on which the system
is isomorphic to a toric, and possibly visible toric system. More precisely:

Lemma 2.59. Let (M,ω,Φ) be a faithful integrable system with compact fibers. If (f, S) is
a cartographic pair, then the integrable system

(
Φ−1(S), ω|Φ−1(S), (f ◦ Φ)|Φ−1(S)

)
is toric. If, in

addition, S is contractible, then the above system is visible toric.

Cartographic homeomorphisms restrict appropriately when taking saturated subsystems.
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Lemma 2.60. Suppose that (M,ω,Φ) is a faithful integrable system with compact fibers with
cartographic pair (f, S). Let U ⊂ B = Φ(M) be an open subset. Then (f |U , S ∩ U) is a carto-
graphic pair for the subsystem relative to U .

Combining Lemmas 2.59 and 2.60, we obtain the following simple description of cartographic
homeomorphisms when restricted to open subsets of the moment map image whose correspond-
ing subsystems are visible toric.

Corollary 2.61. Let (M,ω,Φ) be a faithful integrable system with compact fibers with carto-
graphic pair (f, S). Suppose that U ⊂ S is an open subset with the property that the subsystem
relative to U is visible toric. Then f |U is the restriction of an element hU ∈ AGL(n;Z) and(
h−1
U ◦ f, S

)
is a cartographic pair for (M,ω,Φ) with

(
h−1
U ◦ f

)
|U = id|U .

Proof. By assumption,
(
Φ−1(U), ω|Φ−1(U),Φ|Φ−1(U)

)
is a visible toric system and, by Lem-

ma 2.59,
(
Φ−1(U), ω|Φ−1(U), (f ◦Φ)|Φ−1(U)

)
is also visible toric. In fact, the pair (id, f |U ) defines

an isomorphism between these two systems. Because U is connected (by virtue of being con-
tractible), there exists an element hU ∈ AGL(n;Z) such that f |U = hU (see Remark 2.34).
Lemma 2.58 gives that

(
h−1
U ◦ f, S

)
is a cartographic pair for (M,ω,Φ) that, by construction,

satisfies
(
h−1
U ◦ f

)
|U = id|U . �

Finally, it is important to notice that the property of admitting a cartographic homeomor-
phism is independent of the choice of representative of the isomorphism class of a faithful inte-
grable system.

Corollary 2.62. Let (M1, ω1,Φ1) and (M2, ω2,Φ2) be faithful integrable systems with compact
fibers isomorphic via (Ψ, ψ) and let (f1, S1) be a cartographic pair for (M1, ω1,Φ1). Then (f2 :=
f1 ◦ ψ−1, S2 := ψ(S1)) is a cartographic pair for (M2, ω2,Φ2).

In fact, cartographic images of isomorphic systems are homeomorphic via maps that extend
Z-affine isomorphisms. More precisely, the following holds.

Corollary 2.63. Consider, for i = 1, 2, a faithful integrable system (Mi, ωi,Φi) with n degrees
of freedom and compact fibers with a cartographic pair (fi, Si). Assume that there exists an
isomorphism (Ψ, ψ) between (M1, ω1,Φ1) and (M2, ω2,Φ2). Then the cartographic images f1(B1)
and f2(B2) are homeomorphic by a map that, when restricted to each connected component of
f1

(
S1 ∩ ψ−1(S2)

)
, is the restriction of an element of AGL(n;Z).

Proof. Fix an isomorphism (Ψ, ψ) : (M1, ω1,Φ1) → (M2, ω2,Φ2). The map g := f2 ◦ ψ ◦
f−1

1 : f1(B1) → f2(B2) is a homeomorphism as it is the composition of homeomorphisms. In
fact, we claim that it is the unique extension of a Z-affine isomorphism f1

(
S1 ∩ ψ−1(S2)

)
→

f2(ψ(S1) ∩ S2). To see this, begin by observing that S1 ∩ ψ−1(S2) and ψ(S1) ∩ S2 are open
and dense in B1 and B2 respectively. This implies that for each i = 1, 2, fi

(
S1 ∩ ψ−1(S2)

)
is

open and dense in fi(Bi) as fi is a homeomorphism. Therefore, g is determined uniquely by
its restriction to f1

(
S1 ∩ ψ−1(S2)

)
, which maps homeomorphically onto f2(ψ(S1) ∩ S2). This

restriction is a Z-affine isomorphism, by the definition of cartographic homeomorphisms and
Corollary 2.26. Since the Z-affine structures on f1

(
S1 ∩ ψ−1(S2)

)
and on f2(ψ(S1) ∩ S2) are

isomorphic to the ones induced by inclusion into
(
Rn,A0

)
, the restriction of the above Z-affine

isomorphism to each connected component of f1

(
S1 ∩ ψ−1(S2)

)
is the restriction of an element

of AGL(n;Z). �

Remark 2.64 (relation to the ideas in Pelayo, Ratiu and Vũ Ngo.c [36]). Let (M,ω,Φ) be
a faithful system with compact fibers that admits a cartographic pair. Corollary 2.62 implies
that the set of all cartographic images of (M,ω,Φ) is an invariant of the isomorphism class of
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(M,ω,Φ) that, in some sense, encodes the Z-affine structure on its weakly toric leaf space Bwt.
Following Pelayo, Ratiu and Vũ Ngo.c [36, Definition 3.4], the above association can be called
a cartographic invariant of (M,ω,Φ). (Observe that Pelayo, Ratiu and Vũ Ngo.c [36] work with
a stricter notion of isomorphism than the one given in Definition 2.1, see Pelayo, Ratiu and Vũ
Ngo.c [36, Definition 1.5] and Section 4.5 below).

One of the aims of this paper is to establish the existence of a certain kind of cartographic
pairs for faithful semitoric systems (see Definition 4.1 and Theorem 5.11), and to describe the
collection of all such cartographic pairs (see Theorem 5.24).

3 Almost-toric systems

Motivated by Symington [43] and Vũ Ngo.c [47], this section introduces and studies the funda-
mental properties of almost-toric systems, a category of integrable systems generalizing that of
weakly toric systems (Definition 2.31) in dimension 4 by allowing for the presence of focus-focus
fibers, which are the Lagrangian analog of nodal fibers in Lefschetz fibrations. To define this
category formally, we first recall the notion of almost-toric singular orbits, which are a special
class of non-degenerate singular orbits, focusing on the 4-dimensional case. This is achieved in
Section 3.1. Section 3.2 defines almost-toric systems on 4-dimensional manifolds and establishes
fundamental properties of leaves and their neighborhoods. Seeing as the faithful semitoric sys-
tems of Part II are both faithful and almost-toric, Section 3.3 collects results about systems that
satisfy both properties.

3.1 Singular orbits

3.1.1 Non-degenerate singular orbits in arbitrary dimension

The singular orbits considered in Section 3.1.2 are non-degenerate singular orbits, a condition
that is briefly recalled below and should be thought of as a ‘symplectic’ Morse–Bott condition.
(For more details regarding non-degenerate orbits, the reader is referred to Bolsinov and Fomenko
[2, Section 1.8], Vũ Ngo.c [46, Section 3.3], and references therein.) Throughout this subsection,
let (M,ω,Φ) be an integrable system so that Φ is the moment map of an effective Hamiltonian
Rn-action; for any t ∈ Rn, denote by φt : (M,ω)→ (M,ω) the symplectomorphism induced by
acting via t. Moreover, for any p ∈ M , denote by Op the Rn-orbit through p. If p is singular,
then every point in Op is singular; thus the notion of singular orbit is well-defined. Next, we
introduce the following useful notion.

Definition 3.1. Given an integrable system (M,ω,Φ), the rank of a point p ∈ M is given by
rkDpΦ.

Remark 3.2. With the above notation, if p ∈ M is a point of rank 0 ≤ k ≤ n, the existence
of a Hamiltonian Rn-action implies that the orbit Op is a k-dimensional immersed, isotropic
submanifold of (M,ω) that is diffeomorphic to Rk−c(p) × Tc(p), where 0 ≤ c(p) ≤ k is called the
degree of closedness of Op in Zung [53, Definition 3.4]. In particular, the rank and the degree of
closedness of an orbit are well-defined notions.

Following Bolsinov and Fomenko [2, Section 1.8.3], fix a singular orbit O ⊂ M of rank
0 ≤ k < n and let p ∈ O; since, for all t ∈ Rn, φt is a symplectomorphism sending O to itself, it
follows that, for all t ∈ Rn, Dpφ

t is a symplectomorphism of
(
(TpOp)ω/TpOp,Ω

)
, where (TpOp)ω

is the symplectic orthogonal of TpOp and Ω is the symplectic form induced by performing linear
reduction. Thus we obtain a Lie algebra homomorphism Rn → Sp

(
(TpOp)ω/TpOp,Ω

)
. In fact,

this homomorphism only depends on the orbit and not on the choice of point; this is because the
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action is by an abelian Lie group. Choosing local Darboux coordinates, it is possible to identify
Sp
(
(TpOp)ω/TpOp,Ω

)
with Sp(2(n − k);R); therefore, by taking derivative at the identity, we

obtain a Lie algebra homomorphism Rn → sp(2(n− k);R) whose image is denoted by hO.

Definition 3.3. A singular orbit O of rank 0 ≤ k < n is said to be non-degenerate if hO ⊂
sp(2(n− k);R) is a Cartan subalgebra.

Remark 3.4. Since sp(2n;R) is semisimple, its Cartan subalgebras are maximal Abelian and
self-normalizing. A criterion to check that a fixed point in an integrable system with n-
degrees of freedom is non-degenerate is as follows (cf. Bolsinov and Fomenko [2, Definitions 1.24
and 1.25]) for details. Let p be a singular point of rank 0 in (M,ω,Φ), where Φ = (H1, . . . ,Hn).
Then, for all i = 1, . . . , n, the Hamiltonian vector field of Hi vanishes at p; thus it makes
sense to consider its linearization at p denoted by XLin

i (p) ∈ sp(2n;R). The point p is non-
degenerate if XLin

1 (p), . . . , XLin
n (p) are linearly independent and if there exists a linear combina-

tion λ1X
Lin
1 (p) + · · ·+ λnX

Lin
n (p) with 2n distinct, non-zero eigenvalues.

Cartan subalgebras of sp(2(n−k);R) have been classified up to conjugacy in Williamson [52]
using the standard isomorphism between sp(2(n−k);R) and Sym(2(n−k);R), where the latter
is the Lie algebra of symmetric bilinear forms on the linear symplectic vector space R2(n−k) with
Lie bracket given by the Schouten bracket, and the isomorphism sends a quadratic polynomial
to its Hamiltonian vector field. The classification of Williamson [52] is recalled below without
proof.

Theorem 3.5. Fix a positive integer n and let h ⊂ Sym (2n;R) be a Cartan subalgebra.
Then there exist canonical coordinates xi, yi of the linear symplectic vector space R2n, a triple
(ke, kh, kff) ∈ Z3

≥0 with ke + kh + 2kff = n, and a basis H1, . . . ,Hn of h such that

Hi =


x2
i + y2

i

2
if i = 1, . . . , ke,

xiyi if i = ke + 1, . . . , ke + kh,

and, if i = ke + kh + 1, ke + kh + 3, . . . , ke + kh + 2j − 1, . . . , ke + kh + 2kff − 1, then

Hi = xiyi+1 − xi+1yi, Hi+1 = xiyi + xi+1yi+1.

Moreover, the triple (ke, kh, kff) determines h up to conjugacy.

Definition 3.6. Given a Cartan subalgebra h ⊂ sp(2n;R), the triple (ke, kh, kff) ∈ Z3
≥0 with

ke + kh + 2kff = n classifying it up to conjugacy is called the Williamson triple of h, where ke,
kh, kff are referred to as the number of elliptic, hyperbolic and focus-focus components.

Going back to non-degenerate singular orbits, adapting and following Zung [53, Defini-
tion 3.4], we introduce the following terminology.

Definition 3.7. Given an integrable system (M,ω,Φ) and a non-degenerate singular orbit
O ⊂M , its Williamson type is the element (k, c, ke, kh, kff) ∈ Z5

≥0, where k is the rank of O, c is

its degree of closedness, and (ke, kh, kff) ∈ Z3
≥0 is the Williamson triple of hO.

Non-degenerate singular orbits can be linearized (cf., for instance, Dufour, Molino, Eliasson,
Miranda and Zung [10, 13, 31] amongst others). While the various linearization results are
beyond the scope of this article, it is worthwhile observing that, in the absence of hyperbolic
blocks, i.e., if kh = 0, and when the orbits are compact, i.e., if k = c, the linearization result is
stronger: there exist canonical coordinates which also put the moment map in standard form.
This is part of the motivation for introducing the singular orbits studied in Section 3.1.2. To
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conclude this subsection, we state the following characterization of non-degenerate, compact
singular orbits of purely elliptic type, i.e., whose Williamson types are given by elements of the
form (k, k, n − k, 0, 0), relating them to singular weakly toric leaves (cf. Dufour, Molino and
Eliasson [10, 13]). Such orbits are henceforth referred to as elliptic tori.

Theorem 3.8. Let O be an elliptic torus in an integrable system (M,ω,Φ). Then there exists
a (connected) open neighborhood V ⊂ M of O whose corresponding subsystem is weakly toric
(see Definition 2.31). In particular, O is a singular weakly toric leaf.

Theorem 3.8 is the crucial ingredient in proving that elliptic tori can be linearized (cf. Dufour,
Molino and Eliasson [10, 13]).

Integrable systems with compact fibers all of whose singular orbits are elliptic tori play an
important role in the classification of integrable systems with compact fibers.

Definition 3.9. An integrable system with compact fibers is said to have elliptic singularities
if all its singular orbits are of purely elliptic type, i.e., are elliptic tori.

Theorem 3.8 readily yields the following result, showing that integrable systems with elliptic
singularities generalize (weakly) toric systems.

Corollary 3.10. An integrable system with compact fibers has elliptic singularities if and only
if all its leaves are weakly toric.

Integrable systems with elliptic singularities have been classified by Boucetta and Molino
(cf. [3]), generalizing a construction due to Duistermaat, Dazord and Delzant (cf. [7, 11]).

3.1.2 Almost-toric orbits

Motivated by the work of Symington and Vũ Ngo.c [43, 47], we distinguish the following family
of singular orbits.

Definition 3.11. A singular orbit O in an integrable system (M,ω,Φ) is said to be almost-toric
if it is compact and non-degenerate without hyperbolic blocks.

While Definition 3.11 makes sense for integrable systems on symplectic manifolds of any di-
mension (cf. Izosimov [23] for results in this direction), we are concerned solely with almost-toric
orbits in integrable systems with two degrees of freedom. Therefore, throughout the rest of this
section, (M,ω,Φ) is an integrable system on a 4-dimensional symplectic manifold unless other-
wise stated. If O is an almost-toric orbit of (M,ω,Φ), its Williamson type (see Definition 3.7)
is constrained to be of one of three types, namely

• elliptic-elliptic, given by (0, 0, 2, 0, 0),

• elliptic-regular, given by (1, 1, 1, 0, 0),

• focus-focus, given by (0, 0, 0, 0, 1).

The first two are elliptic tori of dimension 0 and 1 respectively. On the other hand, focus-focus
points are completely characterized by the following local normal form (cf. Chaperon, Eliasson,
Vũ Ngo.c and Wacheux [4, 13, 48]):

Theorem 3.12. Let p be a focus-focus point in the integrable system (M,ω,Φ) with two degrees
of freedom and consider

(
R4, ω0

)
, where ω0 = dx1 ∧ dy1 + dx2 ∧ dy2. There exist open neighbor-

hoods V ⊂M and W ⊂ R4 of p and the origin respectively, such that (V, ω|V ,Φ|V ) is isomorphic
to (W,ω0|W ,q|W ) via a pair (Ψ, ψ) with ψ(p) = 0, where q = (q1, q2), q1 = x1y2 − x2y1 and
q2 = x1y1 + x2y2.
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Remark 3.13. In Theorem 3.12, observe that the flow of the Hamiltonian vector field Xq1 is
periodic, and that W can be chosen to be saturated with respect to the effective Hamiltonian
S1-action whose moment map is given by q1.

An immediate consequence of Theorem 3.12 is the following result, stated below without
proof.

Corollary 3.14. In an integrable system with two degrees of freedom, the set of focus-focus
points is discrete.

Elliptic tori and focus-focus points differ significantly. An immediate topological difference
is that the former are leaves of the system while for the latter are not. A crucial geometric
difference lies in the fact that the former support a local effective Hamiltonian T2-action whose
moment map has components that Poisson commute with the integrals of the system (we say
that the action is system-preserving), while the latter possesses only a unique (up to sign)
system-preserving effective Hamiltonian S1-action (cf. Zung [54, Proposition 4]).

Figure 3.1. Fibers in an open neighborhood of a focus-focus point. Regular fibers are diffeomorphic to

cylinders, while the singular fiber is given by the union of two Lagrangian planes transversally intersecting

at the focus-focus point.

Remark 3.15. Let p be a focus-focus point in an integrable system (M,ω,Φ) and let V be an
open neighborhood of p that can be put in local normal form. Then

• the restriction Φ|V is open;

• p is the only singular point of Φ|V ;

• the fibers of Φ|V are connected;

• a fiber of Φ|V is either diffeomorphic to a cylinder (if it does not contain p) or given by the
union of two Lagrangian planes intersecting transversally at p. In particular, if the latter fiber
is denoted by L, then (V ∩L)r{p} consists of two connected components, each diffeomorphic
to a cylinder (see Fig. 3.1);

• there exist smooth sections σ1, σ2 defined near Φ(p) whose image lies inside V with the
property that σ1(Φ(p)), σ2(Φ(p)) lie in distinct connected components of (V ∩L)r{p}, where L
denotes the leaf through p.

3.2 Definition and fundamental properties

Following Symington [43] and Vũ Ngo.c [47], we introduce a category of integrable systems of
two degrees of freedom that generalize weakly toric systems on 4-dimensional manifolds while
retaining significant similarities.
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Definition 3.16. An integrable system (M,ω,Φ) on a 4-dimensional symplectic manifold is
almost-toric if Φ is proper onto its image and all of its singular orbits are almost-toric.

Throughout this paper, we consider almost-toric systems only on 4-dimensional symplectic
manifolds. For this reason and for the sake of brevity, henceforth we drop the dependence
on dimension when referring to an almost-toric system. The following result can be used to
describe almost-toric systems in an equivalent fashion; seeing as it follows directly from Zung [53,
Proposition 3.5], its proof is omitted.

Lemma 3.17. Let (M,ω,Φ) be an integrable system on a 4-dimensional symplectic manifold
with compact fibers, all of whose singular orbits are non-degenerate without hyperbolic blocks.
Then the singular orbits are compact and, in particular, almost-toric.

The above notion of almost-toric system differs slightly from that in Vũ Ngo.c [47], for Defi-
nition 3.16 only requires that Φ be proper onto its image, as opposed to being proper.

Remark 3.18. Almost-toric systems form a full subcategory of IS(2), henceforth referred to
as the category of almost-toric systems and denoted by AT .

Remark 3.19. A saturated subsystem of an almost-toric system is almost-toric.

The restriction on the types of singular orbits in an almost-toric system (M,ω,Φ) implies
the singular leaves of Φ are either elliptic tori or contain at least one focus-focus singular orbit.
That dichotomy arises because the local normal form for elliptic singular orbits implies such
orbits (which are elliptic tori) make up whole connected components of a fiber of Φ. Henceforth,
leaves that contain focus-focus orbits are referred to as focus-focus leaves. Denote by Lff the
set of points in the leaf space L corresponding to leaves containing focus-focus singular orbits.
Then Lsing = Le ∪ Lff , where Le is the elliptic part of L. Elements of Lff are called focus-focus
values (in the leaf space).

Definition 3.20. Let c ∈ Lff be a focus-focus value in the leaf space of an almost-toric system
(M,ω,Φ). The multiplicity of c, denoted rc ≥ 1, is the number of focus-focus singular orbits in
the corresponding leaf of Φ.

Focus-focus values, counted with multiplicity, are an invariant of the isomorphism class of
an almost-toric system. Henceforth, all focus-focus values are counted with multiplicity unless
otherwise stated.

The topology of focus-focus leaves is well-known and is completely determined by the finite
number r ≥ 1 of focus-focus singular points contained in the corresponding leaf. In particular,
each focus-focus leaf is homeomorphic to a torus with r homologous cycles, each collapsed to
a point (cf. Bolsinov and Fomenko [2, Chapter 9.8]). Lying at the heart of this result is the
existence of a vector field tangent to a focus-focus leaf, whose flow is periodic and whose fixed
points are precisely the focus-focus points.

In fact, the S1-action on any focus-focus leaf can be extended to a suitable neighborhood of
the leaf, one that is saturated with respect to the quotient map to the leaf space. To prove this,
we start by establishing the existence of this suitable neighborhood.

Proposition 3.21. Given an almost-toric system (M,ω,Φ), any focus-focus leaf L ⊂M admits
an open neighborhood V satisfying the following properties:

• L is the only singular leaf in V ;

• V is saturated with respect to the quotient map q : M → L;

• V contains at most one leaf of any fiber of Φ.
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Figure 3.2. A focus-focus leaf containing 3 singular points and the flow of the periodic vector field on

it.

(Proposition 3.21 is probably well-known to experts but we could not find a proof in the
literature. For this reason, a proof is provided below.)

Proof. Fix a focus-focus leaf L. First, we show that L admits an open neighborhood Z that
is saturated with respect to q and in which L is the only focus-focus leaf. Suppose not; then
there exists a sequence of focus-focus points {pn} with the property that Φ(pn)→ Φ(L); since Φ
is proper onto its image, there exists a convergent subsequence pnj → p. The limit point p is
necessarily singular, but the local normal form for almost-toric orbits yields a contradiction.

Fix such a neighborhood Z and let p1, . . . , pr ∈ L denote the focus-focus points in L. For
i = 1, . . . , r, let Vi ⊂ Z be an open neighborhood of pi that can be put in local normal form (see
Section 3.1.2). Consider the subset

V̂ :=

r⋃
i=1

⋃
t∈R2

φt(Vi),

where, as in Section 3.1.2, φt denotes the Hamiltonian action by t ∈ R2; this is the union of
the orbits that intersect at least one Vi. Since, for i = 1, . . . , r, Vi is open, so is V̂ ; moreover,

V̂ contains L because L =
r⋃
i=1

⋃
t∈R2

φt(Vi ∩ L). Next we show that V̂ is also saturated with

respect to q. To see this, observe that if p ∈ VirL, then the leaf passing through p is contained
in Z and is not equal to L, thus implying that it is not a focus-focus leaf. Since p is regular (by
the local normal form for focus-focus points), the leaf through p is regular and is, therefore, an
orbit of the Hamiltonian R2-action, which is contained in V̂ by construction.

The above construction does not necessarily guarantee that V̂ contains at most one leaf of
any fiber of Φ. However, the local normal form for a focus-focus point and the R2 action can be
used to determine a possibly smaller neighborhood in which that property holds. Specifically,
fix some i ∈ {1, . . . , r}. There exists a smooth section σi of Φ defined near Φ(pi) whose image is
contained in Vi; this implies that σi(Φ(pi)) ∈ (Vi ∩ L) r {pi} (see Remark 3.15). The structure
of the focus-focus leaf L implies that there exists t0 ∈ R2 with the following property

• if r = 1, then σi(Φ(pi)) and φt0(σi(Φ(pi))) lie in different connected components of (Vi ∩L)r
{pi} (cf. Vũ Ngo.c [44] – see Fig. 3.3);

• if r > 1, there exists j 6= i with φt0(σi(Φ(pi))) ∈ Vj (cf. Bolsinov and Fomenko [2, Chap-
ter 9.8] – see Fig. 3.4).

In other words, the section σi flows out of Vi and into Vj (and if i = j, then it approaches Vi
from the ‘opposite’ side).
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Figure 3.3. The flow line of the regular point σi(Φ(pi)) for time t0 in the case r = 1.

Figure 3.4. Flow lines of regular points on a focus-focus leaf containing 2 focus-focus points, displaying

heteroclinic behavior and spiraling from one focus-focus point to the other.

Let c ∈ R2 be sufficiently close to Φ(pi) so that σi(c) is defined; then the above properties
show that

• if r = 1, Φ−1(c) ∩ V̂ is connected;

• if r > 1, the intersections Φ−1(c) ∩ Vi and Φ−1(c) ∩ Vj lie on the same leaf of Φ−1(c).

In the latter case, using again the structure of the focus-focus leaf L (cf. Bolsinov and Fomenko
[2, Chapter 9.8]), we can iterate the above argument finitely many times to ensure that, for all c
sufficiently close to Φ(L) (= Φ(pi) for all i = 1, . . . , r), Φ−1(c) ∩ V̂ is connected. This shows
that V̂ can be shrunk as desired. �

Corollary 3.22. The set of focus-focus values in the leaf space of an almost-toric system is
discrete.

Any open neighborhood of a focus-focus leaf as in Proposition 3.21 is henceforth referred to
as a (q-)saturated regular neighborhood of a focus-focus leaf. A saturated regular neighborhood
has the necessary S1-symmetry.

Proposition 3.23. Given a focus-focus leaf L of an almost-toric system (M,ω,Φ), any satu-
rated regular neighborhood of L admits a local effective system-preserving Hamiltonian S1-action.
Moreover, this action is unique up to sign.

Sketch of proof. The ideas behind proving this result are known (cf. Bolsinov, Fomenko [2,
Lemma 9.8] and Zung [54, Section 3]), but the key ideas are provided below for completeness.
Let L be a focus-focus leaf and let V be a saturated regular neighborhood of L. Let p be
a focus-focus point on L; the local normal form for p implies that, near p, there exists a local
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system-preserving Hamiltonian S1-action. By construction of V , this action can be extended
to the whole of V and is independent (up to sign) of the choice of focus-focus point p ∈ L.
Uniqueness of the action up to sign is proved in [54, Proposition 4]. �

In fact, a saturated regular neighborhood of a focus-focus leaf (of multiplicity one) is a sin-
gular Liouville foliation of (simple) focus-focus type in the sense of Vũ Ngo.c [45, Definition 2.4].
Moreover, saturated regular neighborhoods of focus-focus leaves ought to be thought of as anal-
ogous to the neighborhoods of elliptic tori that can be put in local normal form. For instance,
the following result holds.

Proposition 3.24. Let V be a saturated regular neighborhood of a focus-focus leaf L in an
almost-toric system (M,ω,Φ). The subsystem (V, ω|V ,Φ|V ) is faithful and almost-toric.

Proof. By construction, the fibers of Φ|V are connected and all singular orbits in the subsystem
are almost-toric. To prove the result, it suffices to show that Φ|V is proper onto its image,
for then the subsystem is almost-toric by Definition 3.16 and faithful by Lemma 2.17. Set
BV := Φ|V (V ); to prove that Φ|V is proper onto its image, it suffices to check that it is proper
at every point c ∈ BV . Observe that, by definition of V , BV contains only one singular value,
which equals Φ(L). If c 6= Φ(L), then Φ|V is proper at c as Φ|V rL is a submersion with compact
and connected fibers. If c = Φ(L), then arguing as in the second half of the proof of Lemma 2.17,
it can be shown that Φ|V is also proper at c. �

To summarize the above results and motivate subsequent sections, we state the following
description of regular neighborhoods of leaves in almost-toric systems.

Corollary 3.25. Given an almost-toric system (M,ω,Φ), any leaf L admits an open neighbor-
hood V satisfying the following properties:

• V is saturated with respect to the quotient map q : M → L;

• the subsystem (V, ω|V ,Φ|V ) is faithful and admits a system-preserving Hamiltonian S1-action.

3.3 Faithful almost-toric systems

By Corollary 3.25, any leaf in an almost-toric system admits an open neighborhood whose
corresponding subsystem is faithful almost-toric. Therefore it makes sense to view faithful
almost-toric systems as building blocks of almost-toric systems. Throughout this subsection,
let (M,ω,Φ) be a faithful almost-toric system. Moreover, fix the identification between L and
B = Φ(M) and denote by Bff the image of Lff under this identification.

Lemma 3.26. Given a faithful almost-toric system, the set of focus-focus values satisfies Bff ⊂
Int(B) and is discrete in Int(B).

Proof. Theorem 3.12, the local normal form for focus-focus points, yields readily that Bff ⊂
Int(B). The last statement then follows from Corollary 3.22. �

The arguments in Vũ Ngo.c [47, Proposition 3.9] can be used to prove the following result,
stated without proof.

Lemma 3.27. Given a faithful almost-toric system on a connected symplectic manifold, the
subsets Breg and Int(B) of its moment map image B are path-connected.

The restriction on the types of singular orbits, as well as faithfulness, imply the following
useful fact for faithful almost-toric systems.
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Lemma 3.28. Given a faithful almost-toric system (M,ω,Φ) and a continuous path γ : [0, 1]
→ B, the subset Φ−1(γ([0, 1])) is path-connected.

Proof. Fix a path γ as in the statement. By the local normal form for almost-toric singular
points, given any point c ∈ B, there exists an open, path-connected neighborhood U ⊂ B of c
and a continuous section σ : U →M . The image of γ is contained in the union of finitely many
such neighborhoods. Connectedness of the fibers of Φ then implies the desired result. �

Lemma 3.28 has the following simple consequence that states that path-connectedness of the
fibers of one of the components of the moment map of a faithful almost-toric system can be
checked directly on the moment map image.

Lemma 3.29. Let (M,ω,Φ = (J,H)) be a faithful almost-toric system. Then the fibers of J
are path-connected if and only if, for all x0 ∈ R, the intersection B ∩ {(x, y) |x = x0} is either
empty or path-connected.

Proof. If the fibers of J are path-connected, then the claimed result holds. Conversely, suppose
that B ∩ {(x, y) |x = x0} 6= ∅ is path-connected; the aim is to prove that J−1(x0) is path-
connected. Let p1, p2 ∈ J−1(x0) and set ci = Φ(pi), for i = 1, 2. Then the vertical segment
joining c1 to c2 is contained in B by assumption; Lemma 3.28 then implies that there exists
a path joining p1 to p2 contained in the preimage under Φ of that vertical segment. Since that
preimage is contained in J−1(x0), this shows the desired result. �

The following result describes some smooth properties of the moment map image of a faithful
almost-toric system.

Lemma 3.30. Given a faithful almost-toric system (M,ω,Φ),

• the structure of smooth manifold with corners on Bwt, the weakly toric leaf space, extends to
all of B;

• the image of elliptic tori is precisely ∂B = ∂Bwt, where corners and facets (or curved edges)
of B are the images of elliptic-elliptic and elliptic-regular points, respectively;

• the set of focus-focus values Bff ⊂ Int(B) is at most countable, and the set of its limit points
in R2 is contained in Bdy(B) r ∂B.

Proof. Since B = Bwt ∪ Bff and Bwt has a structure of smooth manifold with corners (see
Proposition 2.50), it suffices to define charts near each point in Bff that are compatible with
the given smooth atlas on Bwt. Observe that the smooth atlas on Bwt is compatible with the
standard smooth structure of the ambient R2, i.e., charts are smooth as maps between subsets
of R2 in the standard sense. This is a consequence of faithfulness, of the Liouville–Arnol’d
theorem (see Theorem 2.20), and of the local normal form for elliptic tori which, in light of
Theorem 3.8, is given (up to isomorphism of integrable systems) by Theorem 2.35. Let c ∈ Bff .
By Lemma 3.26, c ∈ Int(B) and, thus, there exists an open neighborhood U of c in R2 that is
contained in Int(B) ⊂ B. On this open neighborhood, we define the smooth structure to be
the one induced by inclusion into R2, i.e., the local chart is given by the inclusion U ↪→ R2. By
the above argument, this chart is compatible with the smooth charts on Bwt, thus proving the
first point. To prove the second bullet point, observe that Bff ⊂ B r ∂B so that ∂B = ∂Bwt,
i.e., B and Bwt have equal boundaries as smooth manifolds with corner. The result then follows
from the description of the smooth boundary of Bwt (see Remark 2.52). It remains to prove the
last bullet point. Observe that B is second countable and that any discrete subset of a second
countable topological space is at most countable. Therefore Bff is at most countable. Clearly,
the set of limit points of Bff is contained in Bdy(B). However, by faithfulness and the local
normal form for elliptic tori, no point in ∂B = ∂Bwt can be a limit point of Bff as desired. �
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Example 3.31 (This example is based on Symington [43, Section 11] and Zung [55, Exam-
ple 4.19]). Suppose (M,ω) is symplectomorphic to a K3 surface (for example, a smooth quartic
hypersurface in CP 3). Such a symplectic manifold admits singular Lagrangian fibrations over S2

in which each singular fiber has a neighborhood that, with respect to an appropriate coordinate
chart on S2, defines a faithful almost-toric system that is a regular saturated neighborhood of
a focus-focus fiber with one singular orbit. Suppose Π: (M,ω)→ S2 is such a fibration and let
p ∈ S2 be the image of a regular fiber. Let N = M r Π−1(p) and let φ : S2 r p → R2 be an
embedding. Then (N,ω|N , φ ◦ Π|N ) defines a faithful almost-toric system with 24 focus-focus
leaves.

A natural question arising from Lemma 3.30 is whether the Z-affine structure Awt on Bwt

can be extended to B. The presence of focus-focus fibers prevents this from happening, as the
Z-affine structure on any neighborhood of a focus-focus value has non-trivial affine holonomy.

Theorem 3.32 (Zung [54, Proposition 3 and Corollary 1]). Let (M,ω,Φ) be faithful almost-toric
system and let U ⊂ B = Φ(M) be an open neighborhood of a focus-focus value c, sufficiently
small such that U contains no other focus-focus value. The affine holonomy of the Z-affine
structure on U r {c} ⊂ Bwt is given, in a suitable basis, by

π1(U) ∼= Z→ AGL(2;Z),

k 7→
((

1 0
krc 1

)
,

(
0
0

))
,

where rc ≥ 1 is the multiplicity of c.

Remark 3.33. The eigenspace associated to the above representation reflects the uniqueness
(up to sign) of the local effective system-preserving Hamiltonian S1-action in a neighborhood of
a singular fiber containing focus-focus points (see Proposition 3.23). With respect to the local
choice of basis in Theorem 3.32, this action is induced by the first integral of the moment map.

Another natural question is which almost-toric systems are isomorphic to toric ones? Cer-
tainly, the system must not contain focus-focus points. If the system is faithful, it suffices that
there be a Z-affine immersion of the moment map image into (R2,A0). However, as the next
example illustrates, an absence of focus-focus points does not suffice.

Example 3.34. The integrable system with elliptic singularities whose total space is diffeomor-
phic to S2 × T2 constructed in Example 2.18 is faithful almost-toric but is not isomorphic to
a toric system, as it has a moment map image that is not simply connected (it is the annulus A
considered in Example 2.18), and hence not homeomorphic to a polygon.

Remark 3.35. Consider a faithful almost-toric system (M,ω,Φ) with focus-focus points and
suppose that (f, S) is a cartographic pair. The definition of a cartographic pair (Definition 2.55)
and the local normal form for singular orbits of elliptic type together imply that the cartographic
image of curved edges in S are line segments whose tangent vectors can be chosen to have coprime
integer coefficients, and whenever two edges are incident to a corner contained in S the associated
tangent vectors span Z2 ⊂ R2.

An important question is thus, when does a faithful almost-toric system admit a cartographic
homeomorphism? Addressing this problem in full generality is beyond the scope of this paper.
However, in light of Corollary 3.25, a natural family of faithful almost-toric systems to consider
arises: namely, those admitting a global system-preserving S1-action.
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Part II

Faithful semitoric systems

This part studies faithful semitoric systems and proves the main results of the paper. As pointed
out in the introduction, faithful semitoric systems are closely related to (proper) semitoric sys-
tems (cf. Pelayo, Ratiu and Vũ Ngo.c [36, 47]). Many of the ideas and proofs that appear in
this section are inspired by the work in op. cit. Section 4 introduces faithful semitoric systems
and establishes their basic properties, while Section 5 establishes that faithful semitoric systems
possess cartographic homeomorphisms of a special type (see Theorem 5.11). That result al-
lows one to prove that any faithful semitoric system is isomorphic to an η-cartographic one (see
Definition 5.38 and Theorem 5.39). These representatives are particularly useful when defining
surgeries on faithful semitoric systems (cf. the forthcoming [22]).

4 Basic properties of faithful semitoric systems

This section introduces, and establishes basic properties of, faithful semitoric systems and proves
that such systems can be viewed as ‘building blocks’ of almost-toric systems (see Proposition 4.9
for a formal statement). Unlike the more general almost-toric systems, faithful semitoric systems
possess a global Hamiltonian S1-action, a fact that has some important geometric consequences
that are investigated in Section 4.6. In Section 4.4, the relation between faithful semitoric sys-
tems and (proper) semitoric systems is explained, while Section 4.5 identifies various notions of
isomorphisms for faithful semitoric systems, relating those of Pelayo, Ratiu and Vũ Ngo.c [36,
Definition 1.5] with the notion of isomorphism of Definition 2.1 (see Remark 4.13 and Proposi-
tion 4.14).

4.1 Definition and a connectedness result

To the best of our knowledge, there are no general results regarding the existence of carto-
graphic homeomorphisms for faithful almost-toric systems, even if the total space is closed (cf.
Leung, Symington [28] and Symington [43]). However, the existence results of Pelayo, Ratiu,
Vũ Ngo.c [36] and Vũ Ngo.c [47] hint at the fact that if the first integral in an almost-toric system
(M,ω,Φ = (J,H)) is the moment map for an effective Hamiltonian S1-action, then some control
on J suffices.

Definition 4.1. A faithful semitoric system is an integrable system (M,ω,Φ = (J,H)) on
a connected 4-dimensional symplectic manifold satisfying:

(F1) the moment map Φ is proper onto its image;

(F2) all singular orbits of Φ are almost-toric, i.e., they are compact, non-degenerate and without
hyperbolic blocks (see Definition 3.11);

(F3) the first integral J is the moment map of an effective Hamiltonian S1-action;

(F4) any fiber of J is connected;

(F5) the set of critical values of J does not contain any limit points in J(M);

(F6) any fiber of J contains at most finitely many isolated fixed points of the S1-action.

Remark 4.2. It is worth observing that properties (F1) and (F2) imply that the systems of
Definition 4.1 are almost-toric in the sense of Definition 3.16, while property (F3) yields the
existence of a global system-preserving Hamiltonian S1-action. Properties (F4)–(F6) control
that S1-action, imposing conditions that are automatic in the case in which J is a proper map
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(cf. Vũ Ngo.c [47]). In particular, property (F4) is equivalent to path-connectedness of the
fibers of J by the local normal form for a Hamiltonian S1-action (cf. Guillemin, Sternberg and
Marle [16, 29]).

Properties (F1)–(F3) justify using the terminology ‘semitoric’ for the systems of Definition 4.1
(extending the original terminology introduced by Vũ Ngo.c in [47]). To justify the use of the
adjective ‘faithful’ in Definition 4.1, we state the following connectedness result.

Theorem 4.3. Let (M,ω,Φ = (J,H)) be a faithful semitoric system. Then the fibers of Φ are
connected.

Assuming Theorem 4.3, Lemma 2.17 yields that the systems of Definition 4.1 are faithful in
the sense of Definition 2.14. The proof of Theorem 4.3 relies heavily on arguments of Pelayo,
Ratiu and Vũ Ngo.c underlying [35, proof of Theorem 4.7]. It is included below for completeness
and to highlight the fact that, in our context, it suffices to assume that the moment map is
proper onto its image.

Proof of Theorem 4.3. Fix a faithful semitoric system (M,ω,Φ = (J,H)) and a point (x0, y0)
∈ Φ(M). Then either x0 is a regular value of J or it is singular. First, suppose that x0 is a regular
value of J . By property (F4), J−1(x0) is a connected, embedded submanifold of M and, as in
[35, proof of Theorem 4.7], let Hx0 denote the function H|J−1(x0) : J−1(x0)→ R. The condition
that the singular orbits of Φ be almost-toric (property (F2)) implies that Hx0 is a Morse–Bott
function whose critical manifolds have index equal to either 0 or 2 (cf. Pelayo, Ratiu and Vũ
Ngo.c [35, Case 1A in proof of Theorem 4.7]). Moreover, Hx0 is proper onto its image: if
K ⊂ Hx0

(
J−1(x0)

)
is a compact subset, then {x0}×K is a compact subset contained in Φ(M).

Since Φ is proper onto its image (by property (F1)), Φ−1({x0} × K) = H−1
x0

(K) is compact,
as desired. If Hx0

(
J−1(x0)

)
⊂ R is closed, then Hx0 is proper and it is possible to argue as

in [35, Case 1A in proof of Theorem 4.7] to deduce that the fibers of Hx0 are connected and,
in particular, so is Φ−1(x0, y0) = H−1

x0
(y0). Therefore, suppose that the image of Hx0 is not

closed. Since J−1(x0) is connected, it follows that Hx0

(
J−1(x0)

)
is either an open interval or

a half-open interval. In the former case, compose Hx0 with a diffeomorphism sending the open
interval to R, while, in the latter, compose Hx0 with a diffeomorphism sending the half-open
interval to R≥0. In both cases, the result is a proper, smooth Morse–Bott function on J−1(x0)
whose fibers agree with those of Hx0 and whose critical manifolds and indices are precisely those
of Hx0 , thus reducing this situation to the previous case. In particular, this proves Φ−1(x0, y0)
is connected if x0 is a regular value of J .

To complete the proof, it is possible to use the strategy of Pelayo, Ratiu and Vũ Ngo.c [35,
Steps 1B, 2 and 3 of the proof of Theorem 4.7], namely:

• show that the fibers of regular values of Φ are connected,

• show that there is no critical value in the interior of Φ(M) except for focus-focus values, and

• show that any singular value of Φ has an open neighborhood that intersects the set of regular
values of Φ in a connected set.

The above three points allow one to conclude, by Pelayo, Ratiu and Vũ Ngo.c [35, Lemma 4.6],
that all fibers of Φ are connected. (Observe that the latter holds under the weaker assumption
of properness onto the image. Furthermore, it is important to remark that connectedness of M
and property (F5) are used crucially in [35, Steps 2 and 3 of the proof of Theorem 4.7].) �

4.2 The moment map image of a faithful semitoric system

Henceforth, let (M,ω,Φ = (J,H)) be a faithful semitoric system whose moment map image is
denoted by B. The path-connectedness of the intersection of B with any vertical line in turn
implies that intersections of vertical lines with the interior of B are path-connected.
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Lemma 4.4. Let (M,ω,Φ = (J,H)) be a faithful semitoric system whose moment map image
is denoted by B. For any x0 ∈ pr1(Int(B)), the set Int(B) ∩ {(x, y) |x = x0} is path-connected.

Proof. Suppose not, then there exists x0 ∈ pr1(Int(B)) such that Int(B) ∩ {(x, y) |x = x0} is
not path-connected. Since the intersection B∩{(x, y) |x = x0} is nonempty and path-connected,
it follows that there exist y1 < y0 < y2 such that (x0, y0) ∈ ∂B ⊂ Bdy(B) and (x0, yi) ∈ Int(B),
for i = 1, 2. However this is impossible because it forces a disconnection of the intersection of B
and a vertical line as follows.

For i = 1, 2, because the point (x0, yi) is in Int(B), there is open disk of radius ri centered at
(x0, yi) that is a subset of Int(B). And because (x0, y0) ∈ ∂B ⊂ Bdy(B), there exists a sequence
of points {(x′n, y′n)} such that each (x′n, y

′
n) is in the open ball of radius 1

n centered at (x0, y0) but
(x′n, y

′
n) /∈ B. Consequently, for each n such that 1

n < min(r1, r2) the intersection B∩{(x, y) |x =
xn} is disconnected because y1 < y0 − 1

n < y′n < y0 + 1
n < y2, with (x′n, y1), (x′n, y2) ∈ B and

(x′n, y
′
n) /∈ B. �

Using Lemma 4.4, one obtains the following property of moment map images of faithful
semitoric systems, which generalizes Vũ Ngo.c [47, Part 2 of Theorem 3.4] and Pelayo, Ratiu and
Vũ Ngo.c [36, Theorem C]. (Observe that the arguments of op. cit. cannot be used without some
adjustments as the moment map of a faithful semitoric system is only proper onto its image.)

Corollary 4.5. The moment map image of a faithful semitoric system is contractible.

Proof. Fix a faithful semitoric system with moment map image B. As noted in Lemma 3.30,
B is a manifold with corners. The inclusion Int(B) = B r ∂B ↪→ B is a homotopy equivalence
because B is homeomorphic to a smooth manifold with boundary, which is homotopy equivalent
to the complement of its boundary. Thus it suffices to prove that Int(B) is contractible. By
Lemma 3.27, Int(B) is path-connected and so is pr1(Int(B)). Moreover, Int(B) ⊂ R2 is open
and pr1 is an open map. Therefore pr1 : Int(B)→ pr1(Int(B)) is a surjective submersion whose
fibers are diffeomorphic to R by Lemma 4.4. Thus it is a fiber bundle (cf. Meigniez [30, p. 3778]).
Since pr1(Int(B)) is an interval, the bundle is trivial. Since both the base and the fiber of this
trivial bundle are contractible, so is the total space. �

Corollary 4.6. A faithful semitoric system is visible toric if and only if it is toric.

4.3 Subsystems of faithful semitoric systems

Faithful semitoric systems behave well with respect to taking certain ‘vertical subsystems’:

Proposition 4.7. Let (M,ω,Φ) be a faithful semitoric system and let U ⊂ B be open and
path-connected. Then the subsystem of (M,ω,Φ) relative to U is a faithful almost-toric system
satisfying properties (F1)–(F3) and (F5)–(F6) of a faithful semitoric system. Moreover, if for
all x0 ∈ R, {(x, y) |x = x0} ∩ U is either empty or path-connected, then the subsystem relative
to U is, in fact, a faithful semitoric system.

Proof. The subsystem relative to U is faithful by Corollary 2.16 and almost-toric by Re-
mark 3.19. The total space is connected because U is connected and the subsystem is faithful.
Property (F3) is satisfied because Φ−1(U) is a union of orbits of its first integral. Finally,
properties (F5) and (F6) are preserved under taking subsystems. This proves the first assertion.

Assume that the intersection of U with any vertical line is either empty or path-connected.
Because the subsystem relative to U is faithful almost-toric, Lemma 3.29 implies the fibers of J |U
are path-connected, as desired. �
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4.4 Relation to other families of semitoric systems

Faithful semitoric systems are very closely related to the proper semitoric systems introduced
in Pelayo, Ratiu and Vũ Ngo.c [36]. Comparing Pelayo, Ratiu, Vũ Ngo.c [36, Definition 1.1] and
Definition 4.1 above, the only difference between faithful and proper semitoric systems is that the
latter are required to have a proper moment map, while the former assume only that the map be
proper onto its image. Accordingly, faithful semitoric systems can be thought of as subsystems
of proper semitoric systems. In both cases, the conditions on the systems imply that the fibers
are connected (see Theorem 4.3 for faithful semitoric systems, and cf. Pelayo, Ratiu, Vũ Ngo.c
[35, Theorem 4.7] and Pelayo, Ratiu, Vũ Ngo.c [36, Remark 1.3]). The main reason to introduce
faithful semitoric systems is to have a conceptual framework to study integrable surgeries on
(proper) semitoric systems that are defined by taking suitable subsystems of (proper) semitoric
systems, cf. the forthcoming [22].

Example 4.8. The aim of this example is to illustrate how semitoric systems in the sense of Vũ
Ngo.c [47], proper semitoric systems in the sense of Pelayo, Ratiu and Vũ Ngo.c [36], and faithful
semitoric systems in the sense of Definition 4.1 are related. First, observe that a semitoric
system is necessarily proper semitoric and that a proper semitoric system is necessarily faithful
semitoric. Pelayo, Ratiu and Vũ Ngo.c [36] provide an example of a proper semitoric that fails
to be semitoric, namely the spherical pendulum. Next we construct an example of a faithful
semitoric system that fails to be proper semitoric. This is based on Pelayo, Ratiu and Vũ Ngo.c
[36, Section 7]. Let ωS2 denote the standard symplectic form on S2 and let

(
S2 × S2, ω :=

pr∗1 ωS2 + pr∗2 ωS2 ,Φ
)

be the toric system whose underlying toric manifold has moment map
image equal to the square [−1, 1] × [−1, 1]. Since the total space is compact, this system is
semitoric. As in Pelayo, Ratiu and Vũ Ngo.c [36, Step 2 of Section 7], consider the open subset
U ⊂ [−1, 1]× [−1, 1] that is the complement of {0} × [0, 1] (cf. Pelayo, Ratiu and Vũ Ngo.c [36,
Fig. 7]). The subset U satisfies all the hypotheses of Proposition 4.7. Therefore, the subsystem
of
(
S2 × S2, ω,Φ

)
relative to U is faithful semitoric. However, observe that it is not proper

semitoric as the restriction of Φ fails to be proper. (In Pelayo, Ratiu and Vũ Ngo.c [36, Step 6
of Section 7] it is shown to be isomorphic to a proper semitoric system.)

While faithful semitoric systems are more restrictive than almost-toric systems (see Defini-
tion 3.16), they capture the semi-local structure of almost-toric systems.

Proposition 4.9. Given an almost-toric system (M,ω,Φ), any leaf L admits an open neigh-
borhood V such that (V, ω|V ,Φ|V ) is isomorphic to a faithful semitoric system.

Proof. A leaf of an almost-toric system is either weakly toric or is a focus-focus leaf. In the
former case, the local normal forms for elliptic tori yield the result. Thus, suppose that L
is a focus-focus leaf and let V be a saturated regular neighborhood of L. By construction,
V is connected; moreover, Proposition 3.24 gives that (V, ω|V ,Φ|V ) is faithful almost-toric.
Proposition 3.23 gives that there exists a system-preserving effective Hamiltonian S1-action on
(V, ω|V ,Φ|V ); in other words, that subsystem is isomorphic to an almost-toric system whose
first integral is the moment map of an effective Hamiltonian S1-action. Thus, without loss of
generality, it may be assumed that the first component of Φ|V is the moment map of an effective
Hamiltonian S1-action. By construction of V , properties (F5) and (F6) of a faithful semitoric
system hold for (V, ω|V ,Φ|V ). Set c = Φ(L). Let U ⊂ Φ|V (V ) be an open neighborhood of c with
the property that its intersection with any vertical line is either empty or path-connected. Using
Proposition 4.7, the subsystem relative to U of (V, ω|V ,Φ|V ) is faithful semitoric as desired. �

Remark 4.10. The faithful semitoric systems of Proposition 4.9 are not necessarily proper
semitoric because their moment map images are not necessarily closed in R2, while those of
proper semitoric systems are.
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4.5 Notions of isomorphism of faithful semitoric systems

The notions in the literature for isomorphisms of (proper) semitoric systems (cf. Pelayo, Vũ Ngo.c
[38, Section 2] and Pelayo, Ratiu, Vũ Ngo.c [36, Definition 1.5]) are, a priori, more restrictive
than the notion of isomorphism of integrable systems introduced in Definition 2.1: they are based
on the fact that (proper) semitoric systems can be viewed as symplectic 4-manifolds endowed
with a Hamiltonian S1 × R-action. Seeing as the present paper is written from the point of
view of integrable systems but with a view to study the relation between semitoric systems and
Hamiltonian S1-spaces via integrable surgeries (cf. the forthcoming [22, 21]), we introduce two
other notions of isomorphism and illustrate how the four are related.

Remark 4.11. The term complexity one in Definition 4.12 comes from Karshon and Tolman [26,
Definition 1.2] where a four-dimensional complexity one space is a connected symplectic four-
manifold equipped with an effective Hamiltonian S1-action whose moment map is proper onto its
image. So, given a faithful semitoric system (M,ω,Φ = (J,H)), forgetting the second integral H
yields a complexity one space.

Definition 4.12. Two faithful semitoric systems (M1, ω1,Φ1) and (M2, ω2,Φ2) are

• isomorphic as integrable systems if they are isomorphic as in Definition 2.1,

• isomorphic as complexity one systems if they are isomorphic as integrable systems via a pair
(Ψ, ψ), where ψ : B1 → B2 is of the form ψ =

(
ψ(1), ψ(2)

)
with ψ(1)(x, y) = ζx + a, for some

ζ ∈ {+1,−1} and a ∈ R,

• strictly isomorphic as complexity one systems if they are isomorphic as complexity one systems
and, in addition, ζ = +1 and a = 0,

• isomorphic as semitoric systems if they are strictly isomorphic as complexity one systems and,
in addition, ψ is orientation-preserving.

Note that the notion of isomorphism as semitoric systems is the one commonly used in the
literature for proper semitoric systems (cf. Pelayo, Ratiu and Vũ Ngo.c [36, Definition 1.5]).

It is clear that the notions of isomorphism in Definition 4.12 are listed from the coarsest
(isomorphism as integrable systems) to the finest (isomorphism as semitoric systems). The next
remark explains how, in general, a coarser isomorphism does not imply the existence of any
finer one.

Remark 4.13. Suppose that (M1, ω1,Φ1) and (M2, ω2,Φ2) are closed toric systems on connected
symplectic 4-manifolds. Then, viewing these systems as being faithful semitoric, Proposition 2.44
yields that

• they are isomorphic as integrable systems if and only if there exists an element h ∈ AGL(2;Z)
such that Φ2 = h ◦ Φ1,

• they are isomorphic as complexity one systems if and only if there exists an element h ∈ L
such that Φ2 = h◦Φ1, where L ⊂ AGL(2;Z) is the subgroup consisting of elements of the form((

η1 0
k η2

)
,

(
a
b

))
,

where, for i = 1, 2, ηi ∈ {+1,−1}, k ∈ Z, and a, b ∈ R,

• they are strictly isomorphic as complexity one systems if and only if there exists an element
h ∈ Vert(2;Z) such that Φ2 = h◦Φ1, where Vert(2;Z) ⊂ AGL(2;Z) is the subgroup consisting
of elements of the form((

1 0
k ±1

)
,

(
0
b

))
,

where k ∈ Z and b ∈ R, and
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• they are isomorphic as semitoric systems if and only if there exists an element h ∈ Vert+(2;Z)
such that Φ2 = h ◦ Φ1, where Vert+(2;Z) ⊂ Vert(2;Z) is the normal subgroup consisting of
elements whose linear part is orientation-preserving.

Accordingly, given any of the coarser notions of isomorphism, it is possible to construct examples
of closed toric systems that are isomorphic in the given sense but not in any finer sense.

However, in the presence of focus-focus points isomorphisms as integrable systems are nec-
essarily isomorphisms as complexity one spaces.

Proposition 4.14. For i = 1, 2, let (Mi, ωi,Φi) be a faithful semitoric system and suppose that
(M1, ω1,Φ1) contains at least one focus-focus point. Then (M1, ω1,Φ1) and (M2, ω2,Φ2) are
isomorphic as integrable systems if and only if they are isomorphic as complexity one spaces.

The above result is not hard to prove and is probably well-known amongst experts. However,
we could not find it anywhere in the literature and it shows how the choice of isomorphisms of
(proper) semitoric systems in Pelayo, Vũ Ngo.c [38, Section 2] and Pelayo, Ratiu, Vũ Ngo.c [36,
Definition 1.5] fit naturally into the broad problem of classifying integrable systems. Its proof
is postponed to Section 5.1.

4.6 Geometric implications of a global S1-action

Fix a faithful semitoric system (M,ω,Φ = (J,H)) and denote the set of fixed points of the
Hamiltonian S1-action, one of whose moment maps is J , by MS1

. Its connected components
are either isolated fixed points or symplectic fixed surfaces, i.e., symplectic submanifolds of
dimension 2 that are fixed under the S1-action. This is a consequence of the Marle–Guillemin–
Sternberg local normal form (cf. Guillemin, Sternberg [16] and Marle [29]).

Proposition 4.15. Let (M,ω,Φ = (J,H)) be a faithful semitoric system such that MS1
contains

a fixed surface Σ. Then J(Σ) is a global extremum of J .

Proof. To show that J(Σ) is a global extremum of J it suffices to show that it cannot lie in
the interior of the interval J(M). Assume the contrary: then J−1(J(Σ)) = Σ as the fibers
of J are connected by assumption. Since J(Σ) ∈ Int(J(M)), it follows that J(M) r J(Σ) is
disconnected, thus implying that M rΣ = J−1(J(M)r J(Σ)) is disconnected. However, this is
absurd, since M is connected and Σ ⊂M is a submanifold of codimension 2. �

In fact, given a faithful semitoric system (M,ω,Φ = (J,H)) for which MS1
contains a fixed

surface Σ, each point of Σ belongs to some singular orbit of elliptic type, so Φ(Σ) ⊂ ∂B. Moreover
Φ(Σ) ⊂ {(x, y) |x = J(Σ)}. The image Φ(Σ) ⊂ B is henceforth referred to as a vertical edge
of B. The following result provides a characterization of vertical edges.

Proposition 4.16. Let (M,ω,Φ = (J,H)) be a faithful semitoric system and suppose that there
exists x0 ∈ J(M) and distinct points c∞1 , c

∞
2 , c

∞
3 ∈ ∂B ∩ {(x, y) |x = x0}. Then ∂B ∩ {(x, y) |

x = x0} is a vertical edge.

Proof. For i = 1, 2, 3, set c∞i = (x0, yi) and assume, without loss of generality, that y1 < y2 <
y3. Since the fibers of J are connected by property (F4), it follows that

{(x, y) |x = x0 , y1 ≤ y ≤ y3} ⊂ B.

The local normal forms for almost-toric singular orbits in the presence of a system-preserving
Hamiltonian S1-action (see Remark 2.47), together with faithfulness of (M,ω,Φ = (J,H)), force
Φ−1

(
c∞2
)

to be a singular orbit of elliptic-regular type, all of whose points are critical for J . Then
Φ−1

(
c∞2
)

lies on a fixed surface and Proposition 4.15, together with connectedness of the fibers
of J , completes the proof. �
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Combining Propositions 4.15 and 4.16, we obtain the following result.

Corollary 4.17. Let (M,ω,Φ = (J,H)) be a faithful semitoric system and consider a point
x0 ∈ Int(J(M)). Then the intersection ∂B ∩ {(x, y) |x = x0} consists of at most two points.

To conclude this section, we state the following result, which isentirely analogous to Hohloch,
Sabatini and Sepe [20, Lemma 3.3].

Proposition 4.18. Let (M,ω,Φ = (J,H)) be a faithful semitoric system. Then the isolated
fixed points in MS1

are either

• focus-focus singular orbits, or

• elliptic-elliptic singular orbits whose image is not a corner adjacent to a vertical edge.

5 Cartographic homeomorphisms
and η-cartographic representatives

This section proves that faithful semitoric systems admit cartographic homeomorphisms con-
structed by choosing suitable vertical cuts of their moment map images (see Section 5.1 and
Theorem 5.11). The set of all cartographic homeomorphisms of a given faithful semitoric sys-
tem is described in Section 5.2, which generalizes Vũ Ngo.c [47, Section 4]. This set is used to
construct an invariant of faithful semitoric systems up to various notions of isomorphisms (see
Lemmas 5.16 and 5.26). These results can be seen as first steps toward classifying faithful semi-
toric systems up to any of the notions of isomorphism of Section 4.5. Finally, Section 5.3 shows
that cartographic homeomorphisms can be made smooth by modifying them on arbitrarily small
neighborhoods of the corresponding cuts (Theorem 5.36). This result provides representatives
(which we call η-cartographic) in the isomorphism class of any faithful semitoric system (for any
notion of isomorphism given in Section 4.5).

5.1 Vertical cuts and existence of cartographic homeomorphisms

A fundamental property of faithful semitoric systems is that, as proved below, assuming the
following mild restriction, they admit cartographic homeomorphisms (see Theorem 5.11).

Assumption. Any faithful semitoric system is henceforth assumed to satisfy the following pro-
perty:

(F7) Any focus-focus value has multiplicity 1.

The above condition is generic according to Zung [53]. Moreover, it is invariant under any
of the notions of isomorphism of faithful semitoric systems of Definition 4.12, and descends to
saturated subsystems satisfying all the hypotheses of Proposition 4.7.

While the existence of cartographic homeomorphisms is expected to hold without imposing
property (F7), proofs would require a more detailed understanding of neighborhoods of focus-
focus fibers with more than one focus-focus point, which is beyond the scope of this paper (cf.
Vũ Ngo.c [45, Section 7] and Pelayo, Tang [37] for results in this direction). To the best of our
knowledge, all existing proofs of the existence of cartographic homeomorphisms assume, either
tacitly or explicitly, property (F7) (cf. Vũ Ngo.c [47, Step 4 of the proof of Theorem 3.8] and
Pelayo, Ratiu, Vũ Ngo.c [36, Step 4 of the proof of Theorem B]).

Remark 5.1. Note that property (F7) is weaker than the notion of simple used in the literature,
as the latter means that there exists at most one focus-focus point on any fiber of J (cf. Pelayo
and Vũ Ngo.c [38, Definition 3.3]).
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The aim of this section is to prove that any faithful semitoric system satisfying property (F7)
admits a cartographic homeomorphism that, loosely speaking, encodes the affine holonomy of
the Z-affine structure on the weakly toric part of the leaf space (see Theorem 5.11 for a precise
statement). It is important to remark that there are proofs of this result for special families
of faithful semitoric systems (cf. Vũ Ngo.c [47, Theorem 3.8] and Pelayo, Ratiu, Vũ Ngo.c [36,
Theorem B] for semitoric and proper semitoric systems respectively). Those proofs are utilized
and adjusted as needed in what follows.

Lemma 5.2. Let (M,ω,Φ = (J,H)) be a faithful semitoric system without focus-focus points
whose moment map image is denoted by B. Then there exists a cartographic pair (f,B), where f
is of the form

f(x, y) =
(
f (1), f (2)

)
(x, y) =

(
x, f (2)(x, y)

)
. (5.1)

In particular, (M,ω, f ◦ Φ) is a visible toric system and f(B) ⊂ R2 is locally convex.

Proof. The proof is analogous to Pelayo, Ratiu and Vũ Ngo.c [36, Step 2 of Theorem B], but
is included in this paper for completeness.

The lack of focus-focus points implies B = Bwt, thus B inherits a Z-affine structure. By
Corollary 4.5, B is contractible, so there exists a developing map f : B ∼= B̃ → R2. By definition
of the Z-affine structure on B, since the first integral J of (M,ω,Φ = (J,H)) is the moment
map of an effective Hamiltonian S1-action, one can choose the above developing map to be of
the form f(x, y) =

(
x, f (2)(x, y)

)
for some smooth function f (2) : B → R. Fix such a choice.

To show that f is the required cartographic homeomorphism, it suffices to show that f is
injective. If f(x0, y0) = f(x1, y1), one gets immediately x0 = x1. The map f (2)(x0, ·) : B ∩
{(x, y) |x = x0} → R is strictly monotone as ∂f (2)

∂y does not vanish on B, because f is locally
a diffeomorphism. This implies that y0 = y1 as required.

Since (M,ω,Φ = (J,H)) is faithful semitoric and because of the form of f , (M,ω, f ◦ Φ) is
faithful semitoric. In fact, it is toric because f◦Φ: (M,ω)→ R2 is the moment map of an effective
Hamiltonian T2-action. By Corollary 4.6, (M,ω, f ◦ Φ) is visible toric and by Corollary 2.45,
f(B) is locally convex. �

Intermezzo: classification of faithful semitoric systems with no focus-focus points
via their cartographic images. Lemma 5.2 allows one to classify faithful semitoric systems
with no focus-focus points up to isomorphisms of integrable systems. This is achieved by un-
derstanding their sets of cartographic pairs and corresponding images.

Lemma 5.3. Let (M,ω,Φ) be a faithful semitoric system with no focus-focus points, let B
denote its moment map image and fix a cartographic pair (f,B) for (M,ω,Φ) as in Lemma 5.2.
The set of cartographic pairs of (M,ω,Φ) whose second component is B is

{(h ◦ f,B) |h ∈ AGL(2;Z)}.

Proof. Corollary 2.58 implies that, for any h ∈ AGL(2;Z), (h ◦ f,B) is also a cartographic
pair for (M,ω,Φ). Conversely, suppose that (f̂, B) is a cartographic pair for (M,ω,Φ). The
map f̂ ◦ f−1 : f(B)→ f̂(B) is a Z-affine isomorphism, where f(B) and f̂(B) are endowed with
the restriction of the standard Z-affine structure on R2. Since f(B) and f̂(B) are connected, it
follows that there exists h ∈ AGL(2;Z) such that h = f̂ ◦ f−1, as desired. �

Remark 5.4. With the hypotheses of Lemma 5.3, a cartographic homeomorphism (f̂, B) of
(M,ω,Φ) is of the form given by equation (5.1) if and only if the element h ∈ AGL(2;Z)
constructed in the above proof belongs to the subgroup Vert(2;Z) consisting of Z-affine trans-
formations that fix all vertical lines in R2 (see Remark 4.13).
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Cartographic pairs of (M,ω,Φ) whose second component is B are henceforth referred to as
being maximal and so are the corresponding cartographic images (see Remark 2.57). Before
stating the classification of faithful semitoric systems with no focus-focus points (up to isomor-
phisms of integrable systems, see Lemma 5.5), observe that the number of focus-focus points is
an invariant of the isomorphism class of a faithful semitoric system (see Section 3.2).

Lemma 5.5. For i = 1, 2 let (Mi, ωi,Φi) be faithful semitoric systems with no focus-focus points.
Then (M1, ω1,Φ1) and (M2, ω2,Φ2) are isomorphic as integrable systems if and only if their sets
of maximal cartographic images are equal.

Proof. Suppose first that (M1, ω1,Φ1) and (M2, ω2,Φ2) are isomorphic as integrable systems.
Then Corollary 2.62 implies that the set of maximal cartographic images of the former is included
in that of the latter. Reversing the above argument, we obtain the desired equality. Conversely,
suppose that their sets of maximal cartographic images are equal. Then, for i = 1, 2, there exists
a cartographic pair (fi, Bi) with the property that f1(B1) = f2(B2). Lemmas 5.2 and 5.3 imply
that, for i = 1, 2, (Mi, ωi, fi ◦ Φi) are visible toric systems; moreover, the above assumption
gives that their moment map images are equal. By Proposition 2.44, this implies that there
exists a symplectomorphism Ψ: (M1, ω1)→ (M2, ω2) such that f2 ◦ Φ2 ◦Ψ = f1 ◦ Φ1. Set ψ :=
f−1

2 ◦ f1 : B1 → B2. The map ψ is a diffeomorphism since both f1 and f2 are diffeomorphisms
and it satisfies Φ2 ◦ Ψ = ψ ◦ Φ1. Thus (Ψ, ψ) is an isomorphism between (M1, ω1,Φ1) and
(M2, ω2,Φ2) as desired. �

Using Lemma 5.5, it is possible to deduce the classification of faithful semitoric systems
with no focus-focus points up to any notion of isomorphism given in Definition 4.5 (see Pelayo,
Ratiu and Vũ Ngo.c [36, Lemma 3.3] for a proof of the classification of proper semitoric systems
according to the finest isomorphism type).

Cartographic homeomorphisms for faithful semitoric systems with at least one
focus-focus point. Let (M,ω,Φ = (J,H)) be a faithful semitoric system with B = Φ(M)
that contains at least one focus-focus point. An example is shown in Fig. 5.1. We introduce
vertical ‘cuts’ at the focus-focus values, along what Symington [43] refers to as ‘eigenrays’ in the
more general context of (faithful) almost-toric systems. Our terminology is motivated by Vũ
Ngo.c [47].

? ?
?

??

?

?

?
? ?

?

xsup R

Figure 5.1. The image of the moment map (gray) with the focus-focus values (marked by ?) and their

projection onto the first component.

Let Bff ⊂ Int(B) denote the set of focus-focus values. By Lemma 3.30, it is a countable
subset. To order the elements of Bff we fix the following convention for the indexing set of Bff .
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Set

xsup := sup{pr1(c) | c ∈ Bff}, xinf := inf{pr1(c) | c ∈ Bff}, (5.2)

where pr1 : R2 → R is projection onto the first component. By property (F5), this supremum xsup

(respectively infimum xinf) is either attained as a maximum (respectively as a minimum) or does
not lie in J(M). Set

I :=


{1, 2, . . . , |Bff |} if |Bff | <∞,
{1, 2, . . .} if |Bff | = |N| and xinf ∈ J(M),

{0,−1,−2, . . .} if |Bff | = |N| and xsup ∈ J(M),

Z otherwise.

(5.3)

By construction, the cardinality of I equals that of Bff and thus we think of the elements of the
latter as being indexed by I. Order the elements of Bff as follows. For i ∈ I, set ci = (xi, yi).
Then require that i < j implies either xi < xj , or xi = xj and yi < yj ; moreover, if 0, 1 ∈ I,
require that x0 < x1. (If I = Z, the above ordering is unique up to the choice of which focus-focus
value is labeled with 0.)

For each i ∈ I choose a sign εi ∈ {+1,−1}, and denote the associated vertical cut in B at ci
by

lεi :=
{

(x, y) ∈ R2 |x = xi, εiy ≥ εiyi
}
∩B.

When εi = +1 (respectively −1), the cut lεi is simply the intersection of B with the vertical half-
line starting at ci going ‘up’ (respectively ‘down’), see Fig. 5.2. Therefore the former is referred
to as being upward, while the latter as being downward. For a fixed ε ∈ {+1,−1}I , denote the
union of the cuts by lε and set Sε := B r lε. Moreover, to each element (x, y) ∈ Bwt = B rBff ,
associate the integer

jε(x, y) :=
∑

{i∈I | (x,y)∈lεi}

εi,

with the convention that jε(x, y) = 0 for (x, y) ∈ Sε. Finiteness of jε(x, y) follows from proper-
ty (F6) and Proposition 4.18. The quantity jε(x, y) is a signed count of the number of cuts that
pass through (x, y), where upward cuts are counted positively and downward cuts negatively.

εi = +1

εj = +1 εj = −1

εi = +1

εj = +1

εi = −1?

?

?

?

?

?

(a) (b) (c)

Figure 5.2. Image of the moment map (gray) with cuts emanating from the focus-focus values (marked

by ?). The choice of cuts in (a) and (b) leads to a simply connected set whereas the choice in (c) yields

two connected components.

Corollary 5.6. The subset Sε is open and dense in B.
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Proof. Density of Sε in B is trivial, so it remains to prove its openness in B and, to this end,
it suffices to prove that lε is closed in B. Let {(xn, yn)} ⊂ lε be a sequence that converges
to (x0, y0) ∈ B. This implies that the sequence {xn} = pr1({(xn, yn)}) ⊂ J(M) converges to
x0 ∈ J(M). By construction and by Proposition 4.18, {xn} is contained in the subset of critical
values of J , which does not contain any limit points in J(M) by property (F5). Therefore, for
all but finitely many n, xn = x0, which, in turn, implies that (xn, yn) ∈ {(x, y) |x = x0} for all
but finitely many n. By property (F6) and Proposition 4.18, the vertical line {(x, y) |x = x0}
contains finitely many focus-focus values and, therefore, finitely many cuts. Seeing as each cut
is a closed subset, then the union of all cuts contained on {(x, y) |x = x0} is closed. Therefore,
(x0, y0) ∈ lε as required. �

Remark 5.7. In general, it is not true that lε is closed in R2, for xsup, xinf may belong to
Rr J(M).

The notation Sε is suggestive of the fact that there exists a cartographic homeomorphism
fε : B → R2 such that (fε, Sε) is a cartographic pair for (M,ω,Φ = (J,H)). Before stating and
proving the precise existence statement (Theorem 5.11 below), we prove some further properties
of Sε (see Fig. 5.2).

Lemma 5.8. The subset Sε is path-connected if and only if εi ≥ εj for all i > j with xi = xj.

Proof. Suppose first that Sε is path-connected and let i > j ∈ I be such that xi = xj . Let
(x1, y1), (x2, y2) ∈ Sε be points with x1 < xi < x2. Such points exist because focus-focus values
are contained in Int(B). Since Sε is path-connected, there exists a path in Sε starting at (x1, y1)
and ending at (x2, y2). Therefore, there exists a point (xi, y

′) ∈ Sε and thus εi ≥ εj .
Conversely, suppose that ε satisfies the condition that εi ≥ εj for all i > j with xi = xj . First

we show that, for all x1 ∈ J(M), {(x, y) |x = x1} ∩ Sε 6= ∅ and that the set is path-connected.
If x1 /∈ pr1(Bff), one obtains

{(x, y) |x = x1} ∩ Sε = {(x, y) |x = x1} ∩B

and the result follows from the fact that (M,ω,Φ = (J,H)) is a faithful semitoric system.
Suppose, therefore, that x1 ∈ pr1(Bff). By property (F6) and Proposition 4.18, there are finitely
many focus-focus values (x1, yi1), . . . , (x1, yiN ) lying on the vertical line {(x, y) |x = x1}. Set

y+ := inf{yik | εik = +1}, y− := sup{yik | εik = −1}.

Since ε satisfies the condition in the statement, it follows that y+ > y− and therefore,

{(x, y) |x = x1} ∩ Sε = {(x, y) |x = x1 , y+ > y > y−},

which shows that {(x, y) |x = x1} ∩ Sε is path-connected. By Corollary 5.6, Sε is open in B.
Thus Sε satisfies all the hypotheses of Proposition 4.7 and, therefore, the subsystem of (M,ω,Φ =
(J,H)) relative to Sε is faithful semitoric. By Corollary 4.5, Sε is contractible and, in particular,
path-connected. �

Corollary 5.9. The subset Sε is path-connected if and only if it is contractible.

Corollary 5.10. There exists a choice of ε making Sε path-connected.

Proof. The choice of εi = +1 for all i ∈ I satisfies the condition of Lemma 5.8. �

Having established the above preliminary results, we can state and prove existence of carto-
graphic homeomorphisms for faithful semitoric systems.
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Theorem 5.11. Let (M,ω,Φ = (J,H)) be a faithful semitoric system with Bff = {ci}i∈I 6= ∅.
For any ε ∈ {+1,−1}I , there exists a cartographic pair (fε, Sε), where Sε = B r lε is the

complement of the vertical cuts determined by ε and fε is of the form fε(x, y) =
(
x, f

(2)
ε (x, y)

)
,

satisfying the following properties

(C1) for all (x, y) ∈ Sε, the quantity sgn
(∂f (2)

ε
∂y (x, y)

)
=: sgn(fε) is constant;

(C2) for all (x, y) ∈ Bwt,

lim
(x,y)→(x,y)

x<x

Dfε(x, y) =

(
1 0

sgn(fε)jε(x, y) 1

)
lim

(x,y)→(x,y)
x>x

Dfε(x, y).

In particular, fε(B) is locally convex.

Any cartographic homeomorphism fε : B → R2 satisfying the properties in Theorem 5.11 is
said to be associated to ε.

The proof of Theorem 5.11 is split into two cases: when Sε is path-connected and when it is
not.

Proof of Theorem 5.11 if Sε is path-connected. A choice of ε whose associated set Sε is
path-connected exists by Corollary 5.10. Suppose that Sε is path-connected. The idea is to
argue as in Pelayo, Ratiu and Vũ Ngo.c [36, Steps 2–4 in the proof of Theorem B], recalling and
adjusting the argument therein as much as necessary for our purposes.

By construction Sε ⊂ Bwt. Now let q : B̃wt → Bwt denote the universal covering. By
Corollary 5.9, Sε is contractible and, in particular, simply connected. Therefore, there exists
a smooth section σ : Sε → B̃wt of q. Consider a developing map dev : B̃wt → R2 constructed by
fixing basepoints x0 ∈ Sε and x̃0 ∈ σ(Sε). Set fε := dev◦σ : Sε → R2. Arguing as in the proof of

Lemma 5.2, it is possible to choose dev so that fε(x, y) =
(
x, f

(2)
ε (x, y)

)
for any (x, y) ∈ Sε. Fix

such a choice. Following the arguments in Pelayo, Ratiu and Vũ Ngo.c [36, Step 4 of the proof of
Theorem B], fε can be extended to an embedding B → R2 which, by abuse of notation, is also
denoted by fε. By construction and by density of Sε ⊂ B, (fε, Sε) is a cartographic pair with

fε(x, y) =
(
x, f

(2)
ε (x, y)

)
. Thus for all (x, y) ∈ Sε, ∂f

(2)
ε
∂y (x, y) 6= 0. Since Sε is path-connected,

property (C1) follows.
To complete the proof, there are two cases to consider, depending on whether sgn(fε) = +1 or

sgn(fε) = −1. In the first case, property (C2) and local convexity of fε(B) can be proved as in Vũ
Ngo.c [47, Steps 5 and 6 of the proof of Theorem 3.8]. Thus suppose that sgn(fε) = −1. Setting
f̂ε :=

(
1 0
0 −1

)
◦ fε,

(
f̂ε, Sε

)
is a cartographic pair which can be constructed as above satisfying

sgn(f̂ε) = +1. (This corresponds to adjusting the above choice of developing map by composing
on the left with the map

((
1 0
0 −1

)
, ( 0

0 )
)
∈ Vert(2;Z); see Remark 5.4.) Fix (x, y) ∈ Bwt. Then,

using property (C2) for f̂ε and the fact that sgn(fε) = −1,

lim
(x,y)→(x,y)

x<x

Dfε(x, y) =

(
1 0
0 −1

)
lim

(x,y)→(x,y)
x<x

Df̂ε(x, y)

=

(
1 0
0 −1

)(
1 0

jε(x, y) 1

)
lim

(x,y)→(x,y)
x>x

Df̂ε(x, y)

=

(
1 0

sgn(fε)jε(x, y) 1

)(
1 0
0 −1

)
lim

(x,y)→(x,y)
x>x

Df̂ε(x, y)

=

(
1 0

sgn(fε)jε(x, y) 1

)
lim

(x,y)→(x,y)
x>x

Dfε(x, y),

This proves property (C2) in general.
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Finally, observe that f̂ε(B) is locally convex and that Z-affine maps preserve this property.
Thus fε(B) is locally convex as required. �

Now we turn to the case of Sε not beingpath-connected. There exist proofs for such cases in
the literature (see for instance Pelayo, Ratiu and Vũ Ngo.c [36, Step 5 of the proof of Theorem B]).
The argument presented below, however, uses different techniques.

Before delving into the proof, we introduce some useful notions and notation. For any
x ∈ J(M), set

Nx := |{i ∈ I |xi = x}|.

By property (F6) and Proposition 4.18, Nx is finite for any x ∈ J(M). Moreover, for a fixed
ε ∈ {+1,−1}I , set

N±x (ε) := ±|{i ∈ I |xi = x and εi = ±1}|.

Observe that, for any x ∈ J(M) and any ε ∈ {+1,−1}I ,

Nx = N+
x (ε)−N−x (ε).

Moreover, for any (x, y) ∈ Bwt and any ε ∈ {+1,−1}I ,

jε(x, y) = N+
x (ε) +N−x (ε).

Fix x ∈ J(M) with Nx 6= 0. Then, by property (F6) and Proposition 4.18, there exist finitely
many indices i1 < i2 < · · · < iNx in I with xij = x. Observe that, by definition of the ordering
on Bff ,

{(x, y) |x = x} ∩Bwt ⊂ {(x, y) |x = x and y < yi1}

∪
Nx−1⋃
j=1

{(x, y) |x = x and yij < y < yij+1} ∪ {(x, y) |x = x and y > yiNx
}.

Lemma 5.12. For any ε ∈ {+1,−1}I and for all x ∈ J(M) with Nx 6= 0, the function
jε(x, ·) : {(x, y) |x = x} ∩Bwt → Z satisfies

• jε(x, y) = N−x (ε) for all (x, y) ∈ {(x, y) |x = x and y < yi1};
• jε(x, y) = N−x (ε) + k = N+

x (ε)−Nx + j for all k = 1, . . . , Nx − 1 and for all (x, y) ∈ {(x, y) |
x = x and yik < y < yik+1

};
• jε(x, y) = N+

x (ε) for all (x, y) ∈ {(x, y) |x = x and y > yiNx
}.

Hereby, i1 < i2 < · · · < iNx are the elements of I such that xij = x. In particular, the function
jε(x, ·) only depends on N±x (ε).

Proof. Fix ε ∈ {+1,−1}I and consider (x, y) ∈ Bwt such that Nx 6= 0. Suppose first that
y < yi1 . This means that (x, y) is ‘below’ all focus-focus values on the vertical line {(x, y) |x = x}.
By definition of the ordering on Bff and of the cuts associated to ε, for all k ∈ {1, . . . , Nx}, if
εik = −1 then (x, y) ∈ lεik , while if εik = +1, then (x, y) /∈ lεik . Thus

jε(x, y) = −|{i ∈ I |xi = x and εi = −1}| = N−x (ε)

as required. Similarly, if y > yiNx
, then jε(x, y) = N+

x (ε), for (x, y) is ‘above’ all focus-focus
values on the vertical line {(x, y) |x = x}.



Faithful Semitoric Systems 49

It remains to prove the intermediate cases for which we proceed by induction on k. The base
case is y < yi1 , which has already been proved. Suppose that the required statement holds for
all m < k and let yik < y < yik+1

. Set, for any (x̄, ȳ) ∈ Bwt,

j±ε (x̄, ȳ) :=
∑

i∈I , (x̄,̄y)∈lεi ,
εi=±1

εi.

Clearly, for any (x̄, ȳ) ∈ Bwt, jε(x̄, ȳ) = j+
ε (x̄, ȳ) + j−ε (x̄, ȳ). Fix some (x, y′) ∈ Bwt with yik−1

<
y′ < yik . The inductive hypothesis implies jε(x, y

′) = N−x (ε) + k − 1. There are two cases
to consider, depending on whether εik = +1 or εik = −1. In the former case, observe that
j+
ε (x, y) = j+

ε (x, y′) + 1, while j−ε (x, y) = j−ε (x, y′). Thus, jε(x, y) = jε(x, y
′) + 1 = N−x (ε) + k as

required. The latter case is proved analogously, swapping the roles of j+
ε (x, y) and j−ε (x, y). �

With the above results at hand, we finish the proof of Theorem 5.11.

Proof of Theorem 5.11 if Sε is not path-connected. Suppose that Sε is not path-connec-
ted. The idea is to reduce this situation to the path-connected case by appealing to the following
result.

Lemma 5.13. There exists a unique ε̂ ∈ {+1,−1}I such that

• Sε ⊂ Sε̂;
• for all (x, y) ∈ Bwt, jε(x, y) = jε̂(x, y);

• Sε̂ is path-connected.

Assume Lemma 5.13, whose proof is below, and let ε̂ be as in Lemma 5.13. Let fε̂ : B → R2

be a cartographic homeomorphism associated to ε̂. Set fε := fε̂. Since Sε ⊂ Sε̂, Corollary 5.6
implies that (fε, Sε) is a cartographic pair; property (C1) holds by construction. Property (C2)
holds because Lemma 5.13 implies that jε(x, y) = jε̂(x, y) for all (x, y) ∈ Bwt. Moreover,
sgn(fε) = sgn(fε̂) holds by definition. Local convexity of fε(B) = fε̂(B) is also true as fε̂
is associated to ε̂ in the sense of Proposition 5.11. This finishes the proof of Theorem 5.11 for
the case that Sε is not path-connected. �

Proof of Lemma 5.13. For a fixed xi, the map y 7→ jε(xi, y) is an integer-valued map whose
image is all integers between (and including) N−xi(ε) and N+

xi(ε). Moreover, it is easily seen that
the above map is constant along the open segments lying between consecutive focus-focus values.
Therefore there exists a segment on the vertical line {(x, y) |x = xi} along which jε(xi, ·) is equal
to zero. Consider ε̄ = {+1,−1}I that is equal to ε except for those indices corresponding to
focus-focus values lying on {(x, y) |x = xi}; for those indices, set ε̄j = ±1 according to whether cj
lies above or below the segment on which jε(xi, ·) is equal to zero. It can be checked that, for
all (x, y) ∈ Bwt, jε(x, y) = jε̄(x, y). Performing this operation for all xi yields ε̂ satisfying the
requirements of Lemma 5.8 for Sε̂ to be path-connected. Moreover, by construction, Sε ⊂ Sε̂
and it can be easily checked that ε̂ is the unique choice of signs that satisfies all the above
properties. �

Remark 5.14. The above argument for the case of Sε not being path-connected only works
because the system (M,ω,Φ = (J,H)) satisfies property (F7). If focus-focus values of higher
multiplicity are allowed, then there may be no analogue of ε̂ as in Lemma 5.13. In this case, the
issue is that there is a choice of ε such that there exists an xi for which there is no interval on
which the function y 7→ jε(xi, y) is zero (see Fig. 5.3).
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?

Figure 5.3. The focus-focus value c (displayed by ?) has multiplicity two and the two signs associated

to c are +1 and −1.

Remark 5.15. The argument proving the case of Theorem 5.11 when Sε is not path-connected
shows that, for a given faithful semitoric system, the set of all cartographic homeomorphisms
that satisfy the hypotheses of Theorem 5.11 equals that of the cartographic homeomorphisms
associated to those ε for which Sε is path-connected (cf. Vũ Ngo.c [47, Proposition 4.1]).

To finish this section, we prove Proposition 4.14 using Theorem 5.11.

Proof of Proposition 4.14. Let (M1, ω1,Φ1) be a faithful semitoric system with at least one
focus-focus point. If (M2, ω2,Φ2) is a faithful semitoric system isomorphic to (M1, ω1,Φ1) as an
integrable system, then the cardinality of the set of focus-focus values of the former equals that
of the set of focus-focus values of the latter, as the isomorphism induces a bijection between
the focus-focus values. In order to prove the result, the non-trivial implication to check is that
if (M1, ω1,Φ1 = (J1, H1)) and (M2, ω2,Φ2 = (J2, H2)) are isomorphic as integrable systems,
then they are isomorphic as complexity one systems. In fact, we aim to achieve more: we
show that any isomorphism (Ψ, ψ) as integrable systems between (M1, ω1,Φ1 = (J1, H1)) and
(M2, ω2,Φ2 = (J2, H2)) is necessarily an isomorphism as complexity one systems.

Fix an isomorphism
(
Ψ, ψ =

(
ψ(1), ψ(2)

))
as integrable systems between (M1, ω1,Φ1 =

(J1, H1)) and (M2, ω2,Φ2 = (J2, H2)), let I denote the indexing set of the set of focus-focus
values B1,ff and set B1,ff = {ci}i∈I . Begin by observing that the function ψ(1) ◦ Φ1 : M1 → R is
the moment map of an effective Hamiltonian S1-action that is system-preserving. This is be-
cause

(
Ψ, ψ =

(
ψ(1), ψ(2)

))
is an isomorphism of integrable systems and because J2 is the moment

map of an effective Hamiltonian S1-action that preserves the integrable system (M2, ω2,Φ2). Fix
a choice of signs ε ∈ {+1,−1}I so that Sε ⊂ B1 is path-connected (Corollary 5.10 ensures that
such a choice exists), and fix a cartographic homeomorphism fε : B1 → R2 associated to ε as
in Theorem 5.11. The above observation implies that the map ψ(1) ◦ f−1

ε |fε(Sε) is smooth and
Z-affine. Since fε(Sε) is connected and endowed with the restriction of the standard Z-affine
structure on R2, it follows that there exist ζ1, ζ2 ∈ Z and a ∈ R such that, for all (x, y) ∈ fε(Sε),
ψ(1)◦f−1

ε (x, y) = ζ1x+ζ2y+a. As fε(Sε) ⊂ fε(B1) is dense, it follows that, for all (x, y) ∈ fε(B1),
ψ(1) ◦ f−1

ε (x, y) = ζ1x+ ζ2y + a. Therefore, for all (x, y) ∈ B1,

ψ(1)(x, y) = ζ1x+ ζ2f
(2)
ε (x, y) + a, (5.4)

since fε(x, y) =
(
x, f

(2)
ε (x, y)

)
. To prove the result, it suffices to show that ζ1 ∈ {+1,−1} and

that ζ2 = 0. To this end, fix i ∈ I and let Ui be an open neighborhood of ci in B1 with the
property that the subsystem of (M1, ω1,Φ1 = (J1, H1)) relative to Ui is a saturated regular
neighborhood of the focus-focus fiber Φ−1

1 (ci), i.e., all fibers in Φ−1
1 (Ui) are regular except for

the focus-focus fiber Φ−1
1 (ci) (see Section 3.2). Since ψ(1) ◦ Φ1|Φ−1

1 (Ui)
is the moment map of

an effective Hamiltonian S1-action that is system-preserving, Proposition 3.23 implies that,
on Φ−1

1 (Ui), ±dJ1 = d
(
ψ(1) ◦ Φ1

)
. Since Φ1 is a submersion away from the focus-focus point pi
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lying on Φ−1
1 (ci) and Φ1

(
Φ−1

1 (Ui) r {pi}
)

= Ui, it follows that, on Ui,

dψ(1) = ±dx. (5.5)

On the other hand, formula (5.4) implies that, on B1,

dψ(1) =

(
ζ1 + ζ2

∂f (2)

∂x

)
dx+ ζ2

∂f (2)

∂y
dy. (5.6)

Comparing (5.5) and (5.6) and using the fact that ζ1, ζ2 are constant and that ∂f (2)

∂y 6= 0 on B1,
we have that ζ2 = 0 and ζ1 = ±1, as desired. �

5.2 The set of cartographic pairs

Given a faithful semitoric system (M,ω,Φ = (J,H)), it is natural to ask for a description of the
set of all cartographic pairs of (M,ω,Φ = (J,H)) that satisfy the properties in Theorem 5.11.
These cartographic pairs and their images are henceforth referred to as semitoric. One reason
why it is important to describe the set of semitoric cartographic images of a faithful semitoric
system with at least one focus-focus point is that it is an invariant of the isomorphism class of
the system as a strict complexity one system (see Definition 4.12).

Lemma 5.16. Let (M1, ω1,Φ1) and (M2, ω2,Φ2) be faithful semitoric systems that are isomor-
phic as strict complexity one spaces and suppose that (M1, ω1,Φ1) has at least one focus-focus
point. Then the sets of semitoric cartographic images of (M1, ω1,Φ1) and (M2, ω2,Φ2) are equal.

Proof. Let (Ψ, ψ) be an isomorphism as strict complexity one spaces between faithful semitoric
systems (M1, ω1,Φ1) and (M2, ω2,Φ2), i.e., ψ(x, y) =

(
x, ψ(2)(x, y)

)
for some smooth function

ψ(2) : B1 → R. First, observe that, since (Ψ, ψ) is, in particular, an isomorphism as inte-
grable systems, it induces a bijection between the sets of focus-focus values of (M1, ω1,Φ1) and
(M2, ω2,Φ2). In what follows, this bijection is used tacitly to identify the indexing sets I1 and I2

of the sets of focus-focus values of (M1, ω1,Φ1) and (M2, ω2,Φ2). Suppose that (fε2 , Sε2) is
a semitoric cartographic pair for (M2, ω2,Φ2). Corollary 2.62 implies that

(
fε2 ◦ψ,ψ−1(Sε2)

)
is

a cartographic pair for (M1, ω1,Φ1). The aim is to show that this pair is semitoric, i.e., that

(1) there exists a choice of signs ε1 for (M1, ω1,Φ1) such that Sε1 = ψ−1(Sε2), and

(2) the map fε1 := fε2 ◦ ψ is associated to ε1, i.e., as per the hypotheses of Theorem 5.11, fε1

is of the form fε1(x, y) =
(
x, f

(2)
ε1 (x, y)

)
for some continuous function f

(2)
ε1 : B1 → R, and it

satisfies properties (C1) and (C2).

Begin by observing that, since ψ(x, y) =
(
x, ψ(2)(x, y)

)
, the preimage of a vertical line under

ψ is a vertical line. This implies that the preimage of the vertical cuts determined by ε2 are
vertical half-lines. Moreover, since (Ψ, ψ) is an isomorphism of integrable systems, the ‘starting
point’ of the above vertical lines are focus-focus values of (M1, ω1,Φ1). This determines uniquely
a choice of signs ε1 for (M1, ω1,Φ1) such that Sε1 = ψ−1(Sε2), thus proving (1). To prove (2),
observe that, by definition, fε1 = fε2 ◦ψ. Since ψ(x, y) =

(
x, ψ(2)(x, y)

)
, the fact that (fε2 , Sε2)

satisfies the properties of Theorem 5.11 implies that

fε1(x, y) =
(
x, f

(2)
ε2

(
x, ψ(2)(x, y)

))
=:
(
x, f

(2)
ε1 (x, y)

)
.

Using the chain rule, for any (x, y) ∈ Sε1 ,

∂f
(2)
ε1

∂y
(x, y) =

∂f
(2)
ε2

∂z
(x, z)

∣∣∣∣
z=ψ(2)(x,y)

∂ψ(2)

∂y
(x, y). (5.7)
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Observe that, by construction, (x, y) ∈ Sε1 if and only if (x, ψ(2)(x, y)) ∈ Sε2 . Moreover, since

ψ(x, y) =
(
x, ψ(2)(x, y)

)
is a diffeomorphism and B1 is connected, the quantity sgn

(∂ψ(2)

∂y (x, y)
)

=: sgn(ψ) does not depend on (x, y) ∈ B1. Using the fact that fε2 satisfies property (C1),

equation (5.7) yields that sgn
(∂f (2)

ε1
∂y (x, y)

)
=: sgn(fε1) does not depend on (x, y) ∈ Sε1 . In fact,

sgn(fε1) = sgn(fε2) sgn(ψ). This shows that fε1 satisfies property (C1). To see that it satisfies
property (C2), observe that, for any (x, y) ∈ B1,wt,

jε1(x, y) = jε2(ψ(x, y)) sgn(ψ).

Using the above formula, the chain rule and the fact that fε2 satisfies property (C2), it can
be shown that fε1 satisfies property (C2) as well. Thus

(
fε2 ◦ ψ,ψ−1(Sε2)

)
is a semitoric

cartographic pair for (M1, ω1,Φ1), as desired. Hence, the set of semitoric cartographic images
of (M2, ω2,Φ2) is contained in that of (M1, ω1,Φ1). Reversing the roles of (M1, ω1,Φ1) and
(M2, ω2,Φ2) completes the proof. �

Providing a description of the set of semitoric cartographic images of a faithful semitoric
system with at least one focus-focus point is the aim of this section, which generalizes, while
being heavily inspired by, work of Vũ Ngo.c [47, Section 4]. Henceforth, fix a faithful semitoric
system (M,ω,Φ = (J,H)) with at least one focus-focus point. The idea is to show that any
cartographic homeomorphism of (M,ω,Φ = (J,H)) as in Theorem 5.11 can be constructed from
a fixed one by means of composing on the left with a suitable homeomorphism (see Corollary 5.17
and Theorem 5.24 for precise statements). It is convenient to consider two separate cases:

• Determine all cartographic homeomorphisms associated to a given choice of signs (Corol-
lary 5.17).

• Determine how cartographic homeomorphisms associated to possibly distinct choices of signs
are related (Theorem 5.24).

First, we consider the set of all cartographic homeomorphisms associated to a given choice
of signs; this is described in the following result, which is analogous to Remark 5.4. Recall that
Vert(2;Z) denotes the subgroup of AGL(2;Z) that preserves vertical lines (see Remark 4.13).

Corollary 5.17. Fix a faithful semitoric system (M,ω,Φ = (J,H)) and a choice of signs ε.
If fε, f̂ε are cartographic homeomorphisms associated to ε, then there exists an element h ∈
Vert(2;Z) with f̂ε = h ◦ fε. Conversely, for any h ∈ Vert(2;Z), the map f̂ε := h ◦ fε is
a cartographic homeomorphism associated to ε.

Proof. It may be assumed without loss of generality that Sε is path-connected since the not
path-connected case can be reduced to the path-connected one as in the proof of Theorem 5.11
(see Remark 5.15). Let fε, f̂ε : B → R2 be cartographic homeomorphisms associated to ε. Then
their restrictions to Sε are developing maps for the induced Z-affine structure on Sε. Therefore,
arguing as in Remark 5.4, there exists an element h ∈ Vert(2;Z) with f̂ε|Sε = h ◦ fε|Sε . Since
Sε ⊂ B is dense, this implies that f̂ε = h ◦ fε as required.

Conversely, the proof of Theorem 5.11 gives that composing a cartographic homeomorphism
associated to ε on the left with an element of Vert(2;Z) yields another cartographic homeomor-
phism associated to ε. �

Having established Corollary 5.17, we study the problem of relating cartographic homeomor-
phisms whose associated signs are not necessarily equal. Before stating the main result of this
section we introduce some tools akin to those needed in Vũ Ngo.c [47, Section 4], but slightly
more involved as faithful semitoric systems allow for the presence of infinitely many focus-focus
points (see Remarks 5.18, 5.19 and 5.25 below).
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As in Section 5.1, let I be the indexing set of the set of focus-focus values Bff defined in
equation (5.3). Also, fix the ordering on Bff as in the paragraph following equation (5.3), so
elements of Bff are denoted by ci = (xi, yi) for i ∈ I. Henceforth, fix elements ε, ε̂ ∈ {+1,−1}I
and associated cartographic homeomorphisms fε, fε̂ : B → R2. Furthermore, fix a basepoint
(x, y) ∈ Bwt with the property that x0 < x < x1. (If x0 or x1 is not defined, then only the other
inequality is required.)

Remark 5.18. The above choice of basepoint agrees with that made in Vũ Ngo.c [47, proof of
Proposition 4.1]. However, there is an important difference that arises because of the possibility
of having infinitely many focus-focus points for faithful semitoric systems. In what follows we
must allow for the case in which there are focus-focus values ‘to the left’ of the basepoint, i.e.,
with notation as above, for the case in which there exists i ∈ I with xi < x. (If this is the case,
then by the choices of indexing set I of equation (5.3) and of basepoint, there are infinitely many
such indices.)

Throughout this section, set T := ( 1 0
1 1 ). For any i ∈ I, set

ki(ε, ε̂) := sgn(fε̂)

(
εi − ε̂i

2

)
.

Moreover, for any i ∈ I define li,ε,ε̂ : R2 → R2 as follows:

• If i ≤ 0, let li,ε,ε̂ be the identity.

• If i > 0, let li,ε,ε̂ be the piece-wise Z-affine transformation that acts as the identity on the
half-space x < xi and as the shear T ki(ε,ε̂) on the half-space x ≥ xi.

Analogously, for any i ∈ I define ri,ε,ε̂ : R2 → R2 as follows:

• If i ≤ 0, let ri,ε,ε̂ be the piece-wise Z-affine transformation that acts as the shear T−ki(ε,ε̂) on
the half-space x < xi and as the identity on the half-space x ≥ xi.
• If i > 0 let ri,ε,ε̂ be the identity.

Remark 5.19. While the maps li,ε,ε̂ are those used in Vũ Ngo.c [47, Section 4], the maps ri,ε,ε̂
are needed in the following precisely because of the possibility of focus-focus values existing ‘to
the left’ of the basepoint (see Remark 5.18).

Explicitly, we have that if i > 0 then

li,ε,ε̂ :=


id if x < xi,((

1 0

ki(ε, ε̂) 1

)
,

(
0

−ki(ε, ε̂)xi

))
if x ≥ xi,

and if i ≤ 0 then

ri,ε,ε̂ =


((

1 0

−ki(ε, ε̂) 1

)
,

(
0

ki(ε, ε̂)xi

))
if x ≤ xi,

id if x > xi.

The maps li,ε,ε̂ and ri,ε,ε̂ are well-defined and satisfy the following properties, the proofs of
which are left to the reader.

Lemma 5.20. For each positive (respectively non-positive) i ∈ I, the map li,ε,ε̂ (respective-
ly ri,ε,ε̂) is a homeomorphism that fixes the vertical line {(x, y) |x = xi} pointwise and is a Z-
affine isomorphism of R2 r {(x, y) |x = xi}.
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Lemma 5.21. For any i, j ∈ I,

li,ε,ε̂ ◦ lj,ε,ε̂ = lj,ε,ε̂ ◦ li,ε,ε̂, ri,ε,ε̂ ◦ rj,ε,ε̂ = rj,ε,ε̂ ◦ ri,ε,ε̂, li,ε,ε̂ ◦ rj,ε,ε̂ = rj,ε,ε̂ ◦ li,ε,ε̂.

One ingredient in the construction of the homeomorphism that relates fε and fε̂ is the
composition of the maps li,ε,ε̂ or ri,ε,ε̂ as i ranges over all indices in I. Seeing as this may involve
the composition of infinitely many maps different from the identity (as I may be infinite), some
care is needed. To this end, we first introduce notation for the domains of these possibly infinite
compositions. Set

Dsup :=

{
R2 if xsup ∈ J(M),{

(x, y) ∈ R2 |x < xsup

}
otherwise,

Dinf :=

{
R2 if xinf ∈ J(M),{

(x, y) ∈ R2 |x > xinf

}
otherwise,

where xsup, xinf ∈ R are defined as in equation (5.2). Observe that B ⊂ Dsup ∩Dinf .
Next, we define the desired compositions. If the cardinality of I is finite, the situation

is entirely analogous to the one considered in Vũ Ngo.c [47, Section 4]. For, with the above
conventions, I being finite implies that xsup, xinf ∈ J(M) and that I only contains positive
elements. In this case, set lε,ε̂ : Dsup = R2 → R2 and rε,ε̂ : Dinf = R2 → R2 to be equal to
the finite compositions l|I|,ε,ε̂ ◦ l|I|−1,ε,ε̂ ◦ · · · ◦ l1,ε,ε̂ and r|I|,ε,ε̂ ◦ r|I|−1,ε,ε̂ ◦ · · · ◦ r1,ε,ε̂ respectively.
Observe that the latter is, by definition, equal to the identity. It remains to consider the case
in which I is infinite. If I has infinitely many positive elements, set, for any (x, y) with x ≤ xi,

lε,ε̂(x, y) := li,ε,ε̂ ◦ li−1,ε,ε̂ ◦ · · · ◦ l1,ε,ε̂(x, y).

Analogously, if I has infinitely many non-positive elements, set, for any (x, y) with x ≥ xi,

rε,ε̂(x, y) := ri,ε,ε̂ ◦ ri+1,ε,ε̂ ◦ · · · ◦ r0,ε,ε̂(x, y).

In the remaining cases, set lε,ε̂ = id = rε,ε̂. The following result is implied by the fact that any
given point is only acted upon by finitely many elements of the composition (cf. Pelayo, Ratiu
and Vũ Ngo.c [36, Lemma 2.1]).

Lemma 5.22. The maps lε,ε̂ : Dsup → Dsup and rε,ε̂ : Dinf → Dinf are well-defined.

In fact, more is true.

Lemma 5.23. The maps lε,ε̂ : Dsup → Dsup and rε,ε̂ : Dinf → Dinf are homeomorphisms that
are Z-affine isomorphisms away from the set

⋃
i∈I
{(x, y) |x = xi}.

Proof. The only non-trivial cases to consider are those of lε,ε̂ if I contains infinitely many
positive elements and of rε,ε̂ if I contains infinitely many non-positive elements. Consider the
former case (the latter is entirely analogous). To see that lε,ε̂ is a homeomorphism, observe that

the proof of Lemma 5.22 implies that, for all (x, y) ∈ Dsup, lε,ε̂(x, y) =
(
x, l

(2)
ε,ε̂(x, y)

)
, for some

continuous function l
(2)
ε,ε̂ : Dsup → R. Moreover, it can be checked directly that, for any x < xsup,

the function l
(2)
ε,ε̂(x, ·) is strictly increasing. Therefore, lε,ε̂ is a homeomorphism onto its image.

Since for any i ≥ 1 the map li,ε,ε̂ ◦ li−1,ε,ε̂ ◦ · · · ◦ l1,ε,ε̂ sends {(x, y) |x ≤ xi} onto itself, it follows
that lε,ε̂(Dsup) = Dsup. The fact that it is a Z-affine isomorphism away from

⋃
i∈I
{(x, y) |x = xi}

follows from the fact that, for any i ≥ 1, li,ε,ε̂ ◦ li−1,ε,ε̂ ◦ · · · ◦ l1,ε,ε̂ also satisfies this property (see
Lemma 5.20). �
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With the maps lε,ε̂ and rε,ε̂ at hand, we can state the main result of this section. (Recall
that Vert(2;Z) denotes the subgroup of AGL(2;Z) preserving vertical lines, see Remark 4.13).

Theorem 5.24. Let (M,ω,Φ=(J,H)) be a faithful semitoric system. Given any ε, ε̂∈{+1,−1}I
and any two cartographic homeomorphisms fε, fε̂ : B → R2 associated to ε, ε̂ respectively, there
exists a transformation hε,ε̂ ∈ Vert(2;Z) such that

fε̂ = rε,ε̂ ◦ lε,ε̂ ◦ hε,ε̂ ◦ fε.

The main idea behind Theorem 5.24 is not new; it first appears in Vũ Ngo.c [47, Propo-
sition 4.1] in the context of semitoric systems. However, the more general context of faithful
semitoric systems, where there may be infinitely many focus-focus points, deserves to be dealt
with carefully. For instance, the transformation rε,ε̂, which is not needed in the study of semitoric
systems, is necessary in this context (see Remarks 5.18 and 5.19).

Remark 5.25. In fact, the statement and proof of Theorem 5.24 may be of use in the study
of semitoric systems as well. The main references for these systems make the underlying (tacit)
assumption that the signs of the cartographic homeomorphisms, as in Theorem 5.11, are positive
(cf. Pelayo and Vũ Ngo.c [38, 39, 47]).

Proof of Theorem 5.24. The proof is split into three steps:

Step 1: Construct the map hε,ε̂ ∈ Vert(2;Z).

Step 2: Reduce to the simpler case in which ε and ε̂ differ in precisely one component.

Step 3: Prove the simpler case.

Step 1: constructing the map hε,ε̂ ∈ Vert(2;Z). As above, fix a basepoint (x, y) ∈ Bwt

with the property that x0 < x < x1. (If x0 or x1 is not defined, then only the other inequality
is required.) Denote by S the connected component of Sε ∩ Sε̂ containing (x, y). Since both Sε
and Sε̂ are open, so is S. Moreover it is path-connected by definition. Furthermore, it can be
checked that S intersects any vertical line either in an empty or in a connected set. Therefore,
by Proposition 4.7, the subsystem of (M,ω,Φ = (J,H)) relative to S is faithful semitoric and
contains (x, y). Moreover, by construction, it contains no focus-focus value. By Lemma 2.60, the
maps fε|S and fε̂|S are cartographic homeomorphisms for the subsystem of (M,ω,Φ = (J,H))
relative to S. Therefore, by Remark 5.4, there exists hε,ε̂ ∈ Vert(2;Z) such that fε̂|S =
hε,ε̂|fε(S) ◦ fε|S. The map hε,ε̂ is the desired one.

Step 2: reducing to a simpler case. Observe that, by Corollary 5.17, the map hε,ε̂ ◦ fε
is a cartographic homeomorphism associated to ε. Moreover, the above argument shows that
fε̂|S = (hε,ε̂◦fε)|S. Thus, in order to prove the result in the statement of the theorem, it suffices
to prove that, if fε̂|S = fε|S, then fε̂ = rε,ε̂ ◦ lε,ε̂ ◦ fε. Henceforth, assume that fε̂|S = fε|S,
which implies sgn(fε̂) = sgn(fε). In fact, we can simplify the argument further: it suffices to
prove the claimed result under the assumption that all but one of the components of ε, ε̂ are
equal. For, if the latter holds, we can argue as follows. Consider a sequence of choices of signs εs,
for s ∈ {1, 2, . . .} ∪ {∞}, such that ε1 = ε, ε∞ = ε̂, and, for any s ≥ 1, all but one component
of εs and εs+1 are equal. Moreover, if ε, ε̂ differ in finitely components, say in r components,
choose the above sequence so that for all s ≥ r + 1, εs = ε̂. For each s ≥ 1, fix a choice of
cartographic homeomorphism fεs with the property that fεs |S = fε|S. Moreover, require that
fε1 = fε, that fε∞ = fε̂, and that, if ε, ε̂ differ in precisely r components, then for all s ≥ r+ 1,
fεs = fε̂ . Using the above sequence of signs and associated cartographic homeomorphisms and
the fact that the claimed result holds when all but one component of the signs are equal, we
obtain, for all s ≥ 1, maps lεs,εs+1 , rεs,εs+1 satisfying

fεs+1 = rεs,εs+1 ◦ lεs,εs+1 ◦ fεs . (5.8)
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Therefore, iterating equation (5.8), for all s ≥ 1,

fεs+1 = rεs,εs+1 ◦ lεs,εs+1 ◦ rεs−1,εs ◦ lεs−1,εs ◦ · · · ◦ rε1,ε2 ◦ lε1,ε2 ◦ fε, (5.9)

where we use the fact that fε = fε1 . If ε and ε̂ differ in precisely r components, then, by
construction, for all s ≥ r + 1,

rεs,εs+1 = id = lεs,εs+1 .

Therefore, in this case, equation (5.9) yields that

fε̂ = rεr,εr+1 ◦ lεr,εr+1 ◦ rεr−1,εr ◦ lεr−1,εr ◦ · · · ◦ rε1,ε2 ◦ lε1,ε2 ◦ fε.

Because the homeomorphisms in the above composition commute (see Lemma 5.21), by defini-
tion of lε,ε̂ and rε,ε̂,

fε̂ = rε,ε̂ ◦ lε,ε̂.

Thus the result is proved if ε and ε̂ differ in finitely many components.
The case in which they differ by infinitely many components is entirely analogous, as we can

consider the composite of infinitely many maps of the above form on, say, any compact subset
of B (see the proof of Lemma 5.22) and use a compact exhaustion of B. Thus, assuming that
the result holds when the choices of signs differ in precisely one component, the result holds in
general.

Step 3: proving the simple case. Assume that fε̂|S = fε|S and that ε and ε̂ differ in
precisely one component. Under these assumptions the result can be proved exactly as in Vũ
Ngo.c [47, Proposition 4.1], whose key ideas are explained below. Suppose that ε and ε̂ differ
precisely in the ith component. By Corollary 2.63, fε̂◦f−1

ε is a homeomorphism that is piecewise
Z-affine. Using the proof of Theorem 5.11, it may be assumed without loss of generality that Sε
and Sε̂ are path-connected. As both sets are dense, it suffices to check the desired equality on
Sε∩Sε̂. Since ε and ε̂ differ in precisely one component, it follows that Sε∩Sε̂ has two connected
components, S and S′, which are open and satisfy the assumptions of Proposition 4.7. Thus the
subsystems of (M,ω,Φ = (J,H)) relative to S and S′ are faithful semitoric. By Lemma 2.60, the
restrictions of fε, fε̂ to S and S′ are cartographic homeomorphisms for the respective subsystems
of (M,ω,Φ = (J,H)). By construction, these subsystems contain no focus-focus points. Thus,
Remark 5.4 implies that there exist hS, hS′ ∈ Vert(2;Z) with fε̂|S = hS ◦ fε|S and fε̂|S′ =
hS′ ◦ fε|S′ .

By assumption, fε̂|S = fε|S, so hS = id; on the other hand, the above assumptions imply
that (rε,ε̂ ◦ lε,ε̂)|S = id. Thus the desired equality holds on S. It remains to check that it
does on S′. Using property (C2) for fε and fε̂ and the fact that sgn(fε) = sgn(fε̂), it can be
shown that the linear parts of hS′ and of (rε,ε̂ ◦ lε,ε̂)|S′ are equal. To see that their translational
components are equal, observe that the piecewise Z-affine transformation given on fε(S) and
on fε(S

′) by hS and hS′ , respectively, extends uniquely to a topological embedding of fε(B)
onto fε̂(B) (which equals fε̂ ◦ f−1

ε ). In particular, it acts as the identity on the vertical line
containing the ith focus-focus value. This implies that the translational component of hS′ equals
that of (rε,ε̂ ◦ lε,ε̂)|S′ . �

To conclude this section, we enlarge the set of semitoric cartographic images of a faithful
semitoric system with at least one focus-focus point to construct an invariant of the system up
to isomorphisms of integrable systems. To this end, recall that L ⊂ AGL(2;Z) is the subset
consisting of elements of the form((

η1 0
k η2

)
,

(
a
b

))
,
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where, for i = 1, 2, ηi ∈ {+1,−1}, k ∈ Z, and a, b ∈ R (see Remark 4.13). Given a faithful
semitoric system (M,ω,Φ) with at least one focus-focus point, let (fε, Sε) be one of its semitoric
cartographic pairs. By Lemma 2.58, given any element l ∈ L, (l ◦ fε, Sε) is a cartographic pair
for (M,ω,Φ). Cartographic pairs of the form (l ◦ fε, Sε), where l ∈ L and (fε, Sε) is a semitoric
cartographic pair, are said to be complexity one, and so are their images. The set of complexity
one images of (M,ω,Φ) is an invariant of the system up to isomorphisms of integrable systems.

Lemma 5.26. Let (M1, ω1,Φ1) and (M2, ω2,Φ2) be faithful semitoric systems that are isomor-
phic as integrable systems and suppose that (M1, ω1,Φ1) has at least one focus-focus point. Then
the sets of complexity one cartographic images of (M1, ω1,Φ1) and (M2, ω2,Φ2) are equal.

Proof. Let (Ψ, ψ) be an isomorphism of (M1, ω1,Φ1) and (M2, ω2,Φ2) as integrable systems.
Since (M1, ω1,Φ1) has at least one focus-focus point, Proposition 4.14 implies that (Ψ, ψ) is an
isomorphism as complexity one spaces, i.e., ψ(x, y) =

(
ηx + a, ψ(2)(x, y)

)
for some η ∈ {±1}

and some a ∈ R (see Definition 4.12). For an arbitrary l ∈ L and a choice of signs ε2 that
make Sε2 ⊂ B2 connected (a choice that exists by Corollary 5.10), consider the complexity
one cartographic pair (l ◦ fε2 , Sε2) for (M2, ω2,Φ2). Arguing as in the proof of Lemma 5.16,(
l ◦ fε2 ◦ ψ,ψ−1(Sε2)

)
is a cartographic pair for (M1, ω1,Φ1). Moreover, since ψ is of the above

form, there exists a unique choice of signs ε1 for (M1, ω1,Φ1) such that ψ−1(Sε2) = Sε1 . Since ψ
is a diffeomorphism and Sε2 is connected, so is Sε1 . Let fε1 : B1 → R2 be a cartographic
homeomorphism associated to ε1 as in Theorem 5.11. Observe that, by construction fε1(Sε1)
is connected. By Corollary 2.63, the restriction of the map l ◦ fε2 ◦ ψ ◦ f−1

ε1
to fε1(Sε1) is

a Z-affine isomorphism onto l ◦ fε2(Sε2). Since fε1(Sε1) is connected, there exists an element
h ∈ AGL(2;Z) such that h = l ◦ fε2 ◦ ψ ◦ f−1

ε1
on fε1(Sε1). As fε1(Sε1) ⊂ fε1(B1) is dense, it

follows that h = l◦fε2 ◦ψ◦f−1
ε1

on fε1(B1) or, equivalently, h◦fε1 = l◦fε2 ◦ψ. Moreover, observe

that h ∈ L, for l ∈ L, (fεi , Sεi) are semitoric cartographic pairs and ψ(x, y) =
(
ηx+a, ψ(2)(x, y)

)
.

This shows that the cartographic pair
(
l ◦ fε2 ◦ ψ,ψ−1(Sε2)

)
= (h ◦ fε1 , Sε1) for (M1, ω1,Φ1) is

complexity one. Since the set of images of complexity one cartographic pairs (l ◦ fε2 , Sε2) such
that Sε2 is connected equals the set of images of complexity one cartographic pairs of (M2, ω2,Φ2)
(see Remark 5.15), this shows that the set of complexity one cartographic images of (M2, ω2,Φ2)
is contained in that of (M1, ω1,Φ1). Reversing the roles of (M1, ω1,Φ1) and (M2, ω2,Φ2) in the
above argument completes the proof. �

5.3 η-cartographic faithful semitoric systems

Let (M,ω,Φ) be a faithful semitoric system. The presence of a focus-focus point implies that
no faithful semitoric system isomorphic to (M,ω,Φ) has a cartographic moment map (see Sec-
tion 2.7). On the other hand, Theorem 5.11 provides cartographic homeomorphisms associated
to choices of vertical cuts. Fix any such cartographic homeomorphism fε; while it is tempting
to think of (M,ω, fε ◦Φ) as an integrable system, the lack of smoothness of fε prevents it from
being one. (If we were to adopt the non-standard convention of Harada and Kaveh [18, Defini-
tion 2.1], (M,ω, fε ◦Φ) would be an integrable system.) The aim of this section is to show that,
in some sense, the next best scenario holds: Given a choice of signs ε with Sε connected, any car-
tographic homeomorphism associated to ε can be modified in an arbitrarily small neighborhood
of the cuts associated to ε so that it becomes everywhere smooth (see Theorem 5.36 for a precise
statement). This smoothing of cartographic homeomorphisms generates representatives in the
isomorphism class of a faithful semitoric system, which we call η-cartographic, that are par-
ticularly useful when defining surgeries on (isomorphism classes of) faithful semitoric systems
(cf. the forthcoming [22]). (The above sentence holds for the finest notion of isomorphism of
faithful semitoric systems given by Definition 4.12 and, therefore, for all.) Moreover, we show
that cartographic homeomorphisms are, in some sense, limits of what we call η-cartographic
embeddings (see Proposition 5.40).
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Throughout the rest of this section, a faithful semitoric system (M,ω,Φ = (J,H)) containing
at least one focus-focus singular point is fixed. (Recall that (M,ω,Φ = (J,H)) is required to
satisfy the generic assumption (F7) throughout.) As above, set B = Φ(M), let {ci}i∈I ⊂ Int(B)
denote the set of focus-focus values of (M,ω,Φ), where I is ordered as in equation (5.3), while lε

denotes the union of the vertical cuts in B associated to a choice of signs ε ∈ {+1,−1}I .
Also let Sε = B r lε denote the complement of those cuts. Finally, assume a cartographic
homeomorphism has positive sign (see Theorem 5.11) unless otherwise stated.

5.3.1 Admissible half-strips for faithful semitoric systems

First, we define the (closed) neighborhoods of vertical half-lines that we use to construct the
smoothing of a given cartographic homeomorphism.

Definition 5.27. Fix ε ∈ {+1,−1}, (x0, y0) ∈ R2, η > 0, and a continuous map γ :
[
x0− η

2 , x0 +
η
2

]
→ R satisfying εy0 > εγ(x) for all x ∈

[
x0 − η

2 , x0 + η
2

]
. A half-strip centered at (x0, y0) of

sign ε and width η with bounding curve γ is the following closed subset of R2:

σεη,γ(x0, y0) :=
{

(x, y) |x0 −
η

2
≤ x ≤ x0 +

η

2
and εy ≥ εγ(x)

}
(see Fig. 5.4). The vertical line {(x, y) |x = x0} is called the center line of the half-strip. When
the center point (x0, y0) and the bounding curve γ are not of particular concern, the half-strip
is denoted by σεη. The base of a half-strip σεη,γ(x0, y0) is the subset

σεη,γ(x0, y0) ∩
{

(x, y) | εy < εy0 +
η

2

}
.

Consider a choice of (countably many) points {(xi, yi)}i∈I , of signs ε ∈ {+1,−1}I , of positive
numbers η ∈ {ηi}i∈I , and of continuous curves γ = {γi}i∈I . Let σεiηi,γi(xi, yi) be the half-strip
centered at (xi, yi) of sign εi and width ηi > 0 with bounding curve γi. Moreover, set

σεη,γ :=
⋃
i

σεiηi,γi(xi, yi),

and denote the above choices of signs, widths and curves by the triple (ε,η,γ).

Definition 5.28. Suppose B ⊂ R2 has the property that its intersection with any vertical line
is either empty or path-connected, and consider a countable set of points {(xi, yi)}i∈I therein.
A triple (ε,η,γ) as above is admissible for the subset B relative to the points {(xi, yi)}i∈I if it
satisfies the following conditions:

• For all i, the base of the half-strip σεiηi,γi(xi, yi) is contained in Int(B).

• If (xi, yi) ∈ σ
εj
ηj ,γj (xj , yj) for i 6= j, then xi = xj .

• Whenever the half-strips σεiηi,γi(xi, yi) and σ
εj
ηj ,γj (xj , yj) share the same center line, ηi = ηj .

• The intersection of any two distinct half-strips is either empty or equal to one of the half-strips.

In this case, the corresponding half-strips are called admissible for B relative to the points
{(xi, yi)}i∈I .

Examples of admissible half-strips are sketched in Fig. 5.4(a) and (b).

Definition 5.29. Let (M,ω,Φ) be a faithful semitoric system whose set of focus-focus values is
indexed by I as in equation (5.3). A triple (ε,η,γ) as in Definition 5.28 and their corresponding
half-strips are admissible for (M,ω,Φ) if they are admissible for B relative to the set of focus-
focus values Bff = {ci}i∈I .
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εi = +1

εj = +1

εi = +1

εj = −1 εj = +1

εi = −1?

?

?

?

(b) (c)(a)

?

?

Figure 5.4. The symbol ? indicates the points at which the half-strips are centered. Figures (a) and (b)

show admissible half-strips with the same center line. Figure (c) shows half-strips that are not admissible.

Before establishing the existence of admissible half-strips for any faithful semitoric system
(Proposition 5.31), we derive the following necessary condition. Recall that the focus-focus
values of a faithful semitoric system are ordered as in Section 5.1.

Proposition 5.30. If (ε,η,γ) is an admissible triple for (M,ω,Φ), then Sε = B r lε is con-
tractible.

Proof. Fix an admissible triple (ε,η,γ). By Lemma 5.8 and Corollary 5.9, it suffices to check
that, if i > j and there are focus-focus points ci = (xi, yi), cj = (xj , yj) with xi = xj , then
εi ≥ εj . Suppose not, then the half-strips σεiηi,γi(xi, yi), σ

εj
ηj ,γj (xj , yj) intersect, but neither is

contained in the other (see Fig. 5.4(c)), thus contradicting admissibility of the given triple. �

Recall that, by Corollary 5.9, Sε is path-connected if and only if it is contractible. The next
result establishes the converse to Proposition 5.30.

Proposition 5.31. Given a faithful semitoric system (M,ω,Φ) with at least one focus-focus
value and any choice ε ∈ {+1,−1}I making Sε path-connected, there exist a choice of positive
numbers η = {ηi}i∈I and of continuous curves γ = {γi}i∈I such that the triple (ε,η,γ) is
admissible for (M,ω,Φ). Moreover, the widths η can be chosen so that if a half-strip σεiηi contains
a corner of B, then it contains precisely one, and that corner lies on the center line of the half-
strip.

Proof. Fix a choice of ε ∈ {+1,−1}I as above and let {ci = (xi, yi)}i∈I denote the set of
focus-focus values of (M,ω,Φ = (J,H)). By Proposition 4.18, the set of first coordinates of
focus-focus values is a subset of the set of critical values of J , which, by property (F5), does
not contain any limit point in J(M). Moreover, focus-focus values are discrete in B and, by
property (F6), there are finitely many of them on a given vertical line. The above facts imply
that there exists a choice of positive numbers η = {ηi}i∈I such that

• if xi = xj , ηi = ηj ,

• if, for i 6= j, xj ∈
[
xi − ηi

2 , xi + ηi
2

]
, then xi = xj , and

• for all i,
[
xi − ηi

2 , xi + ηi
2

]
×
]
εiyi − ηi

2 , εiyi + ηi
2

[
is contained in Int(B).

For each i ∈ I, define γi :
[
xi − ηi

2 , xi + ηi
2

]
→ R to be γi(x) := yi − εi η2 , and set γ = {γi}i∈I . It

can be checked that the triple (ε,η,γ) is admissible for (M,ω,Φ = (J,H)). Moreover, if the ηi’s
are chosen to be sufficiently small then any half-strip that contains a corner contains precisely
one, which lies on the center line of the strip. �
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Henceforth, any admissible triple for a faithful semitoric system is assumed to satisfy the
final property in Proposition 5.31 unless otherwise stated. Corollary 5.10 and Proposition 5.31
readily yield the following result, stated below without proof.

Corollary 5.32. Every faithful semitoric system has an admissible triple.

Fix an admissible triple (ε,η,γ) for (M,ω,Φ = (J,H)). The next results can be interpreted
as showing that the complement of the corresponding half-strips in B behaves like Sε.

Lemma 5.33. If (ε,η,γ) is admissible for a faithful semitoric system (M,ω,Φ), then Brσεη,γ
is open in B.

Proof. As in the proof of Corollary 5.6, it suffices to show that σεη,γ is closed in B. Let
{(xn, yn)} ⊂ σεη,γ be a sequence that converges to (x0, y0) ∈ B and consider the sequence
{xn} = pr1({(xn, yn)}) which converges to x0 ∈ J(M). Since J(M) is locally compact, there
exists a compact neighborhood K ⊂ J(M) of x0. Since xn → x0, it follows that all but finitely
many of the xn are contained in K. Since K is compact and the critical values of J are discrete
in J(M) by property (F5), K contains at most finitely many critical values of J . Therefore, by
property (F6) and Proposition 4.18, there are at most finitely many focus-focus values contained
in pr−1

1 (K)∩B. Hence, all but finitely many of the (xn, yn) are contained in the union of finitely
many admissible half-strips, each of which is a closed subset of R2 and, hence, of B. Thus
(x0, y0) belongs to this union of finitely many admissible half-strips and so to σεη,γ . �

Corollary 5.34. If (ε,η,γ) is admissible for a faithful semitoric system (M,ω,Φ), then Brσεη,γ
is contractible.

Proof. By Lemma 5.33 the subset B rσεη,γ is open in B. If the intersection of B rσεη,γ with
every vertical line were either empty or connected, then Proposition 4.7 would imply that the
subsystem relative to B r σεη,γ would be faithful semitoric, after which Corollary 4.5 would
ensure that B r σεη,γ , the moment map image of that faithful semitoric subsystem, would be
contractible. Thus it suffices to show that the intersection of B r σεη,γ with every vertical line
is either empty or connected. Fix x0 ∈ pr1(B); if x0 /∈ pr1(σεη,γ),(

B r σεη,γ
)
∩ {(x, y) |x = x0} = B ∩ {(x, y) |x = x0},

and the result follows from the fact that (M,ω,Φ) is faithful semitoric. Suppose that x0 ∈
pr1(σεη,γ) and call a half-strip σεkηk,γk(xk, yk) maximal if it is not a proper subset of σ

εj
ηj ,γj (xj , yj) for

any j 6= k. Because the triple (ε,η,γ) is admissible for (M,ω,Φ), there are at most two maximal
half-strips σεiηi,γi(xi, yi), σ

εj
ηj ,γj (xj , yj) with the property that for s = i, j, x0 ∈

[
xs − ηs

2 , xs + ηs
2

]
.

These half-strips are, by definition, disjoint and their bases are contained in Int(B). That
property is sufficient to ensure that

(
B r σεη,γ

)
∩ {(x, y) |x = x0} is connected, as desired. �

Finally, we note that admissible triples behave well under isomorphisms of strict complexity
one systems and taking saturated subsystems.

Corollary 5.35. Let (ε,η,γ) be an admissible triple for the faithful semitoric system (M,ω,Φ).
Then any faithful semitoric system isomorphic to (M,ω,Φ) as a strict complexity one system
inherits an admissible triple, as does any subsystem whose image contains every half-strip of σεη,γ
that it intersects. Moreover, for any cartographic homeomorphism fε associated to ε, (ε,η,γ)
induces an admissible triple for fε(B) relative to the image of the focus-focus values {fε(ci)}i∈I .

Proof. Let (M ′, ω′,Φ′) be a faithful semitoric system isomorphic to (M,ω,Φ) via the iso-
morphism (Ψ, ψ) as strict complexity one systems (see Definition 4.12). The choices ε′ =
sgn(detDψ)ε, η′ = η and γ′ = ψ ◦ γ := {ψ ◦ γi}i∈I define an admissible triple for (M ′, ω′,Φ′)
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because of the special form of ψ (see Definition 4.1) and the connectedness of B, ensuring that
sgn(detDψ) is constant. Any faithful semitoric system whose image contains the half-strips
of σεη,γ that it intersects inherits an admissible triple simply by restriction. Finally, given a car-
tographic homeomorphism fε, the signs ε̃ = sgn(fε)ε, widths η̃ = η and continuous curves
γ̃ = fε ◦ γ := {fε ◦ γi}i∈I define an admissible triple for fε(B) relative to {fε(ci)}i∈i. �

5.3.2 Smoothing

With admissible half-strips at hand, we can state and prove the main result of this section.

Theorem 5.36. Let (M,ω,Φ = (J,H)) be a faithful semitoric system and let ε be a choice of
signs such that Brlε is connected. (The existence of one such ε is guaranteed by Corollary 5.10.)
Given any cartographic homeomorphism fε : B → R2, there exists a smooth embedding Fε : B →
R2 of the form

Fε(x, y) =
(
F

(1)
ε , F

(2)
ε

)
(x, y) =

(
x, F

(2)
ε (x, y)

)
agreeing with fε on the complement of an arbitrarily small neighborhood of lε.

Proof. Let ε be as in the statement and fix an admissible triple (ε,η,γ) for (M,ω,Φ). The
map fε is smooth on the complement of the cuts. As in the proof of Corollary 5.34, say that
a half-strip is maximal if it is not a proper subset of any other half-strip. It is sufficient to
modify fε in the interior of maximal admissible half-strips, and since maximal half-strips are
pairwise disjoint, it suffices to construct the modified map in the interior of each one separately.

Consider a maximal admissible half-strip, say σ
εj
ηj ,γj (xj , yj). Without loss of generality assume

that εj = +1 so as to drop the notational dependence of the half-strip on εj . Moreover, fix an
admissible triple (ε,η′,γ ′) for (M,ω,Φ = (J,H)), where, if i 6= j, η′i = ηi and γ′i = γi, and if
i = j and η′j < ηj and γ′j(x) > γj(x) whenever both make sense.

There are two cases to consider, namely if η′j can be chosen so that ∂B ∩ ση′j ,γ′j = ∅ or not.

Suppose that the former holds; then the set Wj = B ∩ Int(ση′j ,γ′j ) is open in R2. The situation

is sketched in Fig. 5.5(a). Let Γj be an embedded curve in Wj of the form Γj(x) = (x, hj(x)),
where hj is a smooth function, that is disjoint from the cut lεj and is such that Wj rΓj has two
components. Let Kj , Lj be the closures in Wj of the two components of WjrΓj , so Kj∩Lj = Γj ,
and assume without loss of generality that the cut lεj lies in Kj .

Recall that the cartographic homeomorphism fε preserves orientation and is of the special
form

fε(x, y) =
(
f

(1)
ε (x, y), f

(2)
ε (x, y)

)
=
(
x, f

(2)
ε (x, y)

)
.

Therefore, f ◦ Γj(x) =
(
x, f

(2)
ε (x, hj(x))

)
and, since εj = +1, if (x, y) ∈ Kj then y ≥ hj(x) and

f
(2)
ε (x, y) ≥ f (2)

ε (x, hj(x)), as fε is orientation-preserving. Define gj : Kj → R2 by

gj(x, y) :=
(
x, y + f

(2)
ε (x, hj(x))− hj(x)

)
,

which is an orientation-preserving diffeomorphism of Kj onto its image that satisfies

gj(x, hj(x)) = fε(x, hj(x)). (5.10)

Now consider the map

F ′εj : Int(ση′j ,γ′j ) ∩B → R2, (x, y) 7→

{
fε(x, y) if (x, y) ∈ Lj
gj(x, y) if (x, y) ∈ Kj ,
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which is a homeomorphism onto its image by equation (5.10). Furthermore, because F ′εj is
a diffeomorphism on the complement of Γj , which is a closed submanifold of Wj , F

′
εj can be

isotoped to be a diffeomorphism onto the image F ′εj (Wj) via an isotopy that is supported in
an arbitrarily small neighborhood of Γj and is the identity in Lj (cf. Hirsch [19, Chapter 8]).
By construction, F ′εj extends to all of σηj ,γj as a diffeomorphism, say Fεj , on σηj ,γj that agrees
with fε on σηj ,γj rKj . The map Fεj is the desired smoothing.

It remains to consider the case in which an admissible triple (ε,η′,γ ′) as above does not
exist, i.e., for any choices of η′j and γ′j as above, the corresponding half-strip also intersects ∂B
(see Fig. 5.5(b)). In this case, modify the argument as follows. Let Γj ⊂ B ∩ Int(σηj ,γj ) be
chosen as above, and so that all boundary points of Γj also lie in path-connected components
of ∂B0 ∩ Int(σηj ,γj ). Because fε is, by definition, smooth at a boundary point p of Γj , the
map fε and the smooth curve Γj can be extended to a neighborhood of p ∈ R2. Make such an
extension near the one or two boundary points of Γ, and let Wj be an open tubular neighborhood
of the extended curve Γj . Let Kj and Lj be defined as in the first case (enlarged as per the
extension just described), with the map F ′εj defined as above. But to apply the smoothing
argument, restrict attention to Kj ∩Wj and Lj ∩Wj so that Γj is a closed submanifold of an
open manifold, in this case the tubular neighborhood Wj . �

(a) (b)

σj

σ′j

σj

σ′j

Γj Γj

p1
p2

?

?

?

?

? ?

KjKj

Figure 5.5. In the above figures, Kj is the darkest region, while Lj is the region whose shading is

‘medium’. Consider the curve Γj as ‘seam’ and glue the diffeomorphisms smoothly along Γj . (a) sketches

the case ∂B0 ∩ σ′
j = ∅ and (b) sketches ∂B0 ∩ σ′

j 6= ∅.

Definition 5.37. Given an admissible triple (ε,η,γ), a map Fε as constructed in Theorem 5.36
is referred to as an η-cartographic embedding. Moreover, if the dependence on η is to be remem-
bered, an η-cartographic embedding is denoted by Fε,η.

Theorem 5.36 motivates introducing the following notion.

Definition 5.38. A faithful semitoric system is η-cartographic if it admits an admissible triple
(ε,η,γ) and a cartographic homeomorphism fε whose restriction to the complement of the
union of the corresponding admissible half-strips is the identity. If the choice of (ε,η,γ) is to
be remembered, the system is said to be η-cartographic with respect to (ε,η,γ).

The first application of Theorem 5.36 is the following result.

Theorem 5.39. Any faithful semitoric system (M,ω,Φ) is isomorphic, as a semitoric system,
to an η-cartographic one.
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Proof. By Corollary 5.32, (M,ω,Φ) has an admissible triple. Fix one such triple (ε,η,γ)
for (M,ω,Φ) and let fε : B → R2 be the cartographic homeomorphism associated to ε. Let
Fε : B → R2 be the associated smooth η-cartographic embedding constructed in the proof of
Theorem 5.36. The form of Fε implies that, by construction, (M,ω, Fε◦Φ) is a faithful semitoric
system isomorphic to (M,ω,Φ). Moreover, since Fε is orientation-preserving, (M,ω, Fε ◦ Φ)
inherits an admissible triple (ε,η, Fε ◦ γ) by Corollary 5.35. The map fε ◦ F−1

ε : Fε(B)→ R2 is
a cartographic homeomorphism for (M,ω, Fε ◦Φ), which, by definition of Fε, is the identity on
the complement of the admissible half-strips for (M,ω, Fε ◦ Φ) corresponding to (ε,η, Fε ◦ γ).
Therefore, (M,ω, Fε ◦ Φ) is η-cartographic as required. �

To conclude this section, we show that the image of a cartographic homeomorphism can be
seen as a ‘limit’ of the moment map images of η-cartographic systems. To make the above
precise, let (M,ω,Φ) be a faithful semitoric system, fix a choice of signs ε for which Sε is path-
connected (which exists by Corollary 5.10), and fix a cartographic homeomorphism fε associated
to ε. Consider the set consisting of quadruples (ε,η,γ, Fε,η), where (ε,η,γ) is an admissible
triple for (M,ω,Φ = (J,H)) and Fε,η is an η-cartographic embedding constructed starting from
the cartographic homeomorphism fε. On this set, we define a partial order � by setting

(ε,η,γ, Fε,η) � (ε, η̃, γ̃, Fε,η̃),

if and only if ηj ≥ η̃j for all j, and Fε,η(σεη,γ) ⊇ Fε,η̃(σεη̃,γ̃). Note that � is reflexive and tran-

sitive. Moreover, for any two elements (ε,η,γ, Fε,η) and
(
ε, η̃, γ̃, Fε,η̃

)
, there exists an element(

ε, ˜̃η, ˜̃γ, Fε, ˜̃η
)

such that (ε,η,γ, Fε,η) �
(
ε, ˜̃η, ˜̃γ, Fε, ˜̃η

)
and

(
ε, η̃, γ̃, Fε,η̃

)
�
(
ε, ˜̃η, ˜̃γ, Fε, ˜̃η

)
, as

the construction of Fε,η and Fε,η̃ shows. Thus � turns the set of quadruples (ε,η,γ, Fε,η) into
a directed set.

Proposition 5.40. A cartographic moment map image of a faithful semitoric system associated
to a choice of signs whose corresponding cuts do not disconnect the moment map image is the
direct limit of η-cartographic moment map images.

Proof. As above, fix a faithful semitoric system (M,ω,Φ = (J,H)), a choice of signs ε ma-
king Sε path-connected, and a cartographic homeomorphism fε associated to ε. The set of
quadruples (ε,η,γ, Fε,η) is a directed set with the above partial order �. The condition

(ε,η,γ, Fε,η) �
(
ε, η̃, γ̃, Fε,η̃

)
implies that

Fε,η
(
B r σεη,γ

)
⊆ Fε,η̃

(
B r σεη̃,γ̃

)
(5.11)

such that fε(Br lε) coincides with the direct limit in the category of topological spaces given by

lim
−→

Fε,η
(
B r σεη,γ

)
=

(⊔
η

Fε,η
(
B r σεη,γ

))/
∼,

where z ∈ Fε,η
(
Brσεη,γ

)
∼ z̃ ∈ Fε,η̃

(
Brσεη̃,γ̃

)
if z and z̃ get mapped under the corresponding

inclusions in (5.11) to the same point. �
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lagrangiennes singulières et coordonnées action-angle à singularités, C. R. Acad. Sci. Paris Sér. I Math. 308
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