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Figure 10. Quadrangle for edge e.
〈fig:quadrangle2〉

2.4 The geometry of a weight realization

?〈sec:geo weight real〉?2.4.1. Let (ν1, ν2, ν3) be a weight realization. Set ω = (ν1 − ν3, ν2 − ν3) and θ = 1
deg ν3

ν3. For

e ∈ EΛ consider the associated quadrangle. Proposition 5.3 gives values in R2 for the vectors
from s(ẽ) to b(ẽ), to w(ẽ) and to t(ẽ). We identify R2 with C and obtain three complex numbers
qsb(e), qsw(e), ω(e). We set

qb(e) = qsb(e)− 1
2ω(e), qw(e) = qsw(e)− 1

2ω(e). (2.43) eq:sfq

The complex numbers qb(e) and qw(e) are the vectors from the midpoint of the s(ẽ)t(ẽ)-diagonal
to b(ẽ) and w(ẽ), respectively; see Fig. 10.

?〈prop:qbw〉?Proposition 2.8. We have for every perfect matching m′
∑

e∈EΛ
m′(e)qb(e) = (θt −m′t) · (−1

2I + ρm,1) · ω (2.44) eq:mqb

∑

e∈EΛ
m′(e)qw(e) = (θt −m′t) · (−1

2I + ρm,0) · ω (2.45) eq:mqw

Here we view m′ as a column vector of 0’s and 1’s and ω as a column vector of complex numbers.
Note: The perfect matching m appearing on the right-hand side has been fixed for the compu-
tations in §5.3.3. Since the left-hand side does not involve m the results do in fact not depend
on the choice of m.

Proof. Equations (5.14) and (5.15) yield

m′t ·Bm,θ =
∑

b∈P•Λ

θt · diag(βb) · (−1
2I + ρm,1) = θt · (−1

2I + ρm,1) (2.46) eq:mB

m′t ·Wm,θ =
∑

w∈P•Λ

θt · diag(βw) · (−1
2I + ρm,0) = θt · (−1

2I + ρm,0) (2.47) eq:mW

The results (2.44) and (2.45) follow from (2.43), (2.46), (2.47) and Proposition 5.3. �
2.4.2. Subtracting (2.44) from (2.45) we get

∑

e∈EΛ
m′(e)

(
qw(e)− qb(e)

)
= (θt −m′t) · (ρm,0 − ρm,1) · ω (2.48) ?eq:newton image1?

From (2.13) and (2.36) we see that if m′′ ∼ m′, then

(θt −m′′t) · (ρm,0 − ρm,1) · ω = (θt −m′t) · (ρm,0 − ρm,1) · ω. (2.49) ?eq:newton image2?


