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The diagrams AIII1, AIII2, DI2 and EII appearing in Theorem 5.1 whose Lie algebras have
flag manifolds with non-trivial 2-cohomology are outer diagrams. We reproduce them below.
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In these diagrams a simple restricted root α ∈ Σ has rankα = 2 if and only if it is the
restriction of γ, δ ∈ Σ⊥C,arr, that is, we have Σ2 = Σ⊥arr.

The diagrams AIII2, DI2 and EII have no imaginary roots. Hence in these Lie algebras
m = hk is abelian. For AIII1 the imaginary simple roots form an Al Dynkin diagram. So that
in AIII1 we have kIm ≈ su(k) some k, that is, m = su(k) ⊕ z(m) where dim z(m) is the number
of pairs of roots linked double arrows and equals the real rank of the Lie algebra.

Now we use the well known fact that every connected component of M contains an element
that commutes with z(m) to conclude that z(m) is fixed by the whole group M .

Proposition 6.6. Let F = G/P = K/M be the maximal flag manifold associated to the real
form g of the complex simple Lie algebra gC. Then the center z(m) of the Lie algebra m of M is
non-trivial if g is of the type AIII1, AIII2, DI2 or EII. In these cases M centralizes z(m).

Proof. It remains to check only the last statement. For the realization F = G/P we can
take any connected Lie group G with Lie algebra g. If G is complexifiable then any connected
component of M has an element of the form eiH with H ∈ a (see Knapp [5, Section VII.5] for
the precise statement of this result and the notion of complexifiable group). If X ∈ z(m) then
Ad(eiH)X = X because z(m) is contained hk that commutes with a. So that M fixes z(m).
In general, we can take the adjoint representation and find elements in the several connected
components of M that have the form eiHz with z in the center of G. Hence the result follows
as well. �

To conclude this section we describe subalgebras of the real forms that are associated to
rank 2 roots and are isomorphic to sl(2,C). The following lemma can be checked by looking at
the table of Satake diagrams.

Lemma 6.7. Let α and β be simple roots in a Satake diagram that are linked by a double arrow.
Then 〈α, β〉 = 0.

If α is a root of a complex simple Lie algebra gC then the subalgebra gC (α) generated by the
root spaces (gC)±α is isomorphic to sl (2,C). We prove next that the same happens to certain
rank 2 roots of a real form.

Proposition 6.8. Let γ and δ be simple roots in the Satake diagram of real form g. Suppose that
γ and δ are linked by a double arrow and not linked to imaginary roots, that is, γ, δ ∈ Σ⊥C,arr.


