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Using the frieze rule in the above equation one obtains the relation∣∣∣∣∣∣
A B C
E F G
I J K

∣∣∣∣∣∣F = ae− bd = F 2,

from which we deduce (3.1) by cancelling out F 6= 0:∣∣∣∣∣∣
A B C
E F G
I J K

∣∣∣∣∣∣ = F.

Using again Desnanot-Jacobi identity, and then (3.1) one obtains:∣∣∣∣∣∣∣∣
A B C D
E F G H
I J K L
M N O P
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F G H
J K L
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I J K
M N O

∣∣∣∣∣∣ ·
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B C D
F G H
J K L

∣∣∣∣∣∣
= FK − JG,

from which we deduce (3.2) by cancelling out FK − JG = e 6= 0:∣∣∣∣∣∣∣∣
A B C D
E F G H
I J K L
M N O P

∣∣∣∣∣∣∣∣ = 1.

Applying again Desnanot-Jacobi identity to compute the 5× 5-minors and using (3.1) and (3.2)
already established one gets that all 5× 5-minors vanish. Hence (3.3) holds. �

Definition 3.2. A symplectic 2-frieze is called tame if the three conditions (3.1), (3.2) and (3.3)
are all satisfied.

By Proposition 3.1 the symplectic 2-friezes containing no zero entries are all tame. However
the conditions of tame friezes allow to have zero entries, see Examples 3.4 and 3.5 below.

Remark 3.3. Note that generically the three conditions for the tameness property of a sym-
plectic 2-frieze are automatically satisfied according to the arguments given in the proof of
Proposition 3.1. More precisely,

– (3.1) is satisfied for a given (i, j) whenever di,j 6= 0;
– when (3.1) is satisfied, then (3.2) is automatically satisfied for a given (i, j) whenever

di+ 1
2
,j+ 1

2
6= 0;

– when (3.1) and (3.2) are satisfied, then (3.3) is automatically satisfied for a given (i, j)
whenever di+1,j+1 6= 0.

Example 3.4. (a) In the following array of width one, containing a black zero entry, the frieze
rule is satisfied for any values of x.

· · · 0 0 0 0 0 0 0 0 0 · · ·

· · · 1 1 1 1 1 1 1 1 1 · · ·

· · · −1 1 −2 −1 −1 0 −1 x −1− x
2

· · ·

· · · 1 1 1 1 1 1 1 1 1 · · ·

· · · 0 0 0 0 0 0 0 0 0 · · ·


