
22 Tricomplexes and braid group actions

All maps except for

∂1 :Mi,j,k
∼= k∂2ω ⊗Mi,j,k−→k∂2∂1 ⊗Mi,j,k

∼=Mi,j,k

act as identity maps, which is the negative identity map.
Now, summing over k and keeping track of the differential ∂3, we obtain the diagram

∂1

∂1

∂2

∂2

Mi,j

Mi,jMi,j

Mi,j

⊙ ∂3

(3.9)

Here the differential ∂3 points perpendicularly out of the plane.

Proposition 3.1. The following isomorphisms between endofunctors of M3 hold:

U2
r
∼= Ur{1, 1, 0} ⊕ Ur, (3.10a)

UrUr±1Ur
∼= Ur{1, 1, 0}, (3.10b)

UrUs = 0 if |r − s| > 1. (3.10c)

Proof. We start with the first equation. We compute the left hand side as

U2
r (M) =

⊕

i−j=r

Ur(Q⊗Mi,j)

=
⊕

i−j=r

(
⊕

k−l=r

Q⊗ (Q⊗Mi,j)k,l

)

=
⊕

i−j=r

Q⊗ (kω ⊗Mi,j ⊕ k∂2∂1ω ⊗Mi,j)

∼=


⊕

i−j=r

Q⊗ kω ⊗Mi,j


⊕


⊕

i−j=r

Q⊗ k∂2∂1ω ⊗Mi,j




∼= Ur(M)⊕ Ur(M){1, 1, 0} (3.11)


