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Here, in the third equality, we have used that Q ⊗Mi,j has only two terms concentrated on the
line k − l = r (see the above picture (3.9)).

For the second isomorphism, we have (taking the r + 1 case)

UrUr+1Ur(M) =
⊕

i−j=r

UrUr+1(Q⊗Mi,j)

=
⊕

i−j=r

Ur (Q⊗ (k∂1ω ⊗Mi,j))

=
⊕

i−j=r

Q⊗ k∂2ω ⊗ k∂1ω ⊗Mi,j

=
⊕

i−j=r

Q⊗Mi,j{1, 1, 0}

= Ur(M){1, 1, 0} (3.12)

The last isomorphism is easy, and we leave it as an exercise to the reader. �

Remark 3.2. Perhaps the cartoon below, in the scheme of equation (3.9), helps visualizing the
equalities in the above proof. We show this for equation (3.12) as an example. Depict a copy of
Mi,j by a box in the lattices below. A black dot in a box indicates the term contributing to the
functor on the outward arrow.
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(3.13)

There exists a unique morphism in M3

Q⊗Mi,j−→M (3.14)

which takes ω ⊗m to m. This morphism takes ∂1ω ⊗m to ∂1m, etc.
Summing over i, j such that i−j = r, morphisms (3.14) combine into a module homomorphism

inr : Ur(M)−→M (3.15)

natural in M . Thus, inr : Ur =⇒ Id is a natural transformation of functors on M3.
Next, we construct a module homomorphism

M
outr−−→ Ur(M){−1,−1, 0}. (3.16)

Denote by Mν the underlying trigraded vector space of M , while only remembering the Λ′1-
module structure. Consider the map

out :M −→ Q⊗Mν{−1,−1, 0},
m 7→ (−1)i+j (ω ⊗ ∂1∂2(m) + ∂1ω ⊗ ∂2(m)− ∂2ω ⊗ ∂1(m) + ∂1∂2ω ⊗m) ,

(3.17)

where m ∈Mi,j,k is a homogeneous element.


