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where A is a totally ordered set. If τ is a planar binary tree and A = [‖τ‖], then the pair (τ, λ) corresponds
precisely to a levelled tree. If v is an internal vertex of t, we say that v has level λ(v).

The following result seems to be folklore. For proof of this result, see [LR98] (Proposition 2.3).

Proposition 1 ([LR98]). For every integer n ≥ 0, the set of levelled trees with n + 1 leaves is in bijection
with the set of permutations Sn.

The bijection associates to any levelled tree (τ, λ) with n + 1 leaves a permutation σ = σ(τ, λ) ∈ Sn as
follows. Label the leaves of τ with 0, 1, 2, . . . , n (in this order), from left to right. For each 1 ≤ i ≤ n, let vi
be the vertex which lies in between the leaves i− 1 and i. Then σ := σ1σ2 · · ·σn, with σi := λ(vi), see Figure
below.

Figure 1: Examples of levelled trees (τ, λ) in LT and their associated permutations in S1, S2 and S3.

When illustrating a levelled tree (τ, λ), it will be convenient to emphasize the levelling (the map λ) of the
tree without the use of labels on the vertices. To do so, we position each vertex v of the tree τ at the level
λ(v); it is represented by a dot with y-coordinate λ(v). We add straight edges to τ (see figure 2) so that the
level λ(v) is populated with |λ(v)| vertices (in particular, on the first level, we find the root of the tree). In
the resulting tree, all vertices placed on the same level n have an equal distance to the root.

Notice that the resulting unlabeled tree is such that every vertex has either one or two children, and there
is a unique vertex with two children.

We call such a tree a sparse quasi-binary tree. All operations introduced in this section have a convenient
pictorial description using sparse quasi-binary trees.

Figure 2: Example of a levelled tree and its associated sparse quasi-binary tree, before adding straight edges in the
centre and after, on the right.

In summary, we have three equivalent ways to identify the same object:

Permutations
σ : [n]→ [n]

←→ Levelled trees
with n+ 1 leaves ←→ Sparse quasi-binary trees

with n+ 1 generations

We use the symbol t (with super and subscript) for a levelled tree presented either as a permutation σ or
as a pair (τ, λ). The representation of t as a sparse quasi-binary tree will only be used in drawings.


