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We restate this identity at the level of X̄s,t. This task can be done by introducing an operadic composition
L on a collection of words with entries in A different from before. Together with the shuffle product on
levelled trees, this operadic composition yields a structural map L on LT](A). Further properties of L will
turn central in better understanding the composition of the Taylor series for the fields a, b in equation (1.2).

Definition 16 (Faces substitution). We define the collection of vector spaces FS by

FS(n) = A⊗n, n ≥ 1 .

Next, define L : FS ◦ FS → FS as follows. Pick a word U ∈ A⊗p+1 and words Ai ∈ A⊗mi , 1 ≤ i ≤ p + 1,
Ai = (Ai(1) ⊗ · · ·A

i
(mi)

) and set

L(U ⊗A1 ⊗ · · · ⊗Ap)

:=
(
U(1) ·A1

(1)

)
⊗A1

(2) ⊗ · · · ⊗
(
A1

(m1) · U(2) ·A2
(1)

)
⊗ · · · ⊗

(
Ap(mp) · Up

)
.

The word 1⊗ 1 acts as the unit for L.

We denote by FS the graded vector space equal to the direct sum of all vector spaces in the collection FS.
Notice that elements of A are 0-ary operators in the collection FS and, for example, the above formula for L
gives L(U1 ⊗ U(2) ◦A) = U1 ·A · U2 ∈ A, with U(1) ⊗ U(2) ∈ A⊗2.

Proposition 10. FS = (FS, L,1⊗ 1) is an operad.

Proof. The following proposition holds and rests on the associativity of the product on A. �

In the collection FS, a word with length n is an operator with n − 1 entries, the inner gaps between the
letters. So far, a levelled tree was considered as an operator with as many inputs as it has of leaves. However,
there is an alternative way to see such a tree as an operator: by considering the faces of the tree as inputs.
A face is a region enclosed between two consecutive leaves and delimited by two paths of edges meeting at
the least common ancestor, see Fig. 13.

Figure 13: The faces of a levelled tree are indicated with arrows.

We denote by LT# the set of levelled trees graded by the numbers of faces, LT#(n) the set of levelled trees
with n faces, and LT](A) the space LT(A) seen as a graded vector space with LT#(A)(n) = CLT#(n)⊗FS(n).
Notice that the endomorphism X̄s,t we defined in the previous section satisfies:

(X̄s,t − id)(LT#(A)(n)) ⊂
⊕
k<n

LT#(A)(k) .

We also set for any levelled tree τ ∈ LT,

LT#(A)(τ) = Cτ ⊗ FS(‖τ‖) .

The space LT#(A) is equipped with an involution ?LT#(A), defined by

?LT#(A)(A1 ⊗ · · · ⊗Ap τ) = A?p ⊗ · · · ⊗A?1 θ(τ) (3.18)


