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AN UMBRAL CALCULUS FOR POLYNOMIALS
CHARACTERIZING U(n) TENSOR PRODUCTS

BY
STEPHEN C. MILNE (*)

This talk reports on work to appear in [1] that has been done jointly
with L.C. BIEDENHARN and R.A. GUSTAFSON.

In this lecture we continue the study of the connection between the
invariant polynomials

(1) HG((zn) = HG,(In) ((%w + Al))

= ,uG((]n)(Alv oo Apy T2, T3, - y Tn—1,n, fl?n,l)-
characterizing U (n) tensor operators (p,q,...,q,0,...,0), and the classical

theory of symmetric functions as presented in [9], that was established in
[5]. The polynomial MG(S”) (X) arise naturally in the application of symme-
try groups to mathematical physics. One such problem, with applications
to spectroscopy at all levels, is the construction of a suitable basis for the
set of all bounded operators mapping the set of all unitary irreducible
representation spaces of the group into itself. The precise problems that
give rise to HG(gn)(X ) are motivated in more detail and put into a broader
mathematical setting in [2—4].

The above irrep label (p,q,...,q,0,...,0) consists of one p, u ¢’s, and
n — i — 1 0’s. Furthermore, ¢ determines p since Ay + -+ A,, = p+ uq
and we are given ¢, Ay +---+ A, and pu.

Recently in [5-7] an alternate method for explicitly writing down
MG((In)(X ) in polynomial form has been given. These methods provide a
direct connection between the classical theory of symmetric functions as
presented in [9], and the symmetries satisfied by a family of U(n) invariant

polynomials even more general then ung) (X). In [5] it is shown that after
the change of variables

(2) A; =y — 6 T i4+1 = di — 5i—|—1,

(*) Partially supported by a Sloan Foundation Fellowship and NSF grant MCS—-8102032
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Mng)(,Ai,;,aci’Hl?) becomes an integral linear combination of prod-
ucts of Schur functions So(,vi,) - Sg(,d;,) in the variables {v1,..., 7}
and {d1,...,0,}, respectively. (See equation (6) for a definition of
Sx(x1,...,xy,).) That is, it is directly proved that NG((In)(,Ai, P Tiit1s)
is a bisymmetric polynomial in the variables {y1,...,7v,} and {61,...,d,}
with integer coefficients. This motivated the study in [5] of the yet more
general bisymmetric polynomials

(3) MG (1;8) = TG (1, Vi 01, Om)

which are a common generalization of (2.2b) of [2] and equation (2.17) of
[10] with no numerator parameters. These polynomials are given by

Definition 4. — Given that ZLG(()n) (7;9) = 1, we uniquely determine
L”G((In)('y; 9) by means of

(5) PG (i, 0) = > (RS T (=)

SCli, 1<J
HSH_H‘H i€S, jese
—1 _5 (”) L q S). - 0.
X fy] l —1(7’71 X(ZE )777 27)7
1<j i=1 [=1
i€S°, jes €S

where S C I, is a (u + 1)-element subset of {1,2,...,n}, ¥(5) denotes
the sum of the elements in S, and x(A) is 1 if statement A is true and 0,
otherwise.

At this point we need to review some basic facts about the Schur
functions Syx. Let A = (A1, A2,..., A, ...) be a partition, i.e., a (finite
or infinite) sequence of nonnegative integers in decreasing order, A; >
Ag > -+ > Ap.--- such that only finitely many of the \; are nonzero.
The number of nonzero \;, denoted by [()\), is called the length of A. If
> Ai = n, then A is called a partition of weight n, denoted by |A| = n.
Given a partition A = (A1,...,\,) of length < n, the Schur fonctions Sy
are defined by

Aj+n—
det( j)lgi,jgn
(6) Sa(x1,. xp) = =
det( )1§i,j§n
The determinant in the numerator of (6) is divisible in Z[z1,...,z,] by

each of the differences (z;—z;), 1 <1i < j < n, and hence by their product,
which is the Vandermonde determinant

(7a) H (2 — ;) = det (2}~ j)lgi,jgn

1<i<j<n

(7b) =Vo(x1,...,25).
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Thus, the quotient in (6) is a symmetric polynomial in x1, ..., x, with
coefficient in Z. For example, S(,) = h,, and S(i») = e, where h,, and e,
are, respectively, the homogeneous and elementary symmetric functions of
L1y «oey Ty

If Z=my+---+ m,, with m; monomials, then

(8) S\(Z) = Sx(m1+ -+ my) = Sa(x1,...,24)

r; = My,

On the other hand, Sx(—(Z)) is defined symbolically by

(9) S)\(—(Z)) = S)\(—(ml + - —l—mn)) = (—1)‘>\|S)\/(Z),

where || = A1+ - -+, is the sum of the parts of A and )\’ is the conjugate
partition to A. That is, A = (X, A,..., A(y ), with Ap = [[{j | A; = d}].
For example (5,2,1) is the conjugate partition of (3,2,1,1,1). Note
that SA(—(ml + -+ mn)) is not equal to Sx(x1,...,2pn)|z;=—m,. The
definitions given by (8) and (9) are implicit in [9; see Remark (3.10) of
p. 26].

If p = (p1,...,pk), where p; are integers, then denote by (X)” the

monomial z{*...zf* where X = {z1,...,24}. Let the permutations
w € Sk act on subscripts. For example, w(X)? = xﬁ)l(l) . .xﬁ)’“(k). Finally,

let 6 be the partition (k—1,k—2,...,0) and m' the partition consisting
of [ parts equal to m.

Fix p and assume that m —n = v is a constant. Denote the sets of
variables {v1,...,Yu+1}s {Vut2, -5t {71, W}, and {01,...,0m}
by A, B, E and F, respectively. We then have from [5] the following
fundamental

THEOREM 10. — Let L”G((In)(E; F) be defined as in (5). We then have

(-1

(11) 7GUNE;F) = VL(B)

> S\(=F)

>\:(>\17~-7)\u+1)
)\1 Sm

(A)m”+1+5u+1_(AM+17“'7>‘1) (B)Sn_(“+1)

ZLG((;i)l(’yl - 17"'77,&4-1 - 17B7F)

b

where, without loss of generalitly, w acts only on i, ..., v,+1 when

(n)

g1, and €(w) is the sign of the permutation w.

applied to 'G
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Starting with (11) and making direct use of the new symmetries
discovered in [5], it is shown in [1] that the bisymmetric polynomials

L”G((In)(E;F ) are an integral linear commbination of Schur functions
SA\(E — F) in the symbol E — F, where E — F denotes the difference
of the two sets of variables F and F. Making use of properties of
skew Schur functions S/, and Sx(E — F) one puts together an umbral

calculus for Z”‘G(gn)(E ; F'). That is, working entirely with polynomials, one

uniquely determines /TG((ZH) from L”G((;i)l and combinatorial rules (such
as the Littlewood-Richardson rule [9]) involving Ferrers diagrams (i.e.
partitions). The deepest part of this umbral calculus is a summation
theorem, involving many different aspects of the theory of Schur functions,
which essentially reduces the double sum in (11) to the single term in
which A is the empty partition and w is the identity permutation. Here,
we recall a general theorem form [1] which illustrates how the structure

of L”G,(IH)(E ; F') “stabilizes” as v increases while m — n = v remains fixed,
state the umbral claculus for /Tng) (E; F), and just give the final formulas

for /Tng)(E ; F') and /Tng)(E ; F') which are a direct consequence of the
umbral calculus and work in [5].

Before giving these formulas we need some more notation. Let A, p be
partitions. The skew Schur function Sy, is defined by

(12) Sxp(E) =) ¢, - Su(E),
vCA

A

», are the

where v C A means v; < \; for all ¢ > 1, and the integers ¢
Littlewood-Richardson rule coefficients determined by

(13) So(E) - Su(E) =) ), S\(E

Note that Sy,o0 = Sx, where 0 denotes the zero partition. Also, cf;u =0
unless |A| = |p| 4 [v], so that S}/, is homogeneous of degree [A| — |p|, and
is zero if |A| < [p|. In fact, Sy,, = 0 unless p C A.

Given the sets of variables E and F, let E + F' be the set union
{71y Yns 015 - - - ,5m}. There is then the following classical result

(14) AME +F) =Y 85/,(E)S,(F).
pCA
It is immediate from (9) and (14) that
(15a) S\(E—=F) =Y _8,x(E)S,(—F)
pCA
(15b) =D (=118, /A (E) - Sy (F),
pCA
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where p’ is the conjugate partition to p. The above classical formulas can
be found in Chapter I of [9].
We now state a fundamental result of [1].

THEOREM 16. — Fix pp > 0 and k = m — n. There are integers ay g4,
A a partition, ¢ a non-negative integer such that

(17) WG(E;F) =) axSa(E - F),
A

where |\ < (u+ 1)(p+1+k)g and A C [(u+ 1+ k)g]#tDa,

Ifn > (u+1)qg and m > (m + 1+ k)q, then ay 4 is independent of n.
More generally, if S\(E — F') # 0, then ay 4 is independent of n.

A similar “stabilization” theorem involving S, (E) - Sg(F') instead of
Sx\(F — F) was proved in [5]. Just as in [5] it follows from (17) that the
n=(u+1)g and m = (u+ 1 +m — n)q case of (17) gives the correct
formula for mthSI”*”(E; F) for all integers [, when the sets E and F
contain (n + () and (m + [) variables, respectively.

Before stating the umbral calculus for ZlGén) (E; F) we need :

Definition 18. — Let «, § and ~ be the three partitions a =

(()[1,0427...,Oén>7 ﬁ = (ﬁl?ﬁQu"'?ﬁn)v = (’717’}/27"’7’771)' The sum O[—f—ﬁ
and direct sum « @ v are defined by

(19a) a+ 0= (a1+ 1,00+ B2,..., 0+ Gn)
and
(19Db) @y = (1,02, .y QpyY1,V25 s Yim)-

Note that o+ ( is a partition while a @« may not be. In general a7 is
just a (n 4+ m)-tuple.

Definition 20. — Let ¢ = (¢1,¢2,...,¢,) be an n-tuple of non-
negative integers that is not necessarily a partition. If all the coordinates
of (p4+p)=(b1+n—1,¢2+n—2,...,¢0n_1+ 1, ¢,) are distinct, then
there is a unique permutation o4 € S,, that orders the parts of (¢ + ) in
decreasing order. Denote the resulting partition (with distinct parts) by
04(¢ + 0p). In addition, let (¢),, be the partition

(21) (@)o, = 0p(¢+0n) = On.

Now, given any n-tuple ¢ = (¢1, ¢2, ..., ¢y), we determine Sy(E — F') by
means of

(22a) Se(E — F), if the parts of (¢ + 6,,) are not distinct.
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Otherwise,
(22b) Se(E —F) =¢€(0g) - Sg),,(E—F),
where (¢),, is the partition given by (21) and €(oy) is the sign of the

permutation o,. (Note that if ¢ is a partition, then the parts of (¢ + d5,)
are distinct, d, is the identity permutation, and the right-side of (22b) is
simply (Sy(E — F).)

THEOREM 23. — One has

(24) SMX+Y)= ) GaSa(Y)SH(X),

T, aCA

where c,, are the L-R coefficients in (13), and X and Y are two (signed)

T
sums of monomials.

THEOREM 25 (A. Lascoux). — One has
(26) Se(=147,. ., —1+%41) = Y drySy(A),
vCm
where
i 1—1
(27) dry = (=)= 171 det KW Trt Z)} :
vit =0/ g <
and

A= {717’727 < 77u+1}‘

THEOREM 23 appears in [9; see eq. (5.9) on p. 41] and THEOREM 25 is
due to A. Lascoux [8] and can be found in [9; see ex. 10, p. 30].
The first step of the umbral calculus is to compute

(28) ZLG((J@l(’yl_1,72_17"'77u+1_1aB;F)'

This is accomplished by means of the ¢ — 1 case of THEOREM 16, and
TueorEMSs 23 and 25. The second (and deepest) part of the umbral
calculus is to replace S,(A) - So(B — F) in the sum giving (28) by

(29) S(ut14m—n)rt 4)@a) (B — F).

where (29) is determined by the ¢ = (((u+1+m —n)"™ +v) d a) case

of Definition 20. The resulting sum is equal to l’ngn)(E; F). That is, we
have
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THEOREM 30 (umbral calculus). — Let L”Gf;i)l (E; F) be given by
the ¢ — 1 case of (17). For technical reasons assume that the following
inequalities hold : (u+ 1)g < n, m > pu+ 1, m —n = k is constant,
I(v) <p+1, and (o) <n— (u+1). We then have

(31) mGM(B;F) ("3 Za,\q )

A
' { Z Cra o S(((u+1+m—n)u+1+u)@a) (& - F)}’

T, aCA
vCm

where [ < (u+1)(s+1+k)(g—1) and A C [(u+1-+k)(g— 1)] ¢+
and where S(((u+1+m—n)#+1+y)®a) (E — F) is determined by the ¢ =

(((u+14+m—n)H*t! + 1) @ ) case of Definition 20, ¢}, are the L-R
coefficients in (13), and the d, are defined by (27).

THEOREM 1.22 of [5] expressed L”ng)(E; F) as a sum of products of
Schur functions S, (F')-Sg(F'). Using (15b) to rewrite this sum immediately
gives

p+1

(32) mGN (B F) = ()3 Sy e (B = F),

where (11 + 1 -+m —n)**! denotes the partition consisting of (u+ 1) parts
equal to (u+ 1+ m —n).

In [5] it took three pages to write %ng)(E; F') as a sum of products of
Schur functions. Starting with (32) and making use of THEOREM 30 it was
shown in [1] that

(83) 1G5 (5 F) = {S2(D)}” + {~[2513(D) + 2853, (D)
+353,22(D) + 3832 1 (D) + Sa.31(D) + S3.2,12(D)]
+ [S4,2(D) + Sz2,12(D) + 3523 (D) + 3552 (D) + 353 2,1(D)]
+ [283,2(D) + 2552 1(D)] 4 S92 (D)},

where D denotes the set difference E — F'.

Further applications of THEOREMS 16 and 30, as well as detailed proofs,
can be found in [1].
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