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Matroidizing Set Systems
Walter Wenzel, Bielefeld

Assume E is some finite set. Let < --. >: P(E) — P(E) denote a closure operator which by
definition satisfies

FC<F>=<¢F> for FCE
and
<k >C< B> for F CF, CE.

Then we define an anti chain B<..> CP(E) by
Bc.>:={BCE|<B>=E,< B\ {b} ># Efor all b € B}.
Similarly, for any anti chain B C P(E) we define a closure operator < - - - >p: P(E) — P(E) by
<F>g:={e€ E| for B € B with e € B there exists f € Fwith (B\ {e}) U {f} € B}.

If M denotes some matroid defined on F with B as its set of bases and < --- > as its closure
operator, then B=B...5 and <-.. >=< ... >35.

More generally we have

Proposition 1:

Assume B C P(E) is some anti chain and <:->:P(E) — P(E) is some closure operator. Then
the following statements are equivalent:

(i) B=B¢.sand <--->=<... >5.
(i) B=Be..s, and < -« ig the closure operator of some matroid; that means:
For FC F and e, f € E we have

fE<KFU{e}>\<F> iffee< FU{f}>\<F>.
(i) <-reD=g <o 55 and Bis the set of bases of some matroid; that means:
For B1,By € Band b e By \ B, there exists some ¥’ € By \ By with (B \ {6H)u{¥'} € B.

The operations

P:Bro< ->p By,
4 P O Be.s < - >(Be...s)

define maps from the set of ant; chains and the set of closure operators into themselves.

By Proposition 1,P(B) = B and Q(< -+ >) =< --- > iff B is the set of bases of some matroid and
< -+-> is the closure operator of some matroid.
Write

P°(B) := B, P"*1(B) .= P(P™(B))
for any anti chain B C P(E) and
QU >) =< e 3, @M (< e 3) 1= Q< -+ )

for any closure operator < - - - >: P(E) — P(E) and n > 0.
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Proposition 2:

Assume B C P(E) is some anti chain with B # @ and < --- >: P(E) — P(E) denotes some closure
_operator.

(i) For every B’ € B(<...>5) there exists some B € B with B C B'.

(ii) There exists some m = m(#E) < 2™ such that P™+1(B) = P™(B) and
QM (< - >)=QM(< - >).
In particular, P™(B) is the set of bases of some matroid M = M(B) for any anti chain
B C P(E).

(iii) If r denotes the rank of M(B), then

r > min{#B | B € B}.

Definition:
For some anti chain B C P(E) let Tz denote the graph with B as its set of vertices and

Ksg = {{Bl,Bz} l#Bl =#B> = #(31 n Bg) + 1}

as its set of edges.

Remark:

If B is the set of bases of some matroid, then Tz is the base graph of M .
In general, the number of connected components of T's is not less than bp := #{#B | B € B}.

The next two statements yield some more information about relations between B and B(<...>)-

Proposition 3:

If min{#B | B € B} = min{#B | B € B(<..>5)}, then 'z is connected. In particular,
min{#B | B € B} = min{#B | B € B(<...>,)} implies b5 = 1.

Proposition 4:

Assume 2 < n < #E and B C P,(F) with B # &. Put

H:={HCE|B ¢ H for all B € B, but for every e € E\H there exists B € B with B C HU{e}}.

Furthermore, put £ := EUH and

A= Pu(E)0{{e1,...,en-1,H} | H € H,{e1,...,en1} € Pa1(E)\ Pur(H)}-

Then A C Po(E) is some anti chain with B(<...> ,) = B.
Corollary:

For every n € N with n > 2 and every m € N there exists some finite set E and some anti chain
B C P,(E) with P*+1(B) G P*(B) for 0 < k < m.

Conjecture: m(F#E) = O(#E).






