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Abstract. There are left and right actions of the 0-Hecke monoid of the affine sym-
metric group S, on involutions whose cycles are labeled periodically by nonnegative
integers. Using these actions we construct two bijections, which are length-preserving
in an appropriate sense, from the set of involutions in S, to the set of IN-weighted
matchings in the n-element cycle graph. As an application, we show that the bivariate
generating function counting the involutions in S, by length and absolute length is a
rescaled Lucas polynomial. The 0-Hecke monoid of S, also acts on involutions (with-
out any cycle labelling) by Demazure conjugation. The atoms of an involution z € S,
are the minimal length permutations w which transform the identity to z under this
action. We prove that the set of atoms for an involution in S, is naturally a bounded,
graded poset, and give a formula for the set’s minimum and maximum elements.
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1 Introduction

For each integer n > 1, let S, be the affine symmetric group of rank n, consisting of the
bijections w : Z — Z with w(i+n) = w(i) +n foralli € Z and w(1) + w(2) +--- +
w(n) = (”erl) If n =1 then S; = {1}. Assume n > 2, and define s; € S, for i € Z as the
permutation which exchanges i + mn and i + 1 4 mn for each m € Z, while fixing every
integer not congruent to i or i + 1 modulo n. The elements sy, sy, ...,s; generate S,, and
with respect to these generators S, is the Coxeter group of type A, 1.

If W is any Coxeter group with simple generating set S and length function ¢/ : W —
N, then there is a unique associative product o : W x W — W such that wos = w
if {(ws) < ¢(w) and wos = ws if {(ws) > {(w) for w € W and s € S [16, Theorem
7.1]. The product o is often called the Demazure product, and the pair (W, o) is usually
referred to as the 0-Hecke monoid or Richardson—-Springer monoid of (W, S). This extended
abstract discusses three actions of the 0-Hecke monoid of S,. Each action will be on
objects related to the group’s involutions, that is, the elements z € S,, with z2 = 1.
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2 Eric Marberg

Let I, be the set of involutions in the finite symmetric group S,, which we identify
with the parabolic subgroup of S, generated by s1,s,...,s,_1. Elements of I, may be
viewed as matchings on {1,2,...,n}. For example,

(1,4)(2,7)(3,6) € I corresponds to 0/07@. o (1.1)
1 23 456 7 8

One adapts this model to the elements of I, = {z € S, : z2 = 1} by representing
z € I, as the matching on Z in which i and j are connected by an edge whenever
z(i) = j # i = z(j). This gives a bijection between I, and matchings on Z which are
“n-periodic” in the sense of having {i,j} as an edge if and only if {i +n,j+ n} is also
an edge. We can make this model more compact by converting n-periodic matchings on
Z to Z-weighted matchings on {1,2,...,n}: to represent z € I, include the edge {i, ]}
labeled by m € Z whenever i < j and z(i) = j + mn and z(j) = i — mn. For example,

-1

P

o ¢ o0 o0 Yo o (1.2)
1 23 45678

corresponds to z = [[,,ez(1 + mn, 12 + mn)(7 + mn, 10 + mn) (3 + mn, 6 + mn) € I;.

Diagrams of this type are most useful when S, is viewed as a semidirect product S, x

Z"~!. When the structure of S, as a Coxeter group is significant, a better approach is

to view n-periodic matchings as winding diagrams. To construct the winding diagram of

z € I,, arrange 1,2,...,n clockwise on a circle, and whenever i < z(i) = j (mod n),
z(i)—i

connect i to j by an arc winding = — times in the clockwise direction around the circle’s

exterior. For the involution in (1.2), this produces the picture

(1.3)

Formally, a winding diagram is a collection of continuous paths between disjoint pairs of
marked points on the boundary of the plane minus an open disc, up to homotopy. Each
winding diagram corresponds to a unique involution in some affine symmetric group.
Write /(w) for the usual Coxeter length of w € S,, and define the absolute length
¢'(z) of z € I, to be the number of arcs in its winding diagram. Our first main result,
Theorem 2.12, identifies two bijections wr and wy, from I, to the set M, of IN-weighted
matchings in C,, the cycle graph on n vertices. These bijections preserve length and
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absolute length, where the absolute length of an IN-weighted matching is its number of
edges and the length is its number of edges plus twice the sum of their weights. The
images of the element z € I3 in our running example (1.3) are

2 8
'8/I 2* 1/8 I\2°

wr(z) = o7 :.;] and wr(z) = 7 3e
<5 s 5%
1 2

and indeed it holds that ¢/(z) = 3 and ¢(z) = 25. The statement of Theorem 2.12 relies
on the construction of a left and right action of the 0-Hecke monoid of S, on the set of
weighted involutions. As an application, we show that ) .1 g"@xtE) = I jqn Luc, (1 +
q,9x) where Lucy(x,s) is the nth bivariate Lucas polynomial; see Corollary 2.17. This is
an analogue of a more complicated identity proved in [20].

The 0-Hecke monoid of S, also acts directly on I,, by Demazure conjugation: the right
action mapping (z,w) — w lozow for z € I, and w € S,. This monoid action
is a degeneration of the Iwahori-Hecke algebra representation studied by Lusztig and
Vogan in [18, 19]. The orbit of the identity under Demazure conjugation is all of I,
and we define A(z) for z € I, as the set of elements w € S, of minimal length such that
z=w"low. Following [9, 10], we call these permutations the atoms of z. There are a few
reasons why these elements merit further study, beyond their interesting combinatorial
properties. The sets A(z) may be defined for involutions in any Coxeter group and,
in the case of finite Weyl groups, are closely related to the sets W(Y) which Brion [3]
attaches to B-orbit closures Y in a spherical homogeneous space G/H (where G is a
connected complex reductive group, B a Borel subgroup, and H a spherical subgroup).
Results of Hultman [14, 15], extending work of Richardson and Springer [21], show the
atoms to be intimately connected to the Bruhat order of a Coxeter group restricted to its
involutions. Finally, the atoms of involutions in S, play a central role in recent work of
Can, Joyce, Wyser, and Yong on the geometry of the orbits of the orthogonal group on
the type A flag variety; see [4, 5, 24].

Our second objective is to generalise a number of results about the atoms of involu-
tions in finite symmetric groups to the affine case. In Section 3, extending results in [10,
13], we show that there is a natural partial order which makes A(z) for z € [, into a
bounded, graded poset. We conjecture that this poset is a lattice. Generalising results of
Can, Joyce, and Wyser [4, 5], we describe in Section 4 a “local” criterion for membership
in A(z) involving a notion of (affine) standardisation; see Theorem 4.4. Using this result,
one can prove that involutions in S, have what we call the Bruhat covering property. For
i <j#i(modn) lett;=t;e Sn be the permutation which interchanges i + mn and
j+ mn for each m € Z and which fixes all integers not in {i,j} + nZ. The elements t;;
are precisely the reflections in S,,.
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Theorem 1.1 (Bruhat covering property). Ify € I, and t € S, is a reflection, then there exists
at most one z € I, such that {wt : w € A(y) and £(wt) = £(w) + 1} N A(z) # @.

The analogue of this result for involutions in S, was shown in [12], and served as
a key lemma in proofs of “transition formulas” for certain involution Schubert polynomi-
als. We conjecture that the same property holds for arbitrary Coxeter systems, in the
following sense. Let (W,S) be a Coxeter system with length function ¢ : W — IN and
Demazure product o : W x W — W. Suppose w — w* is an automorphism of W with
S* = S. The corresponding set of twisted involutions is I, = {w € W : w™' = w*}. For
y € L let A.(y) be the set of elements of minimal length with (w*) 1 ow =y.
Conjecture 1.2. If y € I, is a twisted involution in an arbitrary Coxeter group and t €
{wsuf1 :w € W, s € S}, then there exists at most one twisted involution z € I, such
that {wt : w € A, (y) and {(wt) = l(w) +1} N AL (z) # @.

We anticipate that these results will be useful in developing a theory of affine involu-
tion Stanley symmetric functions, simultaneously generalising [17] and [9, 11, 8]. For the
sake of brevity, we have omitted in this extended abstract most proofs, which will appear
elsewhere.

2 Weighted involutions

Throughout, let Z be the set of all integers and let N = {0,1,2,... }, and define [n] =
{1,2,...,n} for n € N. For any map w: Z — Z, let

Inv(w) ={(i,j) € ZxZ:i<jand w(i) > w(j)}.

For w € Sy, it then holds that ¢(w) is the number of equivalence classes in Inv(w) under
the relation on Z x Z generated by (i,j) ~ (i +n,j + n) [2, Section 8.3]. For z € I, let

Ciz)={(i,j)eZxZ:i<j=z(i)}

The absolute length ¢/(z) is then similarly the number of equivalence classes in C(z)
under the relation on Z x Z generated by (i,j) ~ (i +n,j+ n).

Definition 2.1. A weighted involution in S, is a pair (w, ) where w € I, and ¢ is a map
C(w) — N with ¢(i,j) = ¢(i +n,j+n) for all (i,j) € C(w). We refer to ¢ as the weight
map of (w, $). Define the weight of (w, ¢) as the number wt(w, ¢) = ¥, ¢(7) where the
sum is over a set of cycles v representing the distinct equivalence classes in C(w) under
the relation (i,j) ~ (i +n,j+n). Let W, be the set of all weighted involutions in S,,.
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Example 2.2. We draw a weighted involution (w, ¢) € W, as the winding diagram of w
with its arcs labeled by the values of ¢. For example, if 01, 6,, 03 € W5 are

J 2

and 0, = (wi, (Pi)/ then wy = t7t310, w2 = topot3 11, and w3 = o3ty 11, while 4)1(1, 2) =2
and ¢1(3,10) =3, $2(3,11) = ¢2(5,7) = 2, and ¢3(2,11) = 2 and ¢3(5,8) = 1.

We identify I, with the subset of weighted involutions of the form (w,0) € W, with
0 denoting the unique weight map C(w) — {0}. We extend ¢ and ¢’ to W, by setting

00) =l(w)+2wt(0) and ' (0) = (w)  for = (w,¢$) € W,.

Given (w,$) € W, define the right form of ¢ to be the map ¢r : Z — N with ¢r(i) =
p(w(i),i) if w(i) < i and with ¢r(i) = 0 otherwise. Likewise, define the left form of ¢ to
be the map ¢ : Z — N with ¢ (i) = ¢(i, w(i)) if i < w(i) and with ¢ (i) = 0 otherwise.
Clearly ¢ and ¢r each determine ¢, given w.

Definition 2.3. Let 0 = (w,¢) € W, and i € Z. We define 071;, 71;0 € W, as follows:

(@) If ¢r(i) > ¢r(i+ 1) then let O7r; = (s;ws;, P) € Wy, where ¢ is the unique weight
map with ¢r(j) = ¢r(i) —1if j=i+1 (mod n), Yr(j) = ¢r(i+1)if j =i (mod n),
and Yr(j) = ¢r(j) otherwise. If pr(i) < ¢r(i + 1) then let 671; = 6.

(b) If pr(i+1) > ¢r(i) then let ;0 = (s;ws;, x) € Wy where yx is the unique weight
map with xp(j) = ¢r(i+1) —1lif j =i (mod n), x.(j) = ¢(i) if j =i+ 1 (mod n),
and x1(j) = ¢r(j) otherwise. If ¢y (i +1) < ¢ (i) then let 71;0 = 6.

Example 2.4. Define 61,6,,03 € Ws as in Example 2.2. Then 01715 = 6,711 = 6 and
6,71, = 63. Form 6, € Ws from 6, by replacing the label of the short arc in the picture in
Example 2.2 by 1 and the label of the long arc by 3. Then 71501 = 65 and 726, = 65.

It may hold that (7;0)7; # m;(67;); for example, if 6 = (w, ) where w = s; € 5, and
$(1,2) =1, then 7190 = (7100) 712 # 110(0712) = 0715 We always have 71; = 71, 1,,.

Proposition 2.5. The left (respectively, right) operators m; satisfy (a) % = 7, (b) T = T T
ifi Zj+1 (modn),and (c) ;7w 17T = M1 forall i, j € Z.
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For each g € S, we may therefore define a right (respectively, left) operator 7, on
Wi by setting 7ty = 7; 71, - - - 7;, where ¢ = s;,8;, - - - 5;, is any reduced expression.

Corollary 2.6. The map g — g defines a right and left action of (Sp, 0) on Wh,.

Theorem-Definition 2.7. Let 0 = (w, ) € W,,. There are unique permutations g, h € S, with
0(g) = £(h) = wt(6) and wt(71g0) = wt(07;,) = 0. Define g.(6) = g~ ' and gr(6) = h, and
set wr(0) = b and wg(0) = O,

Example 2.8. If 01, 6,, 603 € Ws are as in Example 2.2, then we have
wr(01) = wr(02) = wr(03) = t113t50 = \

There is a simple relationship between the left and right versions of these construc-
tions. Define T : Z — Z by 7(i) = n+1—1i and let w* = Twt for w € S,. For
¢ : C(w) — N let ¢* be the map C(w*) — N given by (7(j), T(i)) — ¢(i,]). Extend * to
W, by setting 6% = (w*, ¢*) for 0 = (w, p) € W,. Clearly (6*)* = 6.

Lemma 2.9. If 0 € W, then g1 (6%) = gr(0)* and wr (0*) = wr(6)*.

An involution w € I, has ¢(w) = ¢'(w) if and only if w is a product of commuting
simple generators, i.e.,, w = s;s;, - - - 5, where i; #Z iy £1 (mod n) for all j, k € [I].

Definition 2.10. Define M, as the set of 0 = (w, ¢) € W, with ¢/(w) = {(w).

The elements of M, are in bijection with IN-weighted matchings in C,, the cycle
graph on n vertices, which explains our notation. The set My consists of

a ° ° a b a
1‘\ 1 1 /; m /I
4 2 L 2 4 2e 4 20 4 2 4 2
3 ) N N\ ./
. a a . a b
where a,b € IN are arbitrary. The following is well-known; see [22, A034807].

Proposition 2.11. There are ﬁ(”;k) distinct k-element matchings in Cy,.
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Recall the definition of t;; € Sn fori < j # i (mod n). Let < be the partial order on
M, with (w,¢) < (w',¢’) if and only if w = w’ and ¢(a,b) < ¢'(a,b) for (a,b) € C(w).
Next, define <y as the transitive closure of the relation on I, with z <y tijzt;; whenever
z(i) < iand j = min{e € Z : i < eand z(i) < z(e)}. Finally, define < similarly
as the transitive closure of the relation on I, with z <y t;jzt;j whenever j < z(j) and
i =max{e € Z:e<jand z(e) < z(j)}. The posets (I, <r) and (I, <) are isomorphic
via the map z > z*. One can show that these posets are graded with rank function
Z %E(z), and that both are subposets of the Bruhat order restricted to I;.

Theorem 2.12. The maps wg : (My, <) — (I,,<g) and wyp : (My, <) — (I, <L) are
isomorphisms of partially ordered sets which preserve £ and ('

Consider the following variations of g7(6) and ggr(0) from Theorem-Definition 2.7.

Definition 2.13. For z € I, let 8z and 6; be the unique elements of M, such that
wr(6r) = wr(01) = z, and define ag(z) = gr(6r) € Sy and a1 (z) = g1.(01) € Sy

One can derive a more explicit formula for these elements.

Proposition-Definition 2.14. If aj,ay,...,a, € Z represent the distinct congruence classes
modulo n then there is a unique m € Z and a unique w € S, such that w(m +1i) = a; for
€ [n]. Moreover, it holds that m = 1Y | (a; —i). Define [ay, a2, ...,a,) = w € S,

If ay,a3,...,an € Z represent all congruence classes modulo n, and i} <ip < --- <y
are the indices of the first representative of each class, then we define [a1,4,...,aN] =
i, aiy, ..., ai,] € Su. For example, if n = 3 then [1,0,1,3,8,4,2] = [1,0,8].

Theorem 2.15. Let z € I,, and m € Z. Suppose a1 < ay < --- < ajandd; < dp < --- < d
are the elements of m + [n] with a; < z( i) and z(d;) < d;. Deﬁne b; = z(a;) and ¢; = z(d;).
Then IXR(Z) = [al,bl,az,bz,...,al,bl]* and lXL( ) [Cl,dl,CZ,dz, . Cl,dl]fl

Example 2.16. One has ag(1) = ar(1) =[1,1,2,2,...,n, n]_ =1.1fz =ty gtp7 € I; then
wr(z) = [1,8,2,7]-1 = [3,5,2,0] and a, (z) = [-2.3,-3,4]"1 = [5,3,0,2].
Slightly abusing notation, we write I,;(q,x) = ¥}, g @ x!'@) c N[[qg, x]].

- n k
Corollary 2.17. If n > 1 then I,(q,x) = Z,Eijo L(n;k) <1q_x2> ‘

Proof. Theorem 2.12 implies that I,(q,x) = Yger, 32“1? (gx)"®). By Proposition 2.11,

n

the coefficient of x* in the latter power series is - P A LRy Ly LR L

Corollary 2.18. If n > 3 then I,(g,x) = I,_1(gq,x) + 113;2 L, 2(g,x).

Define #(w) = 1(¢(w) + ¢ (w)) for w € I,. Corollary 2.17 shows that #(w) € IN. Let
N, (m) be the number of involutions w € I, with #(w) = m.
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Corollary 2.19. For each n > 2 and m > 1, it holds that N, (m) = Z]LZ{ZJ nL_](”]—J)(f]'Z:ll)

Remark. The numbers {N,(n)},=123,. = (0,2,3,10,25,71,196,554,1569, ...) are se-
quence [22, A246437], which gives the “type B analog for Motzkin sums.” The numbers
{N, (2n) }u=123,.. = (0,2,3,18,50,215,735,2898, ... ) are sequence [22, A211867].

3 Demazure conjugation

Recall the definition of the Demazure product o : S, xS, — S, from the introduction.
The operation (z,w) — w~'ozow for z € I, and w € S, defines another right action of
the monoid (S, o), which we call Demazure conjugation. If z € I, and i € Z then

sizs; ifz(i) <z(i+1)and (i,i+1) ¢ C(z)
siozos;=<¢zs; ifz(i)<z(i+1)and (i,i+1) € C(z) (3.1)

z otherwise.

Low for some w € S, and we define A(z)

Lo w. For

Every z € I, can be expressed as z = w™
as the set of elements w € S, of shortest possible length such that z = w~
example, if z = t0,5 = [—4, 2, 3, 9] € I~4 then A(Z) = {81525354, 525153854, 53525154}.

The set .A(z) is nonempty for all z € I,, and we refer to its elements as the atoms of
z. Recall from Corollary 2.19 that /(z) = 1(¢(z) + €'(z)). By (3.1), we have:

Proposition 3.1. If z € I, then 0(z) is the common value of £(w) for w € A(z).

Results in [10], building on work of Can, Joyce, and Wyser [4, 5], show that the sets
A(z) for involutions z € I, C I, in the finite symmetric group are naturally bounded,
graded posets. This phenomenon extends to all involutions in S,. Recall the elements
ag(z) and ay (z) from Definitions 2.13.

Definition 3.2. Given z € I, let amin(z) = ar(2z)z and amax(z) = ar(z)z.

Corollary 3.3. Let z € I, and m € Z and define a;, b;, ¢;, d; as in Theorem 2.15. Then amin(z) =
[b1,a1,by,a2,...,b;, 4! and amax(z) = [dy,c1,do,¢2, ..., d;,¢] 7L

Example 3.4. If z = t1 gtp 7 € I then amin(z) = [8,1,7,2] tand amax(z) = [3, —2,4, —3] 1.

Let < 4 be the relation on S, with u < 4 v if and only if u < s; ju = s;v > v for some
i € Z. Let <4 be the transitive closure of < 4.

Theorem 3.5. Let z € I,,. Restricted to A(z), the relation < 4 is a bounded, graded partial order,
and it holds that A(z) = {w € Sy : amin(z) <qw} = {w € Sy w <4 amax(2) } -
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[10,8,0,-1,1,3]

\
/

9,10,0,-1,1,2] [10,7,2,-1,0,3]

\
\
/

8,10,0,—1,3,1] 9,7,4,~1,0,2] [10,6,2,1,~1,3]
T | ]
7,10,2,-1,3,0] [8,9,4,~1,0,1] 9.6,4,1,~1,2]
[6,10,2,1,3,~1] 7,9,4,~1,2,0] [8,6,4,3,—1,1] 9,5,6,1,~2,2]
(6,9,4,1,2,~1] [7,8,4,3,1,0] 8,5,6,3,-2,1]
5,9,6,1,2,2] (6,8,4,3,1,—1] (7,5,8,3,~2,0] (8,4,6,5,3,1]
5,8,6,3,1,-2] 6,7,8,3,~2,~1] (7,4,8,5,3,0]
T ]
4,8,6,51,-3] [5,7,8,3,0,2] (6,4,8,7,~3,—1]

/
\
\

4,7,8,5,0,~3] [5,6,8,7,—3, 2]

/
\

[4,6,8,7,-1,-3]

Figure 1: Hasse diagram of (A(z), <4) for z = ty 12t 11t34 € I

The situation described by the preceding theorem has some formal similarities to
Stembridge’s results in [23, Section 4] about the top and bottom classes of a permutation.

Figure 1 shows an example of (LA(z), < 4). The lattice structure evident in this picture
appears to be typical; we have used a computer to check the following conjecture for
z € I, in the 333,307 cases when 0 < #(z)n < 100.

Conjecture 3.6. The graded poset (A(z), <) is a lattice for all n and z € I,,.

An element w € S, is 321-avoiding if no integers a < b < ¢ have w(a) > w(b) > w(c),
and fully commutative if we cannot write w = us;s;1s;v for u,v € S, and i € Z with
l(w) = (u) + £(v) + 3. The following extends [10, Corollary 6.11] to affine type A.

Corollary 3.7. Let z € I,. The following are equivalent: (a) |A(z)| = 1, (b) amin(z) = &max(2),
(c) ar(z) = ap(z), (d) z is 321-avoiding, and (e) z is fully commutative.

The equivalence of (d) and (e) is well-known; see the results of Green [7, Theorem
2.7], Lam [17, Proposition 35], or Fan and Stembridge [6]. Biagioli, Jouhet, and Nadeau
[1, Proposition 3.3] have derived a length generating function for the involutions in S,
with these equivalent properties.
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4 Local characterisations of atoms

Fix a subset E C [n] of size m. Let ¢r : [m] — E and g : E — [m] be order-preserving
bijections. The standardisation of w € Sy is the permutation [w]g = ¥ (g) oW ° P € Spr.
If w?> =1 and w(E) = E, then ([w]g)? = 1.

The Demazure product o on S, restricts to an associative product S, X S, — S, and
each involution y € I, = I, N S, has A(y) C S,. Can, Joyce, and Wyser’s description of
A(y) for y € I, in [5] implies that w € S, belongs to A(y) if and only if [w]g € A([y]E)
for all subsets E C [n] which are invariant under y and contain at most two y-orbits; see
Corollary 3.19 in [12]. This “local” criterion for membership in A(y) was an important
tool in the proofs of the main results in [12].

This result can be extended to the affine case, provided we give the right definition
of the standardisation of an affine permutation. Fix E C Z with |(E +nZ) N [n]| = m,
and define ¢ ,, as the unique order-preserving Z — E + nZ with ¢g ,([m]) C [n].

Lemma 4.1. Let w € S,. There is a unique order-preserving bijection g o, : w(E) + nZ — Z
with P o w o Pgy € Sy If w € Iy and w(E) = E then $r , and P ,, are inverses.

Given w € S, and E C Z with |(E 4+ nZ) N [n]| = m, define [w]g,, = Ypgmowo Pr, €
Sm- We refer to [w]g , as the (affine) standardisation of w. One has [w]g, = [W]Emnn for
all m € Z. When n is clear from context, we write [w| instead of [w|g,. If E C [n] and

weS, C S~n, then J’E,n'[m] = ¢ and ll;E,w|E = le(E)

Corollary 4.2. IfE C Z,y € I, and y(E) = E, then [y € L.

Example 4.3. Standardisation has a simple interpretation in terms of winding diagrams.
If E = y(E) C Z then the winding diagram of [y]r is formed from that of y € I, by

erasing the vertices in [n] \ (E + nZ) and their incident edges, and then relabelling the
remaining numbers as consecutive integers. If n = 8 and E = {2,4,6,7,8}, then

and

represent y = t; 3ty 1otgs € Ig and [y]g = t1 735 € I5, respectively.

Theorem 4.4. Let y € I,, w € S, and X = [n)Uy([n]). Then w € Aly) if and only if
[w]|g € A([y]g) for each subset E = y(E) C X containing at most two y-orbits.

This result is the starting point for the proof of Theorem 1.1 in the introduction.
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