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Combinatorial Howe duality of symplectic type
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Abstract. We give a symplectic analog of the RSK algorithm for Howe dual pairs of the
form (g, Sp2`), where g is a Lie (super)algebra of classical type. We introduce an analog
of jeu de taquin sliding for spinor model of irreducible characters of a Lie superalgebra
g to define P-tableau, and then define the associated Q-tableau in terms of a symplectic
tableau due to King.
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1 Introduction

Let P be the set of partitions or Young diagrams λ = (λ1, λ2, . . .) and, for n ≥ 1, let
Pn = { λ ∈P | `(λ) ≤ n }, where `(λ) is the length of λ.

Let A be a Z2-graded linearly ordered set and let EA be the exterior algebra generated
by the superspace with a linear basis indexed by A. Then FA = E ∗A ⊗ EA is a semisimple
module over a classical Lie (super)algebra gA, the type of which depends on A, and the
`-fold tensor power F⊗`A (` ≥ 1) is a (gA, Sp2`)-module with the following multiplicity-
free decomposition:

F⊗`A
∼=

⊕
(λ,`)∈P(Sp)A

VgA(λ, `)⊗VSp2`
(λ), (1.1)

where the direct sum is over a set P(Sp)A of pairs (λ, `) ∈ P ×Z+ with `(λ) ≤ `
(see [1, 4, 3, 5, 12, 18] for various choices of A). Here VSp2`

(λ) is the irreducible Sp2`-
module corresponding to λ, and VgA(λ, `) is the irreducible highest weight g-module
corresponding to VSp2`

(λ) appearing in F⊗`A . This decomposition is obtained from a
more general principle called Howe duality [3].

There exists a combinatorial object called a spinor model of type C, which gives
the character of VgA(λ, `) in (1.1) in a uniform way [9]. As a set, the spinor model
TA(λ, `) consists of sequences of usual semistandard tableaux of two-columned shapes
with letters in A, where two adjacent tableaux satisfy certain configuration.
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In this extended abstract, we give an analog of RSK algorithm for (1.1) in terms of
spinor model. More precisely, we construct an explicit bijection

F`
A

//
⊔

λ∈P(Sp)A

TA(λ, `)×K(λ, `) , (1.2)

where F`
A is the set of 2`-tuple of A-semistandard tableaux of single-columned shapes

with letters in A, and K(λ, `) is the set of symplectic tableaux of shape λ due to King
[8] giving the character of VSp2`

(λ). The bijection (1.2) yields the Cauchy type identity
which follows from the decomposition (1.1) for arbitrary A, and it recovers well-known
identities [7, 16, 19] when A is a finite set of homogeneous degree. A full version of this
paper including detailed proofs has appeared in [2].

2 Preliminaries

2.1 Notations

Let Z+ denote the set of non-negative integers. We denote by λ′ = (λ′1, λ′2, . . .) the
conjugate of λ. Let A be a linearly ordered set with a Z2-grading A = A0 t A1. For
example, for a positive integer n, let

[n] = {1 < 2 < · · · < n}, [n] = {n < n− 1 < · · · < 1},
where we assume that all the entries are assumed to be of degree 0. For positive integers
m and n, let Im|n = {1 < 2 < · · · < m < 1′ < 2′ < · · · < n′} with (Im|n)0 = {1 < · · · <
m} and (Im|n)1 = {1′ < · · · < n′}.

For a skew Young diagram λ/µ, let SSTA(λ/µ) be the set of semistandard (or A-
semistandard) tableaux of shape λ/µ, that is, tableaux with entries in A such that (1) the
entries in each row (resp. column) are weakly increasing from left to right (resp. from
top to bottom), (2) the entries in A0 (resp. A1) are strictly increasing in each column
(resp. row).

For a, b, c ∈ Z+, let λ(a, b, c) = (2b+c, 1a)/(1b) be a skew Young diagram with two
columns. For an A-semistandard tableau T with two columns, let TL and TR denote the
left and right columns of T, respectively.

We place a tableau so that its top or bottom edges is parallel with or same as a given
horizontal line L. More precisely, let U1, . . . , Ur be column tableaux (that is, tableaux of
single-columned shapes), which are A-semistandard. For (u1, . . . , ur) ∈ Zr

+, let⌊
U1, . . . , Ur

⌋
(u1,...,ur)

,
⌈
U1, . . . , Ur

⌉(u1,...,ur)

be the tableaux such that the i-th column from the left is Ui and the bottom (resp. top)
edge of Ui is slid by ui positions up (resp. down) from L (see Examples 2.1, 2.4, 3.3, 3.6).
In particular, we do not record the tuple (u1, . . . , ur) when (u1, . . . , ur) = (0, . . . , 0).



Combinatorial Howe duality of symplectic type 3

2.2 Crystal and Schützenberger’s jeu de taquin

Note that Schützenberger’s jeu de taquin is also available for A-semistandard tableaux.
We use this algorithm in terms of crystal operator E and F for sl2 (cf. [13]).

For T =
⌊

TL, TR
⌋
(0,a) ∈ SSTλ(a,b,c) such that

⌊
TL, TR

⌋
(0,a−1) is not A-semistandard, we

define ET and FT to be the tableaux obtained by applying the usual jeu de taquin to the
outer and inner corners of T, respectively. Here we define ET = 0 and FT = 0 when
a = 0 and b = 0, respectively, where 0 is a formal symbol.

Example 2.1. Suppose that A = I4|3.

2 2′

1′ 2′

1′

3′

2
1′ 2′

1′ 2′

3′

2
2′

1′ 2′

1′ 3′

−→ −→E E
←− ←−
F F

L

Now, for (U, V) ∈ SSTA((1u))× SSTA((1v)) (u, v ∈ Z+), we define

X(U, V) =

{
((XT)L, (XT)R) if XT 6= 0,
0 if XT = 0,

(X = E,F), (2.1)

where T is the unique tableau in SSTA(λ(u− k, v− k, k)) for some 0 ≤ k ≤ min{u, v}
such that (TL, TR) = (U, V) and

⌊
TL, TR

⌋
(0,u−k−1) is not A-semistandard. Put ϕ(U, V) =

max{ k |Fk(U, V) 6= 0 } and Fmax(U, V) = Fϕ(U,V)(U, V).
For r ≥ 2, let Er

A be the set of r-tuples of single-columned A-semistandard tableaux.
For (Ur, . . . , U1) ∈ Er

A and 1 ≤ i ≤ r− 1, we define

Xi(Ur, . . . , U1) =

{
(Ur, . . . ,X(Ui+1, Ui), . . . , U1) if X(Ui+1, Ui) 6= 0,
0 if X(Ui+1, Ui) = 0,

(2.2)

where X( · , · ) for X = E,F is defined in (2.1). Then we have the following.

Lemma 2.2 ([2, Lemma 2.3]). Er
A is a regular slr-crystal with respect to Ei and Fi for 1 ≤ i ≤

r− 1.

2.3 Spinor model

Let
P(Sp) = { (λ, `) | ` ≥ 1, λ ∈P` }.

For a ∈ Z+, let
TA(a) =

⊔
c∈Z+

SSTA(λ(a, 0, c)).
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For T ∈ TA(a), we define
LT = (EaT)L, RT = (EaT)R.

Definition 2.3 ([9, Definition 6.7, Definition 6.10]). (1) For a1, a2 ∈ Z+ with a2 ≤ a1 and
(T2, T1) ∈ TA(a2)× TA(a1), we define

T2 ≺ T1 if
⌊
RT2, TL

1
⌋

and
⌊

TR
2 , LT1

⌋
(a2,a1)

are A-semistandard.

(2) For (λ, `) ∈P(Sp), we define

TA(λ, `) = {T = (T`, . . . , T1) | Ti ∈ TA(λi) for all 1 ≤ i ≤ ` and T` ≺ · · · ≺ T1 }.

Put
P(Sp)A = { (λ, `) ∈P(Sp) |TA(λ, `) 6= ∅ }.

Let xA = { xa | a ∈ A } be the set of formal commuting variables indexed by A. For an
A-semistandard tableau T, let xT

A = ∏a∈A xma
a , where ma is the number of occurrences

of a in T. Let t be a variable commuting with all xa (a ∈ A). For (λ, `) ∈ P(Sp)A, we
define the character of TA(λ, `) to be

S(λ,`)(xA) = t` ∑
(T`,...,T1)∈TA(λ,`)

xT`
A · · · x

T1
A . (2.3)

The character S(λ,`)(xA) gives various irreducible characters of Lie (super)algebras under
suitable choices of A (cf. [9]). In particular, it is the character of a finite-dimensional
irreducible sp2n-module when A = [n].

Example 2.4. Suppose A = I4|3 and (λ, `) = ((3, 2, 1), 3). Let T = (T3, T2, T1) be given by

2 2
3 4
1′

1 1
3 2′

1′

2′

2 2′

1′ 2′

1′

3′

3′

T3 T2 T1

where the dotted line is the common bottom line. In this case, T3 ≺ T2 ≺ T1 and so T ∈ TA(λ, `).

Definition 2.5 ([2, Definition 5.1]). Let T = (T`, . . . , T1) ∈ TA(a`)× · · · × TA(a1) be given
for some a1, . . . , a` ∈ Z+. Let λ/µ be a skew diagram with λ, µ ∈P`. We say that

(1) T is of shape λ/µ if

ai = λi − µi, ht(TL
i+1) + µi+1 ≤ ht(TL

i ) + µi (1 ≤ i ≤ `),

where ht(U) denotes the height of a single-columned tableau U,



Combinatorial Howe duality of symplectic type 5

(2) T is A-admissible of shape λ/µ if T is of shape λ/µ and⌊
RTi+1, TL

i
⌋
(µi+1,µi)

and
⌊

TR
i+1, LTi

⌋
(λi+1,λi)

are A-semistandard (1 ≤ i ≤ `− 1).

We denote by TA(λ/µ, `) the set of A-admissible tableaux of shape λ/µ. When T is
of shape λ/µ, let us often identify T with a tableau⌊

T`, . . . , T1
⌋
(µ`,...,µ1)

:=
⌊

TL
` , TR

` , . . . , TL
1 , TR

1
⌋
(µ`,λ`,...,µ1,λ1)

.

3 Symplectic jeu de taquin

3.1 Symplectic jeu de taquin for KN tableaux

Recall that there exists a well-known combinatorial model for the irreducible highest
weight sp2n-module, called Kashiwara–Nakashima tableaux of type C (KN tableaux for
short) [6]. For λ ∈Pn, denote by KNλ the set of KN tableaux of shape λ with letters in
{1 < · · · < n < n < · · · < 1}.

Note that a tableau with letters in {1 < · · · < n < n < · · · < 1} is a KN tableau if
and only if it satisfies the admissibility condition (see [17, Section 4]). With this character-
ization, one can define the set KNλ/µ of admissible tableaux of a skew shape λ/µ with
λ, µ ∈Pn [14, Definition 6.1.1].

For (λ, `) ∈ P(Sp)[n], put ρn(λ, `) = (n − λ`, n − λ`−1, . . . , n − λ1)
′, which is the

conjugate of the rectangular complement of λ in (n`).
For U ∈ SST[n̄]((1m)), let Uc be the tableau in SST[n]((1n−m)) such that k appears in

Uc if and only if k does not appear in U for each k ∈ [n]. For T ∈ Tn(a), define Tad to be
the tableau obtained by putting LT below (RT)c. Then the map T 7−→ Tad is a bijection
from Tn(a) to KN(1n−a) [11, Lemma 3.11]. Moreover, we have a bijection [2, Corollary
5.6]

T[n](λ/µ, `) // KNρn+µ1 (λ,`)/ρµ1 (µ,`)

T =
⌊

T`, . . . , T1
⌋
(µ`,...,µ1)

� // Tad :=
⌈

Tad
` , . . . , Tad

1
⌉ρµ1 (µ,`)

. (3.1)

For T ∈ T[n](λ/µ, `) and an inner corner c of T (if exists), one may apply the symplec-
tic analog of jeu de taquin in [17] (see also [14, Section 6]) to obtain another admissible
tableau, say jdtKN(T, c). It is proved in [14] that there exists a unique KN tableau in
KNν for some ν ∈Pn, which is obtained from T by applying jdtKN successively.

3.2 Symplectic jeu de taquin for spinor model

Note that T ∈ TA(λ/µ, `) does not necessarily correspond to a KN tableau of skew
shape for arbitrary A as in (3.1). In order to define an analog of jeu de taquin, we first
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introduce the notion of n-conjugate of T.
Let us assume that T = (TL

` , TR
` , . . . , TL

1 , TR
1 ) ∈ E2`

A . Then we have a map

E2`
A

//
⊔

µ∈P

SSTA(µ)× SST[2`](µ
′)

U � // (PA(U), QA(U))

,

where PA(U) is obtained by the usual Schensted’s column insertion and QA(U) is the
associated recording tableau.

Definition 3.1. Let T = (T`, . . . , T1) ∈ TA(λ/µ, `) be given and set ν = sh(PA(T)). For
n ≥ `(ν), we define the n-conjugate of T to be the unique tableau T ∈ T[n](λ/µ, `) such that

P[n](T) = Hν and Q[n](T) = QA(T),

where Hν ∈ SST[n](ν) is such that the i-th row from the top is filled with n− i + 1 for 1 ≤ i ≤ n.

Now, let us introduce an analog of jeu de taquin for spinor model. We first consider
the case when ` = 2. Suppose that T = (T2, T1) ∈ TA(a2)× TA(a1) is given for some
a1, a2 ∈ Z+. Let

d(T1, T2) = min
{

d ∈ Z+

∣∣∣ ⌊T2, T1
⌋
(0,d) is A-admissible (of a skew shape)

}
.

We assume that T = (TL
2 , TR

2 , TL
1 , TR

1 ) ∈ E4
A and consider the sl4-crystal structure on E4

A

given in Lemma 2.2.

Definition 3.2 ([2, Section 5.2]). Under the above hypothesis, suppose that d = d(T1, T2) > 0.
Define

jdtspin(T) = T′ = (T′2, T′1)

to be the pair (T′2, T′1) obtained by applying a sequence of crystal operators as follows:

Case 1. Suppose that
⌊
RT2, TL

1
⌋
(0,d−1) is not A-semistandard. Then

T′ := (U4, U3, U2, U1) =

{
F

a2−1
3 E2E

a2
3 T if ε3(E2E

a2
3 T) = 0,

F
a2
3 E2E

a2
3 T if ε3(E2E

a2
3 T) = 1.

(3.2)

Case 2. Suppose that
⌊
RT2, TL

1
⌋
(0,d−1) is A-semistandard, but

⌊
TR

2 , LT1
⌋
(0,d−1) is not. Then

T′ := (U4, U3, U2, U1) = F
a1+1
1 F2E

a1
1 T. (3.3)
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Example 3.3. Suppose that A = I4|3.
(1) The following is an example of Case 1 with ε3(E2E

a2
3 T) = 0.

1 1
2 3
1′ 2′

3′

2 2′

1′ 2′

1′

3′
1
2
1′

1
3
2′

3′

2
1′

1′

3′

2′

2′

1
2
1′

1
3
2′

2
1′

1′

3′

3′

2′

2′

1 1
2 3
1′ 2′

2 2′

1′ 2′

1′

3′

3′

E3 E2

4 3 2 1 4 3 2 1T =
⌊

T2, T1
⌋
(0,1) T′ =

⌊
T′2, T′1

⌋
(2) The following is an example of Case 2.

2 4
3 2′

1′

1 1
2 3
1′ 2′ 2

3
1′

2
4
2′

1
1′

1
3
2′

2
3
1′

2
4
2′

1
3
1′

1
2′ 2 2

3 4
1′ 2′

1 1
3 2′

1′
F2 F1

4 3 2 1 4 3 2 1T =
⌊

T2, T1
⌋
(0,2) T′ =

⌊
T′2, T′1

⌋
(0,1)

One can check that jdtspin is compatible with the n-conjugate for a sufficiently large n,

that is, jdtspin(T) = jdtspin(T). Furthermore, jdtspin can be viewed as a generalization
of jdtKN in the following sense.(

jdtspin(T)
)ad

= jdtKN

(
Tad, c

)
, (3.4)

where ( · )ad is given in (3.1), and c is the inner corner of Tad.
Now consider a general case. Let T = (T`, . . . , T1) ∈ TA(λ/µ, `) be given. Let c be

the inner corner of λ/µ in the i-th column from the right.
Let b be the inner corner of Tad in the (i + 1)-th column from the right, where T is the

n-conjugate of T for a sufficiently large n, and consider jdtKN

(
Tad, b

)
. By Definition

3.2 and (3.4), there exists a composite of operators Ei and Fi, say X, such that(
XT

)ad
= jdtKN

(
Tad, b

)
. (3.5)

We remark that the composite X is independent of the choice of n.

Definition 3.4 ([2, Definition 5.14]). Under the above hypothesis, we define

jdtspin(T, c) = XT. (3.6)
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Theorem 3.5 ([2, Theorem 5.15]). Let T = (T`, . . . , T1) ∈ TA(λ/µ, `) be given. There exists
a unique P(T) ∈ TA(ν, `) for some (ν, `) ∈P(Sp)A, which can be obtained from T by applying
jdtspin( · , c) finitely many times with respect to inner corners c.

Example 3.6. Let T =
⌊

T3, T2, T1
⌋
(0,1,2) be given as below. Then P(T) can be obtained by

P(T) = jdtspin(jdtspin(jdtspin(T, c1), c2), c3) = E4F3F4E2E3T.

2 4
3 2′

1′

1 1
2 3
1′ 2′

3′

c2

2 2′

1′ 2′

1′

3′

c1

c3

2 2
3 4
1′

1 1
3 2′

1′

2′

2 2′

1′ 2′

1′

3′

3′

T =
⌊

T3, T2, T1
⌋
(0,1,2) P(T) =

⌊
T′3, T′2, T′1

⌋

4 Symplectic RSK correspondence

4.1 Oscillating tableaux and King tableaux

An oscillating tableau is a sequence of partitions Q = (Q1, . . . , Qs) for some s ≥ 1 such
that each pair (Qi, Qi+1) differs by one box for 1 ≤ i ≤ s − 1, i.e., Qi/Qi+1 = � or
Qi+1/Qi = �. We say that Q = (Q1, . . . , Qs) is vertical if Q1 ( · · · ( Qr ) · · · ) Qs
for some 1 ≤ r ≤ s and Qr/Q1 and Qr/Qs is a skew diagram of vertical strip. Here
A ( B ⇐⇒ A ⊆ B and A 6= B. We denote by |Q| = s the length of Q = (Q1, . . . , Qs).

Definition 4.1 ([2, Section 6.1]). Let (λ, `) ∈ P(Sp) be given. For n ≥ λ1, define O(λ, `; n)
to be a set of sequences of oscillating tableaux Q = (Q(1) : · · · : Q(`)) such that

- Q is itself an oscillating tableau,

- Q(i) = (Qi,1, . . . , Qi,si) is a vertical oscillating tableau for 1 ≤ i ≤ `,

- `(Qi,j) ≤ n for 1 ≤ i ≤ ` and 1 ≤ j ≤ si,

- Q1,1 = � and Q`,s` = ρn(λ, `).

For Q = (Q(1) : · · · : Q(`)) ∈ O(λ, `; n) with |Q(i)| = si, let σ(Q) = (Q̂(1) : · · · : Q̂(`))
be a sequence of oscillating tableaux Q̂(i) given as follows;

Q̂(i) = ((i) ∪Qi−1,si−1 , (i) ∪Qi,1, . . . , (i) ∪Qi,si) (1 ≤ i ≤ `).
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Here we denote by (i) ∪ Qi,k the partition obtained by adding i to Qi,k as its first part.
Then we show σ(Q) ∈ O(λ, `; n + 1). Indeed, σ : O(λ, `; n) −→ O(λ, `; n + 1) is a
bijection for n ≥ λ1, and induces an equivalence relation on

⊔
n≥λ1

O(λ, `; n) × {n},
where (Q′, m) ∼ (Q, n) if and only if σm−n(Q) = Q′ for Q′ ∈ O(λ, `; m) and Q ∈
O(λ, `; n) with m ≥ n. We define

O(λ, `) = { [Q, n] |Q ∈ O(λ, `; n) (n ≥ λ1) },

where [Q, n] is the equivalence class of Q ∈ O(λ, `; n) with respect to ∼. We call [Q, n]
an oscillating tableau of shape (λ, `).

For (λ, `) ∈ P(Sp), let K(λ, `) be the set of tableaux of shape λ with letters in
{1 < 1 < · · · < ` < `}, whose letters are of degree 0, such that all entries in the ith row
are larger than or equal to i. It is known as the set of King tableaux of shape λ [8]. Based
on [15], we construct a bijection between King tableaux and oscillating tableaux.

Theorem 4.2 ([15, Theorem 2.7], [2, Corollary 6.8]). For λ ⊆ (n`), we have an explicit
bijection

K(λ, `) −→ O(λ, `). (4.1)

4.2 Symplectic RSK correspondence

For a = (a1, . . . , a`) ∈ Z`
+, let TA(a) = TA(a`) × · · · × TA(a1), and Z/(a + 1)Z =

Z/(a`+ 1)Z×· · ·×Z/(a1 + 1)Z, where Z/(a+ 1)Z is understood as the set {0, 1, . . . , a}
for a ∈ Z+, and let F`

A = E2`
A .

Lemma 4.3 ([2, Corollary 7.5]). We have a bijection

F`
A

//
⊔
a

TA(a)×Z/(a + 1)Z

T � // (FmaxT, ϕ(T))

, (4.2)

where

FmaxT = (Fmax(U2`, U2`−1), . . . ,Fmax(U2, U1)),
ϕ(T) = (ϕ(U2`, U2`−1), . . . , ϕ(U2, U1)),

for T = (U2`, . . . , U1) ∈ F`
A and the union is over a ∈ Z`

+ such that TA(a) 6= ∅.

Let T = (T`, . . . , T1) ∈ TA(a) be given. Let us define a recording tableau for P(T)
(see Theorem 3.5). We assume that T ∈ TA(λ/µ, `) for some skew shape λ/µ. Let T
be the n-conjugate of T for a sufficiently large n. Then Tad is a KN tableau of shape
ρn+µ1(λ, `)/ρµ1(µ, `).
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By using an analog of Robinson-Schensted correspondence for KN tableaux of type
C [14, Theorem 5.2.2] and given (c1, . . . , c`) ∈ Z/(a + 1)Z, we obtain an oscillating
tableaux Q(T; n) from Tad such that Q(T; n) ∈ O(λ, `; n) and σ(Q(T; n)) = Q(T; n + 1)
[2, Lemma 6.2]. Then we define

Q(T) = [Q(T; n), n] ∈ O(λ, `).

Theorem 4.4 ([2, Proposition 6.4, Theorem 7.2]). We have a bijection⊔
a∈Z`

+

TA(a)×Z/(a + 1)Z //
⊔

(λ,`)∈P(Sp)A

TA(λ, `)×O(λ, `)

(T, (c1, . . . , c`))
� // (P(T), Q(T))

. (4.3)

Now we consider the composition of the following sequence of bijections (4.2), (4.3),
and (4.1)

F`
A

(4.2)−→
⊔
a

TA(a)×Z/(a + 1)Z

(4.3)−→
⊔
(λ,`)

TA(λ, `)×O(λ, `)
(4.1)−→

⊔
(λ,`)

TA(λ, `)×K(λ, `)

and denote by (P(T), Q(T)) the image of T ∈ F`
A under the above composition.

Theorem 4.5 ([2, Theorem 7.7]). The map T 7→ (P(T), Q(T)) gives a bijection

F`
A

//
⊔

(λ,`)∈P(Sp)A

TA(λ, `)×K(λ, `).

4.3 Cauchy identity

Let z = {z1, . . . , z`} be formal commuting variables, which commutes with x = xA. Let
(λ, `) ∈ P(Sp) be given. For K ∈ K(λ, `), let zK = ∏`

i=1 z
mi−mi
i , where mi (resp. mi) is

the number of occurrences of i (resp. i) in K. Then put

spλ(z) = ∑
K∈K(λ,`)

zK.

It is well-known that spλ(z) is the character of the irreducible highest weight module of
Sp2` with highest weight corresponding to λ [8].

Let U = (U2`, . . . , U1) ∈ F`
A be given with the ht(Ui) = ui. Let xU = ∏2`

i=1 xUi and
zU = ∏`

i=1 zu2i−u2i−1
i . Then we have

chF`
A := ∑

U
xUzU =

`

∏
j=1

∏a∈A0
(1 + xazj)(1 + xaz−1

j )

∏a∈A1
(1− xazj)(1− xaz−1

j )
.
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Theorem 4.6 ([2, Theorem 7.9]). We have the following identity

t`
`

∏
j=1

∏a∈A0
(1 + xazj)(1 + xaz−1

j )

∏a∈A1
(1− xazj)(1− xaz−1

j )
= ∑

(λ,`)∈P(Sp)A

S(λ,`)(xA)spλ(z). (4.4)

We recover well-known identities when A is homogeneous. If A = A0, then (4.4) is
the identity [7, (6.19)]. If A = A1 and ` ≥ n, then (4.4) and the stability of TA(λ, `) [10,
Theorem 6.5] imply the following identity [16, 19]

1

∏n
i=1 ∏`

j=1(1− xizj)(1− xiz−1
j )

= ∑
`(λ)≤n

spλ(z)sλ(x) ∏
1≤i<j≤n

(1− xixj)
−1, (4.5)

where sλ(x) is the Schur polynomial in x1, . . . , xn, and `(λ) is the length of λ.
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