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Abstract. There is a remarkable formula for the principal specialization of a type
A Schubert polynomial as a weighted sum over reduced words. Taking appropriate
limits transforms this to an identity for the backstable Schubert polynomials recently
introduced by Lam, Lee, and Shimozono. We prove some analogues of the latter
formula for principal specializations of Schubert polynomials in classical types B, C,
and D. We also derive some more general identities for Grothendieck polynomials.
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1 Introduction

There is a remarkable formula for the principal specialization Sw(l,q, qz, .. .,q”_l) of
a (type A) Schubert polynomial as a weighted sum over reduced words. Originally a
conjecture of Macdonald [9], this identity was first proved algebraically by Fomin and
Stanley [6]. Billey, Holroyd, and Young [2, 13] have recently found the first bijective
proof of Macdonald’s conjecture.

Here, we identify some apparently new analogues of Macdonald’s identity for the
principal specializations of Schubert polynomials in other classical types. Our methods
are based on the algebraic techniques of Fomin and Stanley [6].

To state our main theorems we need to recall a few definitions. Throughout, we let x;
for i € Z be commuting indeterminates. We use the term word to mean a finite sequence
ayay - - - ap, whose letters belong to some totally ordered alphabet. This alphabet will
usually consist of the integers Z with their usual ordering.

Definition 1.1. A bounded compatible sequence for a word a = ajap---a, is a weakly
increasing sequence of integers i = (i; < ip < --- < iy,) with the property that

ij <ij;1 whenever a; < a;,q and ij < aj whenever 0 < i;.
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Let Compatible(a) denote the set of all such sequences. Giveni = (ij < --- < ip) €
Compatible(a), define x; = x;, - - - xj, and write 0 <iif iy,...,ip are all positive.

Lets; = (i,i+ 1) denote the permutation of Z interchanging i and i + 1. Fix a positive
integer n and let S, := (s1,52,...,5,-1) C Sz := (s; : i € Z). Both S,, and Sz are Coxeter
groups with respect to the generating sets just given. A reduced word for w € Sz is a
word aya; - - - a, of shortest possible length such that w = s, - - S, Let Reduced(w)
denote the set of all such words.

Definition 1.2. The Schubert polynomial of w € S, is

Sy = Z 2 Xi € Z[x1,X2, ..., Xp_1].
acReduced(w) 0<ieCompatible(a)

Schubert polynomials are often defined inductively using divided difference opera-
tors, following the approach of Lascoux and Schiitzenberger. The formula that we have
given is [3, Thm. 1.1]. The identity of Macdonald [9] mentioned above is as follows.

Theorem 1.3 (Fomin and Stanley [6, Thm. 2.4]). If w € S;, then

Gw(ll q, 6]2, ceey qnil) = 2 —[al]q[a[ﬁﬁ'!“[“p]qqcomaj(a).
a=ayay---apEReduced(w)

where comaj(a) := Y, ., i and [a]g := % and [pl,! == [plq- - - [2]4[1]4-

Taking appropriate limits transforms the preceding formula into an identity for the
backstable Schubert polynomials, which may be defined as follows.

Definition 1.4. The backstable Schubert polynomial of w € S, is

F
Sy = 2 Z xi € Z[[...,x_1,%0,X1, -, Xn_1]]-
a€Reduced(w) i€ Compatible(a)

This is the same as the formula for &, except now i = (ii < ip--- < ip) may
contain non-positive integers. If w € S, then Sy (...,0,0,x1,x2,...,x,-1) = Sy, while
Swl(...,x_2,x_1,%0,0,0,...,0) is the Stanley symmetric function of w in the variables x;
fori <0][8, Th(r_n. 3.2].

Note that &, is usually not a polynomial. These power series were introduced
by Lam, Lee, and Shimozono [8] in connection with Schubert calculus on infinite flag
varieties. They also arise as cohomology classes of degeneracy loci in products of flag
varieties [12].

If F € Z[[...,x_1,X0,X1,...,%,-1]] is homogeneous then the formal power series
F(x; — q'~1) obtained by setting x; = '~ ! for all integers i < n is well-defined. The fol-
lowing result is easy to derive from Theorem 1.3 and is also a special case of Theorem 3.3.
In this statement, for a word a = aja; - - - a, we write }_a := Z‘f:l a; and £(a) := p.
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q[‘, a+comaj(a)

(9-1)(g2=1)(g"" 1)
the right hand expression is interpreted as a Laurent series in g~ !.

where

% .
Theorem 1.5. If w € S, then Sy (x; — q’_l) = ZaEReduced(w)

. — — .

Example 1.6. Setting x; = '~ ! in &, gives another formula for &, (x; — ¢' 1) as a sum
over the reduced words for w. The corresponding terms in these two summations need
not agree, however: for a given word a = aqa; - - - a, € Reduced(w), it can happen that

qz a+comaj(a)

(-1)(g°=1)-(qP—1)"

Z q(il—1)+(i2—1)+--~+(ip—1) +

i€Compatible(a)
Ifw= (1, 2) (3,4) and a = ajay = 1,3 then ZiECompatibIe(a) q(i1—1)+~..+(ip—1) is
q(i1_1)+(i2—1) c qz +2q +24+ q—lz[[q—l]]
1>i1<ir<3

an+comaj(u) 5]5 . .
DD @ =1 = =)@ expands into the Laurent series

while (

P g g7+ ) g ) i g+ 2+q 1 Z]g7 ).
For w = (1,2)(3,4) there are only two reduced words and one has

%
6(1’2)(3,4) = ?% + (le +x7 + X3)<?1 + x% + X1X2 + X1X3

where ?d is the symmetric function };, —;, «...j,<0 X Xi, - - - Xj,- One computes

— i 4 _ _ _ _
Sy ) =g = 707 6970+ 5072 + 497 + 3429 + ¢

1
(q=1)(g*=1)(¢"=1)"

Our first new results are versions of the preceding theorem for other classical types.
We begin with type B/C. Given 0 < i < n, define t; = t_; := (i,i+1)(—i,—i—1) and
to := (—1,1). Define WEC := (to,t;,...,t,_1) to be the Coxeter group consisting of the
permutations w of Z with w(i) =i for |i| > n and w(—i) = —w(i) for all i € Z.

A signed reduced word of type B for w € WEC is a word aya, - - - 1, with letters in the
set {-n+1,...,—1,0,1,...,n — 1} of shortest possible length such that w = t, g, - - - ta,-
Let —0 denote a formal symbol distinct from 0 that satisfies —1 < —0 < 0 < 1 and set
t_o:= to. A signed reduced word of type C for w € WEC is a word aqa; - - - ap with letters in

{-n+1,...,-1,-0,0,1,...,n—1} of shortest possible length such that w = t4,t,, - - - ta,-

using either Theorem 1.5 or the formula ‘e 4(371,472,...) =

Let Reducedy (w) and Red ucedét(w) denote these sets of signed reduced words for w.
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Definition 1.7. The type B/C Schubert polynomials of w € WEC are

B .= Z Xi and S = Z Xi = 260(”’)65,
a€Reduceds (w) aeReduced%(w)
ieCompatible(a) i€eCompatible(a)

where {y(w) ;= |{i € Z: w(i) <0 < i}|.

Both &B and & are formal power series in Z[[...,X_1,X0,X1,...,X,-1]]. If we sub-
stitute x; + z; for i > 0 and x; — x_; for i < 0, then GE and Gzcu specialize to the
Schubert polynomials of types B and C defined by Billey and Haiman in [1]; compare
our definition with [1, Thm. 3].

Let Reducedc(w) for w € WEC denote the subset of words in Reducedét(w) whose
letters all belong to {0,1,...,n —1}. In Section 2.2 we sketch a proof the following;:

Theorem 1.8. If w € WBC then

C i— 141)(g"2+1)--- (4P +1 maj(a
Sulxi g ) = L RE v il

a=ayap---apE€Reducedc (w)

where the right hand expression is interpreted as a Laurent series in g~ '.

Example 1.9. If w = (1,—2)(2,—1) € WEC then the set Reduced? (w) has 8 elements,
formed by adding arbitrary signs to the letters in aja2a3 = 0,1,0. One can compute that
&G, _2),_1) = 4ea'er — 4%,

where ¢ := Yoy <ip<-w<iy<0 Xi Xip  + + Xj; as in Example 1.6. It follows that

C i—1 4 -8 -7 -6 -5 —4
S oo X q ) = WM2—EM = +2807°+200 " +1207°+ 857> + 497"
We turn to type D. For 1 <i <mn,letr;=r_;:= (i,i+1)(—i,—i — 1) = t; but define

re=(12)(-1,-2)=t and  rq:=(1,-2)(=1,2) = kot

Let WD := (r_q1,71,72,...,7,_1) be the Coxeter group of permutations w € WEC for
which the number of integers i > 0 with w(i) < 0 is even. A signed reduced word
for w € WP is a word a1ay - - - ap with letters in {-n+1,...,-2,-1,1,2,...,n — 1} of
shortest possible length with w = r,,74, - - - 75 ,- Let Reducedg (w) be the set of such words.

Definition 1.10. The type D Schubert polynomial of w € WP is

D
Sy = E Xi €Z[...,x_1,%0,X1, -, Xn_-1]]-
aeReducedeC(w)
i€Compatible(a)
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If we again substitute x; — z; for i > 0 and x; — x;_; for i < 0, then our definition
of the power series Gf specializes to Billey and Haiman’s formula for the Schubert
polynomial of type D given in [1, Thm. 4].

Suppose a = a1a; - - - ap is a sequence where a; € {+1,4+2,4£3,...,£(n — 1) }. Define

comajp(a) := [{i:a; >0} + ) 2i (1.1)
a;=a;41
where < is the order -1 < -2 < -+ < —n <1 <2 < --- < n. For example, if

a = ajapazay = —1,—2,3,1 then comajy(a) =2+ (2+4) = 8.

Theorem 1.11. If w € WP then

CHE qi_l) = Z (q‘allﬂ)(q‘gz‘ﬂ)'”(q‘aplﬂ)qcomajo(a)

. (>=1)(q*=1)(q°P~1)
a=ayay---apEReduced} (w)

where the right hand expression is interpreted as a Laurent series in g~ .

Example 1.12. If w = (1, —1)(4, —4) € WP then the set Reducedf;(w) has 32 elements,
formed by adding signs to the letters in ayaza3a4asa¢ = 3,2,1,1,2,3 in all ways that give
opposite signs to the two entries with absolute value one. One can compute that

— — — o«
61(31,*1)(4,*4) = x1x2x3 P3 + (x1X2 4+ x1x3 + x2x3) P4+ (x1 +x2 + x3) P5 + P

%
where P, for d > 0 is the Schur P-function %ZZ:O ea(x0,x_1,... Yhg_a(x0,x_1,...). Us-
(gD (g +1)-- (g +1)

(-1 (P—1)-(¢7—1) onecan check that

ing the formula ?d(q_l,q_z,. L) =

. 12,2
&8, 1y o= 0 = i =+ 270 150 47 2 430+ 1,

which agrees with Theorem 1.11.

Setting g = 1 in Theorem 1.5 leads to surprising enumerative formulas involving
reduced words, compatible sequences, and plane partitions [5]. By contrast, the power

series %w, 6B, &S, and GE do not converge upon specializing x; — 1 for all i. It would
be interesting to find variations of our formulas with clearer enumerative content.

The second half of this abstract contains a few other related results. In Section 3,
we extend Theorems 1.5, 1.8, and 1.11 to Grothendieck polynomials. We originally derived
these formulas by adapting the algebraic methods in [6, 7]. It would be interesting to
tind bijective proofs of these identities along the lines of [2].

This extended abstract is an abridged version of [11]. To save space, we have omitted
the proofs of most propositions, while retaining proof sketches for the main theorems.
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2 Principal specializations of Schubert polynomials

This section contains our proofs of Theorems 1.8 and 1.11. Throughout, we fix a positive
integer n and let R be a commutative ring containing Z[[x; : i < n]].

2.1 Nil-Coxeter algebras

The nil-Coxeter algebra introduced in this section figures prominently in [6]. Let (W, S) be
a Coxeter system with length function ¢. Let NilCox = NilCox(W) be the R-module of all
formal R-linear combinations of the symbols u, for w € W. This module has a unique
R-algebra structure with bilinear multiplication satisfying

Uy i L(vw) = £(v) + L(w)
uvuw —
0 if L(vw) < l(v) + £(w)
Choose x,y € R. Given s € S, define hs(x) := 1+ xus € NilCox. One checks thatif s, t € S
and st = ts then hs(x)hs(y) = hs(x +y) and hs(x)he(y) = he(y)hs(x).
We will refer back several times to the following general identity, which is equivalent
to [6, Lem. 5.4] after some minor changes of variables:

forv,w e W.

Lemma 2.1 ([6, Lem. 5.4]). Let t1, t,, ..., ty be some elements of an R-algebra with iden-
tity 1, and suppose g, z1, z2, ... zn are formal variables. Then

0 N . Z” Za ...Z” ma. a
H H(l + q]_lziti) = Z Z (q_l)((;z_zl)m(pqp_l)qco i( )taltaz . 'tap

jzfoo i=1 pZO a1,a2,...,ﬂp

where comaj(a) := Y, ., , i and the coefficients on the right are viewed as Laurent
series in g~ 1.

2.2 Type B/C

Here, let NilCox = NilCox(WEC) denote the nil-Coxeter algebra of type B/C Coxeter sys-
tem (W,S) = (WEC, {to,t1,...,t,_1}) and define h;(x) := 1 + xuy, € NilCox for integers
—n <i<mnand x € R. Recall that t; = f_; so we always have h;(x) = h_;(x). Let
Ai(x) == hy_1(x)hy—p(x) - - - hi(x),
B(x) := hy—1(x) - - - i (x)ho(x)h—1(x) - - - h_py1(x), (2.1)
C(x) :=hy—1(x) - ha(x)ho(x)ho(x)h—1(x) - - - By (x),
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so that ho(x)ho(x) = ho(2x). Finally consider the infinite products in NilCox given by

n—1
H B(x; HA and H C(x H (x;). (2.2)
i——o0 j=—00 i=1

It is straightforward to see that &8 = Y e WBC 6B . uy and 6¢ = Y e WBC SS - uy
Proposition 2.2. It holds that

0 n—1
SB = H <h0(x]) H hi(xH_]' + x])> and &¢= H H h XH_] + x]
Proof of Theorem 1.8. Set x; = g~! in Proposition 2.2, apply Lemma 2.1 with N = n,
zi=1+ ql_l, and t; = u;, ,, and then extract the coefficient of 1. O
23 TypeD

Let NilCox = NilCox(WP) be the nil-Coxeter algebra of (W,S) = (WP, {r_1,71,...,74_1})
and define h;(x) := 1+ xu;, € NilCox for all i € {£1,42,...,+(n—1)} and x € R. Let

Ai(x) == hy_1(x)hy—2(x) - - - hi(x),

Ai(x) := hi(x)hip1 (x) -+ by (x), (2.3)

D(x) :=hy_q(x)---hy(x)h_1(x) - - h_p11(x).
The Coxeter group WP has a unique automorphism w + w* that maps r; + r_; for
1 < i < n. This map extends by linearity to an R-algebra automorphism of NilCox
with u, := u,+«. We have A;(x)* = Aj(x) for 1 < i < n and D(x)* = D(x), while
A1(x)* = hn_l(x)h _2(x) -+ - ha(x)h_1(x). Consider the infinite products

-1

0 n—1
H D(x; 1_[ (x;) and (6®)*:= [T D(x:) [T Ai(xi)* (2.4)
i=1

i=—o00 i=1 i=—o00
It is easy to see that &GP = Y wewp &2 1y and (GP)* = Y wewp &P - 1. In addition:
Proposition 2.3. One has
n—1
H H h_i(Xigoj—1 + Xoj1) [ | hi(xigaj + x2) | -

j=—o0 \i i=1

Proof of Theorem 1.11. By Proposition 2.3 we have
) 0 n—1 ) ) n—1 ) )
&(xi =g = [T ([T (+a ™ +q)w ) TT 1+ 90 +9) w,) |-
j=—c0 \i=1 i=1

Apply Lemma 2.1 with g replaced by g° and N = 2n —2 to the rlght side of the preceding
identity, using the parameters z; = 1 +¢', z, 1., = q(1+¢'), t; = u, , and t, 1; = uy,
for 1 < i < n. Then extract the coefficient of 1. O
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3 Principal specializations of Grothendieck polynomials

In this section we describe some extensions of Theorems 1.5, 1.8, and 1.11 for Grothendieck
polynomials in classical types.

3.1 Id-Coxeter algebras

Again let (W, S) be an arbitrary Coxeter system with length function ¢. We will work in
a generalization of the algebra NilCox(W). Fix an element g € R. Let I[dCoxg = IdCoxg(W)
be the R-module of all formal R-linear combinations of the symbols 7ty for w € W. This
module has a unique R-algebra structure with bilinear multiplication satisfying

forv,w € W, s € S [7, Def. 1], which we call the id-Coxeter algebra of (W, S). For x,y € R
and s € S, define x ®y := x + y + Bxy and hgﬁ)(x) := 1+ x7ts. Then hgﬁ)(x)hgﬁ)(y) =
hgﬁ)(x @ y), and if st = ts then hgﬁ)(x)hgﬁ)(y) = hgﬁ)(y)hgﬁ)(x) [7, Lem. 1].

3.2 Type A

F
Let S, := (s; : i < n) be the Coxeter group of permutations w € Sz with w(i) = i for
all i > n. In this section we write I[dCoxg = IdCoxg( S,) and set 71; := 715, € IdCoxg for

<_
integers i < n. Define Hecke(w) for w € S, to be the set of words a4, - - - ay such that
TTw = ,BN’E(“’) Tl Tla, - - - Tay- Recall the set Compatible(a) from Definition 1.1.

Definition 3.1. The backstable Grothendieck polynomial of w € S,, C ?n is
— o
Gypi= Y. Yo By e ZB][LL. ., 21, X0, X1, -, Xna )

a€Hecke(w) i€ Compatible(a)

The function &, := %w( ..,0,0,x1,x7,...,x,_1) is the ordinary Grothendieck polyno-
mial of w € S,. The power series Gy := %w( .., X3,x2,%1,0,0,...,0) given by setting
x;i — 0fori > 0and x; — x;_; for i < 0 is a symmetric function in the x; variables,
which is usually called the stable Grothendieck polynomial of w € S,. Specializing  — 0

transforms in > 6w from Section 1. The Grothendieck polynomials &, are closely
related to the K-theory of flag varieties and Grassmannians [4, 10].

Fori < n,let K% (x) := 1+ x7; and AP (x) := hP) (x)hﬁsz(x) .- 1P (x). Define

= AP (2, 5) AP (1, 2) AP (2, 1) ]‘[ AP (x) € 1dCoxg.  (3.1)

i=—o00

F
If w € S, then the coefficient of 71, in this expression is &y,.
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Proposition 3.2. It holds that ® = | | R § hgﬁ ) (Xij)-

<_
Theorem 3.3. If w € S, C S, then

< i £(a)—t(w) mai
By(xi— ¢ 1) = Z (q_l)(q@_m...(qé(a)_l)qza+co (@)
acHecke(w)

where the right hand expression is interpreted as a Laurent series in g~ '.

<_
Proof. For w € S, the coefficient of 7, in & is the same as the coefficient of 7, in
F
the product [T" H;:ll hfﬁ ) (xi4j). This coefficient is &, and the theorem follows by

=—00

applying Lemma 2.1 with N = n — 1 and z;t; = g'7;, to the latter expression. ]

There are Grothendieck polynomials in the other classical types [7] which generalize
6B, &5, and GD. We discuss these formal power series next.

3.3 Type B/C

In this section let IdCoxg = IdCoxg(WE®) and write 71; := 71y, € IdCoxg for —n < i < n.
Given a permutation w € WEC, define Hecke (w) and HeckeE (w) to be the sets of words
map - - - ay, with letters in {—-n+1,...,-1,0,1,...,n—1}and {-n+1 < --- < -1 <
—0<0<1<---<n—1},respectively, such that 7, = ﬁN_E(w)nal Tlay -+ Tlay € 1dCoxg,
where 71 := 79 € IdCoxg. Recall that we view —0 as a symbol distinct from 0.

Definition 3.4. The type B/C Grothendieck polynomials of w € WEC are

68.= Y gy and %= Y pli®y
ueHeckeg(w) aeHeckeg(w)
ieCompatible(a) ieCompatible(a)

We may consider the finite sums

88 := Y 68 my €ldCoxg(WEC) and &C:= Y &S m, € ldCoxs(WEC).

weWBC weWpC
Define Agﬁ) (x), B®)(x), and CP)(x) as in (2.1) but with k;(x) replaced by

hgﬁ)(x) =1+axm € IdCox/g(WEC) for —-n <i<mnand x € R.
Then B and &€ are given by (2.2) with A;, B, C replaced by AEﬁ), B, CB), [7, Def.
9] shows that &2 and & are obtained from Kirillov and Naruse’s double Grothendieck
polynomials G2 (a,b; x) and GS(a, b; x) by setting a; — x;, b; — 0, and x; — x{_;.
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Proposition 3.5. It holds that

n—1

B 10 (1) T (B R o B =)
6" = H (hO (X]) th (XH_]'@X]')> and &- = H th (XH_]‘EBJC]').
i=1

j=—o j=—00 i=0

Foraword a = ajay---ap witha; € {-n+1<-- < -1<-0<0<1< - <
n — 1}, let I(a) be the set of indices i € [p] with a; € {1,2,...,n — 1} and define

Ygc(a) ==Y a and comajgc(a) :== Y i (3.2)

icl(a) a;=ai41

where < is the order -0 <0 < -1 <1< -2 <2< .... For example, ifa = —-1,1,-2,1
then Xgc(a) =141 =2 and comajgc(a) =1+2 = 3.
Theorem 3.6. If w € WEC then the following identities hold:

IBf(a)fﬂ(w)
ZlzeHecke:éE(w) (=1)(g2=1)--(g"@ 1)

() @5(3(1‘ N qiil) _ qZBc(a)Jrcomach(a)'

. ((a)—t(w) comai
(b) sz%(xi =g 1) = ZaeHecke(i;(w) (qfl)(qﬁ271)...(qé(a>,1)qZBC(a)Jr Jec(®),

The right hand expressions in both parts are interpreted as Laurent series in g~ 1.

One can check that the second identity reduces to Theorem 1.8 when 8 = 0.

Proof. Part (a) is similar so we just prove (b). As hgﬁ)(xiﬂ Dxj) = hgﬁ)(xj)hgﬁ)(xiﬂ), we

have 8%(x; — ¢ 1) = TI)__IT"0 (1 +¢ 1 - m)(1+4¢/1 g - m) by Proposition 3.5.
The identity for & follows by extracting the coefficient of 71, from the right side after
applying Lemma 2.1 with N = 2n and with zy,zp,...,22, and {4, 1y, ..., t, replaced by
1,1,1,9,1,4%...,1,4" ' and 7y, 7o, 701, 7T1, - -, 1, Tn1- O

34 TypeD

In this section let IdCoxg = 1dCoxg(W?) and 71; := 71, € IdCoxg. Given w € WP, let
Hecke7; (w) be the set of words aja, - - - ay with letters in [+(n —1)] := {£1,42,..., 4+ (n—
1)} SUCh that 7Tw — ﬁN_g(w) ﬂul 7‘[(12 ct 7TaN E IdCOX’B.

Definition 3.7. The type D Grothendieck polynomial of w € WP is
eD:= ) Yy gy

aeHeckeﬁ(w) i€Compatible(a)
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We consider the sum

Y &L 1y € 1dCoxg(WP).

weWP
If we define Al(ﬁ) (x) and D) (x) as in (2.3) but with k;(x) replaced by
WP (x) := 1+ x7; € ldCoxg(WD)  fori e [+(n—1)] and x € R,

then &P is given by the formula in (2.4) with A; and D replaced by Agﬁ ) and D),
Comparing with [7, Def. 9] shows that &5 is obtained from Kirillov and Naruse’s double
Grothendieck polynomial G2 (a, b; x) by substituting a; — x;, b; — 0, and x; — x1_;.

:1 ‘

Proposition 3.8. It holds that &P = H (H n'# [ (Xigoj—1 D X 1)

j=—00

hz( )(xz+2] S x2])) .

I
—_

i

To state an analogue of Theorem 1.11 for &L, we must consider the ordered alphabet
{V<-1<-2"<-2<--.<-n<-n<1"<1<2<2<---<n<n}If
w € WP then let PrimedHecke% (w) denote the set of words in this alphabet which become
elements of Hecke%(w) when all primes are removed. Given such a word a = aa; - - - ay,
let J(a) be the set of indices i € [p] for which a; is unprimed, and define Xp(a) :=
Yicj(a) |ail and comajy(a) = [{i : a; € {1',1,2),2,... }}| + ¥4,<q,,, 2i- For example, if
a= 2’ —1’,—1,-3,2 then Xp(a) = 6 and comajy(a ) = 20.

Theorem 3.9. If w € WP then

- C(a)—t(w) mai
65;(3(71' — 071 1) = 2 (qz_l)(‘i_l),,,(qzk‘(:x)_l)qZD(a)+CO A (@)

a€PrimedHecke}; (w)

where the right hand expression is interpreted as a Laurent series in g~

As with Theorem 3.6, this identity reduces to Theorem 1.11 when 8 = 0.

Proof. Proposition 3.8 implies that &P (x; — g/~ 1) is

I (1

j=—00 \ i

1

L+ ) (1?0 g )

—

_ =

n—

(1 + q2(jfl) .q- 71-1,)(1 + qZ(j*l) . qurl . ﬂi)) .
i=1

The identity for &L follows by extracting the coefficient of 7, from this expression, using
Lemma 2.1 with g replaced by g% and with N = 4n — 4. When applying the lemma, we
set zl,zz,.. zz,l 2 (respectively, zo,—1,2on,...,24n—4) to 1,4, 1,q2, 1,q3 ... (respectively,
q,q q,q q, ..), while taking t;,t,...,t,—2 (respectively, t,_1,tu, ..., ta4y—a) to be
TT_1,7T_1,T_2,T_y,... (respectively, rt1, 711, 712, T2, . . ). O
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