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Abstract. We introduce a new generalisation of partitions, multi-grounded partitions,
related to ground state paths indexed by dominant weights of Lie algebras. We use
these to express characters of irreducible highest weight modules of Kac–Moody alge-
bras of affine type as generating functions for multi-grounded partitions, and obtain
new non-specialised character formulas.
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1 Introduction and statement of results

Let g be a Kac–Moody affine Lie algebra and let h∗ be the dual of its Cartan subalgebra.
Let P+ be the set of dominant integral weights, and L(λ) an irreducible highest weight
g-module of highest weight λ ∈ P+. Then the character of L(λ) is defined as

ch(L(λ)) = ∑
µ∈h∗

dim L(λ)µ · eµ,

where e is a formal exponential, and dim L(λ)µ is the dimension of the weight space
L(λ)µ. Character formulas have been widely studied, starting with the famous Weyl–
Kac character formula [8]:

ch(L(λ)) = ∑w∈W sgn(w)ew(λ+ρ)−ρ

∏α∈∆+(1 − e−α)dimgα
, (1.1)

where W is the Weyl group of g, ∆+ the set of positive roots of g, sgn(w) the signature
of w, ρ ∈ h∗ the Weyl vector, and gα the α root space of g.

*Partially supported by the ANR COMBINé ANR-19-CE48-0011 and the project IMPULSION of IDEX-
LYON.

†konan@math.univ-lyon1.fr. Supported by the LABEX MILYON (ANR-10-LABX-0070) of Université
de Lyon, within the program ”Investissements d’Avenir” (ANR-11-IDEX-0007) operated by the French
National Research Agency (ANR).

mailto:konan@math.univ-lyon1.fr


2 J. Dousse and I. Konan

Equation (1.1) is beautiful, but it is not so well suited to compute characters in prac-
tice. Moreover, even though by definition e−λch(L(λ)) is a series with positive coeffi-
cients in the e−αi ’s, this positivity is not explicit from the formulation in (1.1). We now
briefly explain what solutions have been given to work around these issues, and present
a new method which allows us to give simple non-specialised character formulas using
perfect crystals and a new generalisation of integer partitions.

The first solution to obtain simple character formulas is to perform certain speciali-
sations, i.e. for each of the simple roots αi, applying the transformations e−αi → qsi for
some integer si. Using this method, it is possible to transform the Weyl–Kac character
formula into infinite products. In particular, the principal specialisation, where e−αi → q
for all i, has been widely exploited in the theory of partition identities related to repre-
sentations of affine Lie algebras, see for example [2, 6, 14, 15]. Lepowsky and Milne [12]
were the first to expose the connection by noting that up to a (q; q2)∞ factor, the princi-
pal specialisation of the Weyl–Kac character formula for level 3 standard modules of the
affine Lie algebra A(1)

1 is the product side of the Rogers–Ramanujan identities:

∑
n≥0

qn(n+i)

(q; q)n
=

1
(q1+i, q4−i; q5)∞

, i ∈ {0, 1}.

Here and in the whole paper, we use the standard q-series notation: for n ∈ N ∪ {∞}
and j ∈ N, (a; q)n := ∏n−1

k=0 (1 − aqk) and (a1, . . . , aj; q)n := (a1; q) · · · (aj; q).
Lepowsky and Wilson [13] later gave an interpretation of the sum side by construct-

ing a basis of these standard modules using vertex operators. Their method has then
led to the discovery of many new q-series and partition identities, see, e.g., [2, 15, 17,
19]. However, without performing a specialisation, it is in general difficult to reduce the
Weyl–Kac character formula to obtain a combinatorially simple character formula.

On the other hand, Bartlett and Warnaar [1] gave non-specialised formulas with ex-
plicitly positive coefficients for the characters of certain highest weight modules of the
affine Lie algebras C(1)

n , A(2)
2n , and D(2)

n+1 as sums using Hall–Littlewood polynomials.

This led them to generalisations for the Macdonald identities for B(1)
n , C(1)

n , A(2)
2n−1, A(2)

2n ,

and D(2)
n+1. Using Macdonald–Koornwinder theory, Rains and Warnaar [18] found addi-

tional character formulas for these Lie algebras, together with new Rogers–Ramanujan
type identities.

In a different direction, Kang, Kashiwara, Misra, Miwa, Nakashima, and Nakayashi-
ki [9, 10] introduced the theory of perfect crystals to study the irreducible highest weight
modules over quantum affine algebras. The proved the so-called “(KMN)2 crystal base
character formula” [9],

ch(L(λ)) = ∑
p∈P(λ)

ewt p,
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which expresses the character ch(L(λ)) as a series indexed by λ-paths (see Section 2).
Here the weight wtp is computed using the energy function of a perfect crystal.

Primc [16] was the first to use this character formula to give new Rogers–Ramanujan
type identities related to the level 1 standard modules of A(1)

1 and A(1)
2 . The product side

came from the principally specialised Weyl–Kac character formula again, while the sum
side came from the principally specialised (KMN)2 crystal base character formula. In a
couple of previous papers [3, 4], we generalised Primc’s identities to A(1)

n−1 for all n, and
managed to avoid doing a specialisation. To do this, we established a bijection between
λ-paths and a new generalisation of partitions, in the case where the ground state path
is constant.

But the case of standard modules whose ground state paths are not constant was still
open, and the goal of [5], of which this article is an extended abstract, was to extend our
method to treat this case as well. To do so, we introduced so-called “multi-grounded
partitions”. We explain their connection with crystals and characters in Section 2. Our
main result is a character formula using generating functions for multi-grounded parti-
tions (see Theorem 2.7). We proved it by transforming the (KMN)2 crystal base character
formula using a bijection with λ-paths. One big advantage of this formula is that one
does not need to perform a specialisation, and that, being generating functions for com-
binatorial objects, the series always have obviously positive coefficients. Moreover, as
we shall see on an example (Theorem 1.1) in Section 3, these generating functions are
relatively easy to compute in practice.

In [5], we used multi-grounded partitions to compute new character formulas for
irreducible highest weight level one modules of classical Lie algebras. All these formulas
are non-specialised, with obviously positive coefficients, and are either infinite products
or sums of two infinite products.

Let G = G(x1, . . . , xn) be a power series in several variables x1, . . . , xn. For k ≤ n, we
denote by Ex1,...,xk(G) the sub-series of G where we only keep the terms in which the
sum of the powers of x1, . . . , xk is even. Note that if G has only positive coefficients, then
the same is true for Ex1,...,xk(G) for all k. There is a simple formula to obtain Ex1,...,xk(G)
from G:

Ex1,...,xk(G) =
1
2

(
G(x1, . . . , xk, xk+1, . . . , xn) + G(−x1, . . . ,−xk, xk+1, . . . , xn)

)
. (1.2)

Our character formulas are the following.

Theorem 1.1. Let n ≥ 3, and let Λ0, . . . , Λn be the fundamental weights and α0, . . . , αn be the
simple roots of A(2)

2n−1. Let δ = α0 + α1 + 2α2 + · · ·+ 2αn−1 + αn be the null root. Set

q = e−δ/2, ci = eαi+···+αn−1+αn/2 for all i ∈ {1, . . . , n},

and Πa,b =
b

∏
k=a

(−ckq2; q2)∞(−c−1
k ; q2)∞.



4 J. Dousse and I. Konan

We have

e−Λ0ch(L(Λ0)) = Ec1,...,cn

(
(q2; q4)∞Π1,n

)
, (1.3)

e−Λ1ch(L(Λ1)) = Ec1,...,cn

(
(q2; q4)∞(−c1q3; q2)∞(−c−1

1 q−1; q2)∞Π2,n

)
.

The next theorem concerns the Lie algebra B(1)
n . Note that the second author proved

a character formula for L(Λn), another level 1 module, in [11].

Theorem 1.2. Let n ≥ 3, and let Λ0, . . . , Λn be the fundamental weights and α0, . . . , αn be the
simple roots of B(1)

n . Let δ = α0 + α1 + 2α2 + · · ·+ 2αn be the null root. Set

q = e−δ/2, c0 = 1, ci = eαi+···+αn−1+αn for all i ∈ {1, . . . , n},

and Πa,b =
b

∏
k=a

(−ckq2; q2)∞(−c−1
k ; q2)∞.

We have

e−Λ0ch(L(Λ0)) = Ec0,c1,...,cn

(
(−c0q; q2)∞Π1,n

)
,

e−Λ1ch(L(Λ1)) = Ec0,c1,...,cn

(
(−c0q; q2)∞(−c1q3; q2)∞(−c−1

1 q−1; q2)∞Π2,n

)
.

We conclude with the four level 1 standard modules of D(1)
n .

Theorem 1.3. Let n ≥ 4, and let Λ0, . . . , Λn be the fundamental weights and α0, . . . , αn be the
simple roots of D(1)

n . Let δ = α0 + α1 + 2α2 + · · ·+ 2αn−2 + αn−1 + αn is the null root. Set

q = e−δ/2, ci = eαi+···+αn−2+αn−1/2+αn/2 for all i ∈ {1, . . . , n},

and Πa,b =
b

∏
k=a

(−ckq2; q2)∞(−c−1
k ; q2)∞.

We have

e−Λ0ch(L(Λ0)) = Ec1,...,cn Π1,n,

e−Λ1ch(L(Λ1)) = Ec1,...,cn

(
(−c1q3; q2)∞(−c−1

1 q−1; q2)∞Π2,n

)
,

e−Λn−1ch(L(Λn−1)) = Ec1,...,cn

(
(−cn; q2)∞(−c−1

n q2; q2)∞Π1,n−1

)
,

e−Λnch(L(Λn)) = Ec1,...,cn

(
(−cnq2; q2)∞(−c−1

n ; q2)∞Π1,n−1

)
.

Some more formulas of the same kind, but involving only products (not sums of
products), can be found in Wakimoto’s book [20, pages 50–58].
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2 Perfect crystals and multi-grounded partitions

In this section, we define multi-grounded partitions and make the connection with char-
acters of Lie algebra modules. We start by briefly recalling the theory of perfect crys-
tals [7]. Let g be an affine Kac–Moody algebra with simple positive roots α0, · · · , αn and
with null root δ = d0α0 + · · · + dnαn. For λ ∈ P+, let B(λ) be the crystal graph of a
crystal basis of L(λ). For an integer level ℓ ≥ 1 and a weight λ ∈ P+

ℓ , Kashiwara et
al. [9, Section 1.4] define the notion of a perfect crystal B of level ℓ, an energy function
H : B ⊗ B → Z, and a particular element

pλ =
(

gk)
∞
k=0 = · · · ⊗ gk+1 ⊗ gk ⊗ · · · ⊗ g1 ⊗ g0 ∈ B∞,

called the ground state path of weight λ. From this they consider all elements of the form

p = (pk)
∞
k=0 = · · · ⊗ pk+1 ⊗ pk ⊗ · · · ⊗ p1 ⊗ p0 ∈ B∞,

which satisfy pk = gk for large enough k. Such elements are called λ-paths; their collec-
tive set is denoted P(λ). The crystal B(λ) can then be realised on the set of λ-paths, in
particular the affine weight function is given by the following theorem.

Theorem 2.1 ((KMN)2 crystal base character formula [9]). Let λ ∈ P+
ℓ , let H be an energy

function on B ⊗ B, and let p = (pk)
∞
k=0 ∈ P(λ). Then the weight of p and the character of the

irreducible highest weight Uq(ĝ)-module L(λ) are given by the following expressions:

wtp = λ +
∞

∑
k=0

(
(wtpk − wtgk)−

δ

d0

∞

∑
j=k

(H(pj+1 ⊗ pj)− H(gj+1 ⊗ gj))

)
,

ch(L(λ)) = ∑
p∈P(λ)

ewtp.

To make the connection between character formulas and partitions, we introduce the
concept of multi-grounded partitions.

Definition 2.2. Let C be a set of colours, and let ZC = {kc : k ∈ Z, c ∈ C} be the set of
integers coloured with the colours of C. Let ≻ be a binary relation defined on ZC . A
generalised coloured partition with relation ≻ is a finite sequence (π0, . . . , πs) of coloured
integers, such that for all i ∈ {0, . . . , s − 1}, πi ≻ πi+1.

In the following, if π = (π0, . . . , πs) is a generalised coloured partition, then c(πi) ∈ C
denotes the colour of the part πi. The quantity |π| = π0 + · · ·+ πs is the weight of π,
and C(π) = c(π0) · · · c(πs) is its colour sequence.
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Definition 2.3. Let C be a set of colors, ZC the set of integers coloured with colours in C,
and ≻ a binary relation defined on ZC . Suppose that there exist some colors cg0 , . . . , cgt−1

in C and unique coloured integers u(0)
cg0

, . . . , u(t−1)
cgt−1

such that

u(0) + · · ·+ u(t−1) = 0, (2.1)

u(0)
cg0

≻ u(1)
cg1

≻ · · · ≻ u(t−1)
cgt−1

≻ u(0)
cg0

. (2.2)

Then a multi-grounded partition with ground cg0 , . . . , cgt−1 and relation ≻ is a non-empty

generalised coloured partition π = (π0, . . . , πs−1, u(0)
cg0

, . . . , u(t−1)
cgt−1

) with relation ≻, such

that (πs−t, · · · , πs−1) ̸= (u(0)
cg0

, . . . , u(t−1)
cgt−1

) in terms of coloured integers. Let P≻
cg0 ···cgt−1

denote the set of multi-grounded partitions with ground g0, . . . , gt−1 and relation ≻.

Example 2.4. Let us consider the set of colours C = {c1, c2, c3}, the matrix

M =

 2 2 2
0 0 2
−2 0 2

 ,

and define the relation ≻ on ZC by kcb ≻ k′cb′
if and only if k − k′ ≥ Mb,b′ .

If we choose (g0, g1) = (1, 3), the pair (u(0), u(1)) = (1,−1) is the unique pair satis-
fying (2.1) and (2.2). The generalised coloured partitions (3c3 , 3c2 , 3c1 ,−1c3 , 1c1 ,−1c3) and
(1c3 , 3c1 , 1c3 , 3c1 ,−1c3 , 1c1 ,−1c3) are examples of multi-grounded partitions with ground
c1, c3 and relation ≻, while (1c1 ,−1c3 , 1c1 ,−1c3) and (2c1 , 1c1 ,−1c3) are not.

Let B be a perfect crystal of level ℓ, and let λ ∈ P+
ℓ be a level ℓ dominant classical

weight with ground state path pλ = (gk)k≥0. The fact that the set Pℓ is finite implies the
periodicity of the sequence (gi)i≥0. Let us set t to be the period of the ground state path,
i.e. the smallest non-negative integer k such that gk = g0. Let H be an energy function on
B ⊗B, which is uniquely determined by fixing its value on a particular b0 ⊗ b′0 ∈ B ⊗B.

We now define the function Hλ, for all b, b′ ∈ B ⊗ B, by

Hλ(b ⊗ b′) := H(b ⊗ b′)− 1
t

t−1

∑
k=0

H(gk+1 ⊗ gk) . (2.3)

Thus we have
t−1

∑
k=0

Hλ(gk+1 ⊗ gk) = 0.

The function Hλ satisfies all the properties of energy functions, except that it only has
integer values when t divides ∑t−1

k=0 H(gk+1 ⊗ gk).
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Note that for any energy function H, we always have

t−1

∑
k=0

(k + 1)Hλ(gk+1 ⊗ gk) =
t−1

∑
k=0

(k + 1)H(gk+1 ⊗ gk)−
t + 1

2

t−1

∑
k=0

H(gk+1 ⊗ gk) ∈
1
2

Z.

The quantity above is an integer as soon as t is odd, and is equal to 0 when t = 1. Thus
we can choose a suitable divisor D of 2t such that DHλ(B ⊗ B) ⊂ Z and 1

t ∑t−1
k=0(k +

1)DHλ(gk+1 ⊗ gk) ∈ Z. In the whole paper, D always denotes such an integer.
Let us now consider the set of colours CB indexed by B, and let us define, for the

remainder of this paper, the relations ⋗ and ≫ on ZCB by

kcb ⋗ k′cb′
if and only if k − k′ = DHλ(b′ ⊗ b),

kcb ≫ k′cb′
if and only if k − k′ ≥ DHλ(b′ ⊗ b).

We can define multi-grounded partitions associated with these relations, as can be seen
in the next proposition.

Proposition 2.5. The set P⋗
cg0 ···cgt−1

(resp. P≫
cg0 ···cgt−1

) of multi-grounded partitions with ground
cg0 , . . . , cgt−1 and relation ⋗ (resp. ≫) is the set of non-empty generalised coloured partitions

π = (π0, · · · , πs−1, u(0)
cg0

, . . . , u(t−1)
cgt−1

) with relation ⋗ (resp. ≫), such that (πs−t, · · · , πs−1) ̸=
(u(0)

cg0
, . . . , u(t−1)

cgt−1
), and for all k ∈ {0, . . . , t − 1},

u(k) = −1
t

t−1

∑
j=0

(j + 1)DHλ(gj+1 ⊗ gj) +
t−1

∑
j=k

DHλ(gj+1 ⊗ gj). (2.4)

Moreover, for any positive integer d, we denote by dP≫
cg0 ···cgt−1

the set of multi-

grounded partitions π = (π0, · · · , πs−1, u(0)
cg0

, . . . , u(t−1)
cgt−1

) of P≫
cg0 ···cgt−1

such that for all k ∈

{0, . . . , s − 1}, πk − πk+1 − DHλ(pk+1 ⊗ pk) ∈ dZ≥0, where c(πk) = cpk and πs = u(0)
cg0

.
Finally, let d

t P≫
cg0 ···cgt−1

(resp. tP≫
cg0 ···cgt−1

, tP⋗
cg0 ···cgt−1

) denote the set of multi-grounded

partitions of dP≫
cg0 ···cgt−1

(resp. P≫
cg0 ···cgt−1

, P⋗
cg0 ···cgt−1

) with number of parts divisible by t.

Example 2.6. Assume that for all b, b′ ∈ B, DHλ(b′ ⊗ b) = Mb,b′ given in Example 2.4.
Then 2P≫

c1,c3
is the set of multi-grounded partitions π = (π0, · · · , πs−1, 1c1 ,−1c3) of P≫

c1,c3
such that for all k ∈ {0, . . . , s − 1}, πk − πk+1 − DHλ(pk+1 ⊗ pk) ∈ 2Z≥0. Given that
all the values in the matrix M are even and that these multi-grounded partitions always
end with (1c1 ,−1c3), the multi-grounded partitions in 2P≫

c1,c3
only have odd parts. For

example, the multi-grounded partition (7c1 , 5c2 , 3c3 , 1c2 , 1c1 ,−1cc3) belongs to 2P≫
c1,c3

. It
also belongs to 2

2P≫
c1,c3

as its number of parts is divisible by 2.
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Now that we have introduced all the relevant notation, we can state our main the-
orem, which makes the connection between perfect crystals and multi-grounded parti-
tions.

Theorem 2.7. Setting q = e−δ/(d0D) and cb = ewtb for all b ∈ B, we have cg0 · · · cgt−1 = 1,
and the character of the irreducible highest weight Uq(g)-module L(λ) is given by the following
expressions:

∑
µ∈tP⋗

cg0 ···cgt−1

C(π)q|π| = e−λch(L(λ)),

∑
π∈ d

t P≫
cg0 ···cgt−1

C(π)q|π| =
e−λch(L(λ))
(qd; qd)∞

.

Theorem 2.7 is proved in detail in [5], using the (KMN)2 crystal base character for-
mula and the two following bijections.

Proposition 2.8. Define a map ϕ : P(λ) → P⋗
cg0 ···cgt−1

by ϕ(pλ) = (u(0)
cg0

, . . . , u(t−1)
cgt−1

) and for
all p = (pk)k≥0 ∈ P(λ) different from pλ,

ϕ(p) = (π0, · · · , πmt−1, u(0)
cg0

, . . . , u(t−1)
cgt−1

),

where for all k ∈ {0, · · · , mt − 1}, c(πk) = cpk ,

πk = −1
t

t−1

∑
j=0

(j + 1)DHλ(gj+1 ⊗ gj) +
mt−1

∑
j=k

DHλ(pj+1 ⊗ pj),

and m is the unique positive integer such that (p(m−1)t, . . . , pmt−1) ̸= (g0, . . . , gt−1) and
(pm′t, . . . , p(m′+1)t−1) = (g0, . . . , gt−1) for all m′ ≥ m.

Then ϕ defines a bijection between P(λ) and the set tP⋗
cg0 ···cgt−1

of partitions of P⋗
cg0 ···cgt−1

whose number of parts is divisible by t.

Proposition 2.9. Let dP be the set of classical partitions where all parts are divisible by d. There
is a bijection Φd between d

t P≫
cg0 ···cgt−1

and tP⋗
cg0 ···cgt−1

× dP , such that if Φd(π) = (µ, ν), then
|π| = |µ|+ |ν|, and by setting cg0 · · · cgt−1 = 1, we have C(π) = C(µ).

The additional parameter d allows us to have a refined equality and to simplify some
calculations. It is particularly useful when DHλ(B ⊗B) ∈ dZ, in which case the parts of
our partitions all belong to the same congruence class modulo d.
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3 Example of application: character formulas for the stan-
dard level 1 modules of the Lie algebra A(2)

2n−1(n ≥ 3)

The crystal B of the vector representation of A(2)
2n−1(n ≥ 3) is given by the crystal graph

in Figure 1 with, for all u ∈ {1, . . . , n}, the weights wt(u) = −wt(u) = 1
2 αn + ∑n−1

i=u αi.
Here, the null root is δ = α0 + α1 + αn + 2 ∑n−1

i=2 αi.

B :bΛ0 = bΛ1 = 1 bΛ1 = bΛ0 = 1

pΛ0 = (· · · 1 1 1 1 1) pΛ1 = (· · · 1 1 1 1 1)

1 2 n − 1 n· · ·

1 2 n − 1 n· · ·
0 0

1

1

2

2

n − 2

n − 2

n − 1

n − 1

n

Figure 1: Crystal graph B of the vector representation for the Lie algebra A(2)
2n−1(n ≥ 3).

The energy function such that H(1⊗ 1) = −1 is given by the following matrix, where
H(b1 ⊗ b2) is the entry in column b1 and row b2:

H =



1 2 · · · n n · · · 2 1
1 1 · · · · · · · · · · · · · · · · · · 1
2 0 . . . ...
...

... . . . . . . 1∗
...

n
... . . . . . . ...

n
... . . . . . . ...

...
... 0∗ . . . . . . ...

2 0 0 . . . . . . ...
1 −1 0 · · · · · · · · · · · · 0 1


.

We start by computing the character of L(Λ0). Recall that the ground state path
of Λ0 is pΛ0 = (gk)

∞
k=0 with g2k = 1 and g2k+1 = 1 for all k ≥ 0. Here, the period

of the ground state path is t = 2, and our choice of particular value H(1 ⊗ 1) = −1
for the energy function gives H(g2k+2 ⊗ g2k+1) = −H(g2k+1 ⊗ g2k) = 1. Thus we have
H(1 ⊗ 1) + H(1 ⊗ 1) = 0, and by (2.3), HΛ0 = H. By (2.4), we obtain that u(0) = −1 and
u(1) = 1.

We apply Theorem 2.7 with d = 2 and D = 2, which is allowed because H(g1 ⊗ g0) +
2H(g2 ⊗ g1) = 1. We obtain

∑
π∈ 2

2P
≫
c1c1

C(π)q|π| =
e−Λ0ch(L(Λ0))

(q2; q2)∞
, (3.1)
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where q = e−δ/2 and cb = ewtb for all b ∈ B. Recall that 2
2P≫

c1c1
is the set of multi-

grounded partitions π = (π0, . . . , π2s−1,−1c1
, 1c1) with relation ≫ and ground c1, c1,

having an even number of parts, such that for all k ∈ {0, . . . , 2s − 1},

πk − πk+1 − 2H(pk+1 ⊗ pk) ∈ 2Z≥0, (3.2)

where c(πk) = cpk and π2s = −1c1
.

We observe that, by (3.2) and the fact that u(0) = −1, the multi-grounded partitions
of 2

2P≫
c1c1

have parts with odd sizes, as the differences between consecutive parts are
even and the grounds’ sizes are odd (indeed, we always have the fixed tail ((−1)c1

, 1c1)).
Besides, computing the generating function for partitions in 2

2P≫
c1c1

is not too difficult. It
suffices to notice that, combined with (3.2), ≫ is the following partial order on the set of
coloured odd integers:

(−1)c1
1c1

≪ 1c2 ≪ · · · ≪ 1cn ≪ 1cn ≪ · · · ≪ 1c2
≪ 1c1

3c1

≪ 3c2 ≪ · · · .

We also note that, since H(b ⊗ b) = 1 for all b ∈ B, only parts coloured c1 and c1 can
appear several times, in sequences of the form

· · · ≪ (2k − 1)c1
≪ (2k + 1)c1 ≪ (2k − 1)c1

≪ · · · ≪ (2k − 1)c1
≪ (2k + 1)c1 ≪ · · · .

The generating function of these sequences for a fixed integer k ≥ 1 is given by

(1 + c1q2k−1)(1 + c1q2k+1)

(1 − c1c1q4k)
,

where the denominator generates pairs ((2k − 1)c1
, (2k + 1)c1) that can repeat arbitrarily

many times, and the numerator accounts for the possibility of having an isolated (2k +
1)c1 on the left end of the sequence, or an isolated (2k − 1)c1

on the right end of the
sequence.

Note that for k = 0, only the sequence (1c1 , (−1)c1
, 1c1) can occur at the tail of the

partitions grounded in c1, c1, but not the sequence ((−1)c1
, 1c1 , (−1)c1

, 1c1), as this would
violate the definition of multi-grounded partitions. So, if we temporarily forget the
condition on the even number of parts in 2

2P≫
c1c1

, the generation function would be

(1 + c1q) ·
(−c1q3,−c1q, . . . ,−cnq,−cnq; q2)∞

(c1c1q4; q4)∞
=

(−c1q,−c1q, . . . ,−cnq,−cnq; q2)∞

(c1c1q4; q4)∞
.

Now to take into account the fact that there are an even number of parts, we use (1.2).
Then the final expression (1.3) follows by using (3.1).
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We now turn to L(Λ1) with a similar reasoning. Recall that the ground state path of
Λ1 is (gk)

∞
k=0 with g2k+1 = 1 and g2k = 1 for all k ≥ 0. We still have HΛ1 = H, and by

setting D = 2, we have by (2.4) that u0 = 1 and u(1) = −1. Theorem 2.7 gives

∑
π∈ 2

2P
≫
c1c1

C(π)q|π| =
e−Λ1ch(L(Λ1))

(q2; q2)∞
,

where q = e−δ/2 and cb = ewtb for all b ∈ B.
So we need to study the set of multi-grounded partitions with ground c1, c1 corre-

sponding to 2
2P≫

c1c1
. We have almost the same set of partitions as in 2

2P≫
c1c1

, except that
now the tail is always (1c1 , (−1)1), and we can end with the sequence ((−1)1, 1c1 , (−1)1),
but not with (1c1 , (−1)1, 1c1 , (−1)1).

Thus the generating function where we temporarily omit the condition on the parity
of the number of parts is given by

(1 + c1q−1) ·
(−c1q3,−c1q, . . . ,−cnq,−cnq; q2)∞

(c1c1q4; q4)∞
=

(−c1q3,−c1q−1, . . . ,−cnq,−cnq; q2)∞

(c1c1q4; q4)∞
,

and the proof ends similarly as for L(Λ0).
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