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Abstract. Let A be a set of positive integers. Let us denote by p(A,n) the
number of partitions of n with parts in A. While the study of the parity of the
classical partition function p(N,n) (where N is the set of positive integers) is
a deep and difficult problem, it is easy to construct a set A for which p(A,n)
is even for n large enough : as explained in a paper of [.Z. Ruzsa, A. Sarkozy
and J.-L. Nicolas published in 1998 in the Journal of Number Theory, if B
is a subset of {1,2,..., N}, there is a unique set A = Ay(B, N) such that
AN{1,2,...,N} = B and p(A,n) is even for n > N.

In this paper we recall some properties of the sets Ay(B, N), we describe
the factorization into primes of the elements of the set Aq({1,2,3},3), and
prove that the number of elements of this set up to z is asymptotically

x
equivalent to c-———, where ¢ = 0.937. ...
! (log 2)3/*”
Résumé. Si A est un ensemble d’entiers positifs, nous noterons p(A,n) le
nombre de partitions de n dont les parts sont dans A. L’étude de la parité
de la fonction usuelle de partition p(N,n) (ot N est I’ensemble des entiers
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positifs) est un probléme profond et difficile ; mais il est facile de construire un
ensemble A tel que le nombre p(A, n) soit pair pour tout n assez grand : dans
un article paru au Journal of Number Theory en 1998, I.Z. Ruzsa, A. Sarkozy
et J.-L. Nicolas montrent que si B est un sous-ensemble de {1,2,... N}, il
existe un seul ensemble A = Ag(B,N) tel que AN{1,2,...,N} = B et
p(A, n) est pair pour n > N.

Dans cet article, nous rappelons quelques propriétés des ensembles A =
Ao (B, N), nous décrivons la décomposition en facteurs premiers des éléments
de Ao({1,2,3},3) et nous montrons que le nombre des éléments de cet en-

x
semble inférieurs & = est équivalent a CW, ouc=0.937....
og T

1 Introduction.

Ny and N denote the set of the non negative integers, resp. positive inte-

gers. A will denote a set of positive integers, and its counting function will
be denoted by A(z) :

Alx)=Ha: a<z, ae A}

If A= {ay,as,...} CN (where a; < ag < ---), then p(A,n) denotes the
number of partitions of n with parts in A, that is the number of solutions of
the equation

a1r1 + a9 + ... =n (11)
in non negative integers i, xs,.... As usual, we shall set
p(A,0)=1 and p(An)=0forn <O0. (1.2)

We shall use the generating function :

. 1
F(z) = Fyu(z) = A, n)z" = . 1.3
() = Fae) = 3o pAm =TT = (1.3
When A = N it seems highly probable that the number of integers n < z
such that p(N,n) is even is close to /2 as * — oo ; but the known results
are rather poor (see [11], [14], [15] and the references in them). That is the
reason for which, in [11], it was observed that there exist sets A such that
p(A,n) is even for n large enough. In this paper, we want to investigate the
properties of such sets.
For i =0or 1, if A C N and there is a number N such that

p(A,n)=i (mod?2) for neN, n>N. (1.4)



then A is said to possess property P;(N).
If : =0 or 1, B is a finite set of positive integers, and N € N satisfying

B:{bl,...,bk}#m, O<b1<"'<bk, N > b, (15)
then there is (cf. [11]) a unique set A C N such that
An{L,2,...,N} =B (1.6)

and possessing property P;(N); we will denote it by A;(B, N).

Let us recall the construction of A;(B, N) as described in [11], when, for
instance, i = 0. The set A = Ay(B, N) will be defined by recursion. We write
A, =AN{1,2,...,n} so that

Ay =AN{L2,...,N} =B.

Assume that n > N + 1 and A,,_; has been defined so that p(A,m) is even
for N+1<m <n—1. Then set

n € A if and only if p(A,_1,n) isodd.
It follows from the construction that for n > N + 1, we have
itne A , p(An)=1+p(A,_1,n)

ifn¢ A, p(An)= p(A,1,n)

which shows that p(.A,n) is even for n > N + 1. Note that in the same way,
any finite set B = {b1, ba, ..., by} can be extended to a set A so that A, = B
and the parity of p(A,n) is given for n > N +1 (where N is any integer such
that NV Z bk)

It has been shown in [5] (cf. Proposition 4) that, except the case i = 1,
B = {1}, the set A;(B, N) is always infinite.

If ACN,let x(A,n) denote the characteristic function of A, i.e.,

1 if neAd

and for n > 1,

o(An) =) xAdd= > d (1.8)

d|n d|n,de A

It is relevant to consider o(A,n), since, as shown in [11], taking the logarith-
mic derivative of F(z) = F4(z) defined by (1.3) yields

F'(2) n
o) => o(An)". (1.9)

z

n=1
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It has been proved in [5] that for any positive integer k and any set
A = A;(B,N), the sequence

(0(A,2"n) mod 2"*1) _ is periodic. (1.10)

(We denote by a mod b the remainder in the Euclidean division of a by b.)
Note that (1.10) was already proved for k£ = 0in [11], and for £ = 1 in [3]. The
value of the smallest period in (1.10) is recalled in Theorem A below, proved
in [5]. Before stating Theorem A, we need to introduce two definitions.

Definition 1 Let Fy be the field with two elements and Q(z) € Fa[z] be a
polynomial satisfying Q(0) # 0. The order [ of Q is the least positive integer
such that Q(z) divides 1+ 2° in Fyl2] (cf. [9], chap. 3).

From now on, we shall assume that ¢ = 0, for simplicity (the case i = 1
can be found in [5]). For B and N asin (1.5) and A = Ay(B, N), let us define
the polynomial P (already considered in [12] and [5]) :

P(z)= )  e,2" (1.11)

0<n<J

where J is the largest integer such that p(A, J) is odd (such a J does exist
since, from (1.2), p(A,0) = 1), and ¢, is defined by

p(A,n)=¢e, (mod?2), e,€{0,1}. (1.12)

Theorem A (cf. Theorem 2 of [5]). Let B and N as in (1.5), A =
Ao(B,N), and P be the polynomial defined by (1.11) and (1.12). Let the
factorization of P into irreducible factors over Fylz] be

P=QuQs...Qx. (1.13)

We denote by (; the order of Q;(z) (cf. Definition 1), and for all k > 0, we
set
Je={j;1<j<sa;=2F (mod 28}, (1.14)

I=JoUJiU...UJy={j;1<j<sa;Z0 (mod 2"}  (1.15)

and
qr = lem jer, B (1.16)

(with qv = 1 if I, = 0). Then, for all k > 0, g is odd and is the smallest
period of (1.10) so that

o(A,2%(n + qp)) = 0(A,28n)  (mod 2F+1). (1.17)
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Note that if 2% is the highest power of 2 dividing any exponent aj in (1.13),
for k > ko, we have J, =0, I;, = I,

de
dr = ¢ :f lem (ﬁlvﬁ%' <. 765)

and q is a common period for all the sequences (a(.A, an) mod 2k+1)
k> 0.
Remark 1. In [3], one can find examples of B and N such that qo # ¢i.

Note that (1.10) was already proved for k£ = 0 in [11], and for k = 1 in

3]

By Mobius inversion formula, (1.8) gives

= pu(d)o(A, n/d) (1.18)

d|n

n>1’

where 1 is the Mébius function. If n is odd, by (1.10) with £ = 0, we know the
value of (A, n) mod 2, and this allows us from (1.18) to determine x(.A,n)
for any set A = A;(B, N). This has been done in [12] for A = Ay({1, 2,3}, 3)
and in [13] for A = Ay({1,2,3,4,5},5). In [3], the validity of (1.10) for k£ =1
has been used to determine the elements of A = Ay({1,2,3},3) which are
congruent to 2 modulo 4.

Similarly, it is possible to deduce from (1.10) the value of (A, n) where
n is any positive integer. For that, it is convenient for m odd to introduce
the sum

S(m, k) = x(A,m) + 2x(A,2m) + ... + 2Fx(A, 2"m). (1.19)
If n writes n = 2¥m with k > 0 and m odd, (1.8) implies

o(An) =o(A 2"m) = dS(d k), (1.20)

d|m
which, by M&bius inversion formula, gives

Z“ o(Anjd) = u(d)o(A n/d), (1.21)

d|m

where m = Hp denotes the radical of m. In the above sums, n/d is
plm

always a multiple of 2%, so that, from (1.10) , the value of o(A,n/d) and thus

the value of S(m, k) are known modulo 251, Therefore, from (1.19), we can

deduce the value of x(A,2'm) for i < k.
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In Section 4, by the above described method, the multiplicative structure
of the elements of A = Ay({1,2,3},3) will be given (Theorem 2), with the
surprising property that, for this set A, the 2-adic expansion :

T4 2x (A, 2) +4x(A4) + .+ 25y (A2 + ... (1.22)

is one of the 2-adic roots of the equation x?> — z 4+ 2 = 0. From Theorem 2,
and from an extension of the so-called Selberg-Delange formula given in [4],
we shall give in Section 5 (Theorem 3) an asymptotic estimation for A(x) :

T

A(I‘) ~ Ci(log I)3/4,

— 00 (1.23)

where ¢ is a constant the value of which is approximately 0.937.

The work done in Sections 3 and 4 for the set A = Ay({1,2,3},3) could
be done, in principle, for any set A = A;(B, N). But, for technical reasons,
the calculation can be difficult. We hope to return to this subject in an other
article.

We are pleased to thank M. Deléglise for computing the values of A(x)
(cf. Section 5), D. Barsky, K. Belabas and A. Sarkozy for several remarks.

2  The Graeffe transformation.
Let us consider the ring of formal power series C][z]]. For an element
f(2)=ap+arz+a2® +... +a2" +...
of this ring, the product
F()f(=2) = by +b12% +boz* + .. 452"+ ...

is an even power series with

n—

1
bo = a3, by = 2apas — a2,..., b, =2 (Z(—l)iaiazn_i> + (=1)"a?. (2.1)

1=0

We shall call g = G(f) the series
9(2) =G(f)(2) = by + biz+boz® + ...+ b 2" + ... (2.2)

Note that we have

9(2*) = G(N)(2*) = f(2) f(~2). (2:3)



Example. If ¢ is an odd integer and f(z) = 1— 2%, we have f(2)f(—z) =
(1—29)(1+27) =1-—2% and

g(f) =1 (2.4)

If f is a polynomial of degree n which does not vanish in 0, and if f(z) =
2" f(1/z) is the reciprocal polynomial of f, then we have

G(f) = (=1)"G(f). (2.5)
It is obvious that, for any two series f and g, the formulas
G(fg9) = G(f)G(9) (2.6)
and, if g(0) = 1,
G(f/9) =G(£)/9(9) (2.7)

hold. We shall often use the following notation for the iterates of f by the
transformation G :

fo=f hi=6(f fo=6(f) i fi=G(fie1) =GW(f),... (28)

Proposition 1. Let f be a polynomial of degree m whose roots are zy,
29, .., 2n and leading coefficient is a,. Then the polynomial g = G(f), where
G is defined by (2.2), has a leading coefficient equal to (—1)"a? and its roots

2

2 2

are 2y, 2y, ..., 25,

Proof. From the relations

and

F@)f(=2) = (=D)"an (" — 20) (2" — 23) ... (+" — =)

9(2) = G(f)(z) = (=1)"ap(z — 1) (2 — %) ... (= — 23), (2.9)

which completes the proof of Proposition 1. [J
In numerical analysis (cf. [8], [2] or [16]), the Graeffe method is used to
compute an approximate value of the roots of a polynomial equation f(x) =
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0. The first step of the method is to calculate f; defined by (2.8) for k large

enough. From Proposition 1, the roots of fj, are 22, ..., 22", and, if we assume

’Y " n ?
that |z;| > 2| > ... > |2a|, the sum of the roots of f; is close to 22" which
yields an approximate value for |z;|. This old method is being revisited in

the frame of computer algebra (cf. [7]).
Proposition 2. Let f(z) € C|[z]], f(0) # 0,and

f,<Z) _ - a Zn
) _; ™. (2.10)

Then, for k > 1, we have

S (C B
> =105~ T =1

where fr = G (f) is defined by (2.2) and (2.8).

Remark 2. Here and in the sequence, f, will denote the derivative of fy
(and not the k-iterate of f’).

Proof. We shall prove Proposition 2 by induction on k. For £ = 1 and
z = y*, we have from (2.10) and (2.3)

D agt = ) agy™ = %Z(any” +an(=y)")
_ 1 (yf’(y) B yf’(—y)) y "W f(=y) — fw) ' (=y)
2\"fly) " f(=y) 2 fW)f(=y)
_ oy Ay fi()
C 2f() dy W) = R (212)

Further, the induction on k is easy, by substituting aqx,, to as, and fr_; to
fin (2.12). O

Definition 2. We shall say that two power series f, g with integral coef-
ficients are congruent modulo M (where M is any positive integer) if their
coefficients of same degree are congruent modulo M. In other words, if

fR)=a+az+az* +...+a,2"+... €Z[[]

and
g(z) =bo+ b1z + bz’ + ... +b2"+... €Lz



then,
f=g9g (mod M) <— V¥n>0, a,=b, (modM). (2.13)

Congruences of formal power series may be added or multiplied. If

f=g (mod M) (2.14)
and
u=v (mod M), u € Z[[z]], veZz]
then
fru=g+v (mod M) and fu=gv (mod M). (2.15)

You may derivate (2.14) and get
=g (mod M). (2.16)

Moreover, if f(0) = g(0) =1, 1/f and 1/g have integer coefficients and we
have, if (2.14) holds

1
; (mod M). (2.17)
Z

It is also easy to see that, for f € Z[[z]] and G defined by (2.2) we have

G(f)=f (mod 2). (2.18)

Proposition 3. Let f and g be two formal power series with integral
coefficients such that f =g (mod 2). Then, for k > 0, we have

fe = gr  (mod 2FF1), (2.19)

where f, = GP(f) and g = G¥(g) are defined by (2.2) and (2.8).
Proof. Let us start by proving that if u,v € Z][[z]] satisfy

u=v (mod 2M) (2.20)
where M is any positive integer, then u; = G(u) and v; = G(v) satisfy
uy =v;  (mod 4M). (2.21)
It follows from (2.20) that there exists w € Z[[z]] such that

u(z) = v(z) + 2Mw(z2).
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Further, from (2.3)

() = u(=)u(=2) = (0(=) + 2Mw(2))(o(2) + 2Mu(—2))
= v1(2?) + 2Mv(2)w(—2) + w(z)v(—2)] + 4M>w; (%),

where w; = G(w). But the above bracket is obviously congruent to 0 modulo
2 so that

ui(2?) = v1(2%)  (mod 4M)
which, by substituting z to 22, yields (2.21).

We shall prove Proposition 3 by induction on k. For k = 0, from (2.8),
(2.19) is just our hypothesis f = ¢ (mod 2). Let us assume that (2.19) holds
for a non negative value of k; then applying (2.21) with u = f;, v = g, and
M = 2% will give

fet1 = g1 (mod 2°72)

and the proof of Proposition 3 is completed. [J

3 The set A= A4,({1,2,3},3).

In all this Section, A will denote the set 4y({1,2,3},3); we shall write
p(n),o(n), x(n) instead of p(A, n),o(A,n), x(A,n) respectively. We shall re-
call in Lemma 1 some classical results on congruences modulo 2.

Lemma 1. Let a,b and c be integers.
(1) If a is odd and k > 3, the congruence

> =a (mod 2F) (3.1)

has no solution if a 1 (mod 8), and has four solutions if a =1 (mod 8).
Two of them satisfy
2> =a (mod 2F1). (3.2)
If py is a solution of (3.1) which satisfies (3.2) then the four solutions of (3.1)
are py and xpy, + 2871, By the method of Hensel, pj can be calculated by
induction : if pi = a+ 28 (mod 2842, e € {0, 1}, then pr1 = pp + 281
(i) the congruence

> —r+a=0 (mod 2%) (3.3)

has no solution if a is odd; if a is even, it has two solutions, one is even
and the other one is odd. They can be calculated by Hensel’s method : if T
satisfies (5.3), then T = T + €2F is determined from

-7 ta

3 ok

(mod 2). (3.4)
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(i4i) Any congruence x* + bx + ¢ = 0 (mod 2¥) can be put on the form
(3.1) or (3.3) after a change of variable y = x + |b/2].

(iv) In the 2-adic field Q,, the equation z* — a = 0 has two roots if and
only if a =1 (mod 8). If x1 and x5 are the two solutions, we have x; = tpy,
(mod 2%).

(v) In the 2-adic field Q,, the equation x* —x + a = 0 has two rools x;
and x4 if and only if a is even. Moreover, z; mod 2* are solutions of (3.3).

Proof of (i). It is a classical result that each odd residue class modulo
2% for k > 3 can be written +5* with 0 < A\ < 2*~2. From this result, it is
not, difficult to prove (i). We may observe that, if p is a solution of (3.2),

(£p+28"H2=a+2" (mod 2"t

so that 4-p + 21 are solutions of (3.1) but not of (3.2).
The Hensel method can be found in [1] or [10]. It can be accelerated to
calculate pgi1,..., pox—1 in terms of py.

Proof of (ii). If 73 is a solution of (3.3), 7, mod 2 is a solution of z? —
x+a =0 (mod 2). But if a is odd this last congruence has no solution while,
if a is even, it has two solutions 0 and 1. Both can be extended to solutions
of (3.3), by using (3.4) with £ =1,2,....

An other possibility to solve (3.3) is to set y = 2z — 1. We have 3*> =
422 —42+1 = 1—4a (mod 282). But the four solutions of this last congruence
give only two solutions to (3.3).

Since the sum of the two roots is 1 they must have a different parity. To
show (3.4), we calculate

(i + €25 — (e +e2") +a=12 — 7 +a — 2" (mod 2F1).

Proof of (iii). It is obvious.

Proof of (iv). If
1'1:€0+812+8222+...—|—€k2k—|—...

is a 2-adic solution of x2 — a = 0, then, by writing z; = Uy, + 2¥Ry,, we have
Uy = z; mod 2F and 22 = a = U? (mod 2*), so that Uy satisfies (3.1) and
(3.2) and thus, from (i), Uy = £pg. In the other way, by the Hensel method,
each root of (3.1) satisfying (3.2) can be extended in a 2-adic solution.

Proof of (v). The proof of (v) looks like the one of (iv), but it is easier
since (3.3) has only two solutions while (3.1) has four solutions, and the proof
of Lemma 1 is completed. [J
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Theorem 1. Let A= Ao({1,2,3},3). Then :

(i) For all k > 0, the sequence o(2"n) mod 2*%* is periodic in n with
period q = 7.

i) If up = 0(2%) mod 28 and v, = o(3.2%) mod 25! then

(ii)

o(25n) = ug, vy, —3 (mod 2™, respectively as (%) =1,—-1,0. (3.5)

where (%) 15 the Legendre symbol.

(1) uy, and vy are the two solutions of the congruence

2> — 2 +2=0 (mod 2"1) (3.6)
and satisfy
up+vp =1 (mod 2"™)  and  wy-v, =2 (mod 2F). (3.7)
Moreover, if k> r,
up = u, (mod 2"M1). (3.8)
(iv) The equation
P —z+2=0 (3.9)
has two solutions in the 2-adic field Q, ; the odd one is
rp=1+2+23 424 420 4218 pold 1 218 L o194 922 4L 925 4+ (3.10)
We have
up =2, (mod 281 (3.11)

Moreover, the elements of A which are powers of 2 are 1,2,23,24 26 213 .
they are determined by

T = iX(Q’“)Q’“. (3.12)

Proof of (i). The polynomial P defined by (1.11) and (1.12) is
Plz)=1+4z+2 (3.13)

since p(0) = 1,p(1) = 1,p(2) = 2 and p(3) = 3. It is irreducible over Fy[z]
so that, in (1.13), s = 1 and @; = P. So, it follows from Theorem A that
1 =T7and g, =7 for all k> 0, which proves (i).

Proof of (ii). We shall denote by H the other irreducible polynomial of
degree 3 over Fy|z],
H(z) =1+ 2>+ 2% (3.14)

12



From (2.8) and Proposition 1, the leading coefficient of P, = G®(P) is —1,
and from (2.2), (1.2), (1.11) and (1.12)

P(0)=1 (3.15)
so that we can write
Pu(2) = GW(P)(2) = 1 4 apz + bp2% — 2°. (3.16)

Now, we observe that, from (3.13) and (3.14) the polynomials P and H are
reciprocal. So, from (3.16) and (2.5) we have

Hi(2) = GP(H)(2) = 1 — bpz — ap2® — 2°. (3.17)

But we have

1— 27

. =1+2+224+22 42+ 22+ 25=P(2)H(2) (mod?2), (3.18)
—z

and this implies, from (2.7), (2.4), (2.6) and Proposition 3 that

1— 27

I =142+ 22+ 28+ 24 + 2° + 28 = P(2) Hi(2) (mod 2F1). (3.19)
—z

By expanding the product P, Hj from (3.16) and (3.17), we get from (3.19)
ar—br=1 (mod 2"™) and aj-bpy=—-2 (mod 2*h). (3.20)

By applying Proposition 2 to (1.9) (where F'(z) = F4(2) is defined by (1.3),
we get :

= Fl(z
; o(2Fn)z" = ZFiE»Zi (3.21)
where Fy, is the k-iterate of F by the transformation G (cf. (2.8)), and F} =
L (Fi(2)). Tt follows from (13), (1.4), (1.11) and (112) that
F=P (mod2) (3.22)

and Proposition 3 implies that

F, =P, (mod 2¥™) (3.23)
for all £ > 0. We deduce from (3.15) and (3.23) that

Fi(0) = Py(0) = 1 (3.24)

13



and thus, from (2.15), (2.16) and (2.17), (3.23) implies

B _ PR e
sz<2) sz(Z) (mod 277). (3.25)

Therefore, from (3.21) and (3.25), it follows :

Za(an)z” = zi’iz; (mod 25+h). (3.26)

—_

n=

From (3.26) and (3.19), we have

Za(an)z” = Z?iz; = z<1 — Z)lp_’;(;)Hk(z) (mod 2F1). (3.27)

n=1

The expansion of the numerator of the right hand side of (3.27) from (3.16),
(3.17) and (3.20) yields

2(1—2)PL(2)Hi(z) = (3.28)
apz 4+ apz® — bz + apzt — bz’ — bpz® — 327 (mod 2’““)‘
1
By expanding the denominator of the right hand side of (3.27) : T =
—z

1+ 2" 4 2" 4 ..., it follows from (3.27) and (3.28) that

O'(an) ap QA —bk Qg —bk —bk -3 (IIlOd 2k+1) (3 29)
respasn= 1 2 3 4 5 6 0 (mod 7). '

The congruences (3.29) give for n =1 and n =3

up = 0(2%) = @, (mod 2" and v, = (3 - 2F) = —b;, (mod 2F71). (3.30)
Since the quadratic residue classes modulo 7 are 1,2 and 4, (3.29) and (3.30)
prove (ii).

Proof of (iii). Formula (3.7) follows from (3.20) and (3.30), and yields
up(l — ug) = 2 (mod 21 ; so, uy is a solution of the congruence (3.6). By
the same way vj, can be proved to be also a solution of (3.6).

Finally, if £ > r,

k
up =02 =u, + Y x(2)2 =u, (mod 2",

Jj=r+1

which shows (3.8) and completes the proof of (iii).
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Proof of (iv). Note that u, = o(2%) is odd (since 1 € A) while vy, is
even (since 1,3 € A). Since its discriminant —7 is congruent to 1 modulo
8 (cf. Lemma 1), the equation (3.9) has two roots in Q,, ; = 1 (mod 2)
and x5 = 0 (mod 2). Moreover, z; mod 2! is solution of (3.6), and as it is
smaller than 28+1 (like wy) it is equal to uy (because u, = 1 (mod 2)) and
50, (3.11) is proved. Similarly, v, = x5 mod 2~

The expansion (3.10) has been calculated with the function polrootspadic
of PARI. The expansion of 5 is

Ty =2+27 422427 428 129 4 210 polt 4 912 L o5 4 916 L (3.31)

At the exception of 2!, the powers of 2 appear either in x; or in x5 ; the
reason is that

x1+x2—1—2+m—2+22n

k
Since u;, has been defined as equal to o(2*) = Z x (292, (3.12) follows from
0

(3.11) and this completes the proof of Theorem_l O

Numerical table

k=012 3 4 5 6 7 8 9 10 11 12 13
Ug, 13 3 11 27 27 91 91 91 91 91 91 91 8283
=10 2 6 6 6 38 38 166 422 934 1958 4006 8102 8102

4 The elements of A = A,({1,2,3},3).

Let us define two classical arithmetic functions. If n is a positive integer,
w(n) will denote the number of distinct primes dividing n while Q(n) will be
the number of primes dividing n according to multiplicity. We are now ready
to state Theorem 2 which gives the multiplicative structure of the elements

of A.

Theorem 2. Let A= Ay({1,2,3},3). Then :

(i) The elements of A of the form 2 are determined by Theorem 1 (iv).
Similarly, the elements of A of the form T - 2% are determined by the even
solution x7 of the 2-adic equation 72>+ 72z +2 =0

vp o= x(7-2F)2F (4.1)
— 2"'22+23+26+27+29+210+212+216+218+220+221‘I’---
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(11) Let p be an odd prime congruent to 1,2 or 4 modulo 7 (i.e.,(%’) =1).
Then (p,a) =1 for all a € A.

(iii) If n € N and 49 divides n, then n ¢ A.

(iv) Let n = 28m, and

m=pYpy*...py (4.2)
where p; are primes, distinct and congruent to 3,5 or 6 modulo 7 and \; are
positive integers. We assume that h = w(m) > 1 (i.e. m # 1) and recall that
Qm) =M +...+ .

o (a)If k<h—2,thenn¢ AandTn ¢ A.
e (b) If k = h — 1, then, without any restriction, n € A and Tn € A.
o (¢)Ifk=h—1+4r, withr>1, then n € A if and only if
m= (=1 (1 - 2u,)¢" (mod 271, ¢=1,35,...,2" —1. (4.3)
Moreover, the expansion
T = 14 x(2"m)2 + x (2" m)22 + ..+ x(2"Tm) 2t (4.4)
s one of the two 2-adic solutions of the equation
m?z? +7=0. (4.5)
o (d) Ifk=h—1+r, withr > 1, then Tn € A if and only if
m = (=1 (2u, — 1)7717! (mod 271Y), £ =1,3,5,...,2" — 1.  (4.6)
Moreover, the expansion
Trm = 1+ x(7-2"m)2 + ...+ x(7 - 2"Hm) 20T (4.7)
s one of the two 2-adic solutions of the equation
Tm*z® +1 = 0. (4.8)
We may observe that for k =0,1,2, we have for m odd, m # 1

n=2meA<=m="7-2"mec A (4.9)

Remark 3. Theorem 2 has been proved for k =0 in [12] and for k =1
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Proof of (i). From (1.19), we have
S(7,k) = x(7) +x(T-2)2+ ...+ x(7-25)2* (4.10)
and by (1.21) and (3.5)

TS(T k) = ) p(d)o (7'd2k>

FIT:
= o(7-2%) —0(2") = =3 —w;, (mod 2", (4.11)

so that S(7,k) = (=3 — uy,)77! (mod 251). Since, from Theorem 1 (iii), uy
is solution of (3.6), a simple calculation shows that S(7,k) is a solution of
72 + 72 +2 =0 (mod 281). From (3.5), o(7) = 1+ 7x(7) = —3 (mod 2)
so that x(7) = 0 and, from (4.10), S(7, k) is even, which proves (i).

Proof of (ii). Let us suppose that n = 2*m € A, m odd and multiple of
a prime p = 1,2,4 (mod 7). Here we have from (1.19)

S(m, k) = x(m) + x(2m)2 + ... + x(2"m)2" < 2%+, (4.12)
We get from (1.21)
mS(m, k) = dlzm p(d)o (g) :dl%p) 1(d) {a (%) . (pﬁdﬂ L (413)

But, from (3.5), the above bracket is congruent to 0 modulo 2¥*! since
d d d

(n; ) = (n/7p ) X (g) = (%) . This implies that S(m, k) is congruent,

to 0 modulo 2!, and as 0 < S(m, k) < 21, S(m, k) vanishes and, from

(4.12), x(n) = x(2¥m) also vanishes which proves (ii).

Proof of (iii). Let us now suppose that n = 2*m € A, m odd and
multiple of 49. If we define S(m, k) by (4.12), (4.13) still holds if we replace
p by 7. Now, in the bracket, both Z and =% are multiple of 7, so that, from
(3.5), again the bracket is congruent to 0 modulo 281, The proof of (iii) ends
in the same terms than the one of (ii) above.

Proof of (iv). We shall need the following lemma :

Lemma 2. With m,n, h, k as in Theorem 2 (iv), uy as defined in Theorem
1, S(m, k) as defined by (4.12) (or 1.19), we have

mS(m, k) = 2" (2uy, — 1)(=1)*™  (mod 2"+, (4.14)
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and
TmS(Tm, k) = —2""1(2uy, — 1)(=1)*™  (mod 28+1). (4.15)

Proof of Lemma 2. With n = 2*m, we have from (1.21),

b=Suar ()= o) S o(2)

d|m d d|m

p(d)=1 u(d)=—1

with m = py ... py. Since ( ) =1 and (”7) = —1, we have

(2) =0 (M) = 0P

Let us assume that Q(m) is even; then we get from (4.16) and (3.5)

mSm.k)=u, | Y 1| —ve| > 1| (mod 2. (4.17)
d|m d|m
m(d)=1 m(d)=—1

The first (resp. second) sum is the number of subsets of {1,2,...,h} with
an even (resp. odd) cardinal ; they are both equal to 2"~! (since h > 1), and
from (3.7), (4.17) yields

mS(m, k) = 2" (2u, — 1)  (mod 2F*1h). (4.18)

If Q(m) is odd, the same calculation leads to a formula looking like (4.18)
where (2uy — 1) is replaced by (1 — 2uy) so that, in both cases, (4.14) is
proved.

With n still being equal to 2¥m, we have from (1.21)

TmS(tm, k) = pld)o (%”) —g u(d)o (%”)—Z p(d)o (B) - (419

d| (7m) d|m

But, 7n/d = 0 (mod 7) so that, by (3.5), o <%l> = —3 (mod 2¥"') and

since m # 1, Zu(d) = 0. Therefore, it follows from (4.19) and (4.16) that

d|m

™mS(Tm, k) Zu (—) = —mS(m,k) (mod 2F+1), (4.20)

d|m
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which, together with (4.14) proves (4.15). O
Let us prove now Theorem 2 (iv) :

Proof of (iv) (a). If £ < h — 2, it follows from Lemma 2 (4.14) that
S(m,k) =0 (mod 2F+1).

From (4.12), this implies S(m,k) = 0 (since 0 < S(m, k) < 2*1) and,
therefore, x(n) = x(2*n) =0, i.e. n ¢ A.

By using (4.15) instead of (4.14), it can be proved in the same way that
x(7Tn) =0, i.e Tn ¢ A.

Proof of (iv) (b). If k = h — 1, (4.14) writes
mS(m, k) = 28(2uy, — 1)(—=1)%™  (mod 2¥1) (4.21)

so that S(m, k) is a multiple of 2%, and, by dividing (4.21) by 2%, S(m, k) /2% is
odd. But then, from (4.12), S(m, k) = 2*x(2¥m) = 2¥x(n) and thus x(n) = 1
and n € A. A similar proof shows that 7n € A.

Proof of (iv) (c). It follows from (4.14) that S(m,k) is a multiple of
21 and by dividing (4.14) by 2"~! and using (3.8), we get

S(m, k)
oh—1

= (2u, — 1)(=D)™ = (2u, — 1)(=1)™™  (mod 2"1). (4.22)

But, from (4.12), we have

S(m, k)
oh—1

=14 x(2"m)2+ ... + x(2"m)2", (4.23)

since, by (b), x(2"~'m) = 1. Let z be the solution of the congruence

mz = —(2u, — 1)(=1)™  (mod 271, (4.24)

S
satisfying 0 < z < 2"7!; then, from (4.22), 2"*! — x is equal to éT_’lr). So,

if ¥ < 27, it follows from (4.23) that x(n) = x(2"m) = 1 while, if x > 27,
x(n) =0.
Since uy, satisfies (3.6),

((2uy — 1)(=1)2™)* = 442 — du, +1= -7 (mod 2"+%) (4.25)

and, so, from (4.22), S;T_’f)

thus, from (4.23) and Lemma 1, z,, is a solution of the 2-adic equation (4.5).

is a solution of m22? + 7 =0 (mod 2"*3), and
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By using (4.3) with r = 1 we know that 2"m € A if and only if
m(—1)™ =3 (mod 4). Thus

(—1)%mm — 1
2

which allows us to distinguish for x,, between the two roots of (4.5).

Proof of (iv) (d). It is the same proof than the proof of (c¢). We just
have to show (4.9), which follows immediately from (4.3) and (4.6) by noting
that 77! = —1 (mod 8). In particular, for r = 1, (4.3) and (4.6) coincide so
that x(7-2"m) = x(2"m), and thus, formula (4.26) still holds when replacing
x(2"m) by x(7 - 2"m). O

If m=p)...py, for 7 <5, (4.3) and (4.6) can be written as

x(2"m) = (mod 2) (4.26)

x(2"m) = x(7-2"m) =1 <= (=1)*™m =3 (mod 4)
X2 m) = x(7-2"m) =1 = (=1)*™m =1,3 (mod 8)
x(2"2m) =1 <= (=1)%™m =9,11,13,15 (mod 16)
X(7-2"2m) =1 = (-1)*™m=1,3,57 (mod 16)
x(2"3m) =1 = (=1)*™m =1,5,11,15,19,23,25,29 (mod 32)
X(7-2"m) =1 = (-1D)%m =1,3,5,7,9,11,13,15 (mod 32)

X2 m) = 1 <=
(—1)%™m = 1,3,5,7,11,15,17,21,25,27,29,31,41,45,51,55 (mod 64)

X(7-2MMm) = 1 <=
(=1)¥™m  =5,7,9,11,21,23,25,27, 33, 35,45, 47,49, 51,61, 63 (mod 64).

5 Estimation of A(x)

In this Section, we want to estimate A(z) where A will denote the set
Ao({1,2,3},3); in view of using the description of the elements of A given
in Theorem 2, we need some definitions.

Let us denote by F the set of the integers

n:2hpi‘1p§2...p2h, h>1, p;=3,506 (modT). (5.1)
The elements of F are

F = {6,10,18,26,34, 38,50, 54, 60, 62,82, 94, . . .}. (5.2)
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In [4], it has been proved that the asymptotic equivalence

T

F(ac):|{ne}“;n§x}|~7w (5.3)
holds for x — oo, with
1 6\
p— .4
= i (vr) o0

and

H ( 1 1 1/2 1 —1/4
(o) (-9 (-5 s
p=3,5,6 (mod 7) 2p —2 p p

Calculating the product (5.5) with the primes up to 100000 yields for +; the
approximate value 1.07517. Note that, with the method described in [6], it is
possible to calculate y; with a very high precision. From I'(5/4) = 0.906402
and (5.4) the approximate value of ~ is

v = 0.2733. (5.6)

.
If §(n) is the characteristic function of F, the Dirichlet’s series Z o(n) has
nS

n=1
an Eulerian product for s > 1

= 6(n) 1 1 1
= 1 — 4 ... o
; ns H ( + (2]9)5 + 25p25 + + 23pks + )

p=3,5,6 (mod 7)

_ I1 (1 + —ZS(psl_ 1)> : (5.7)

p=3,5,6 (mod 7)

In [4], the proof of (5.3) starts from formula (5.7).
For i =0 or 1, £ odd, and » > 0 we define

Fire={2"meF, Qm)=i (mod?2), m=¢ (mod?2 ™)} (5.8)

It has been proved in [4] that for r fixed, and x going to infinity, we have for
any ¢ and /

¥ x
2r+1 (log x)3/4

E% T, f(x>:|{n€f.i; r, £ TLS(L’HN (59)
From (5.3), (5.9) and Theorem 2, we shall prove
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Theorem 3. Let A = Ay({1,2,3},3). The number A(z) of elements of
A up to x satisfies, when x tends to infinity :
24~y T

Alz) ~ 7 (logz)3/

(5.10)

where v is defined by (5.4); an approzimate value of 24~/7 is 0.937.

Proof. Let A’ be the subset of A whose elements are of the form 2* or
7 - 2%, The number of such elements up to x is clearly

A'(z) = O(log(z)), x — oc. (5.11)

Now, it follows from Theorem 2 (i) and (iv) that

o

A=Au (A" uAD) (5.12)

r=0

where the elements of A" are the n’s, n € A, n = 2"1+ph .pzh and

similarly, the elements of A" are the n’s, n € A, n =7.2"1trph .pzh.
From Theorem 2 (iv) (b) it follows that for r =0,
1
A® = 57 and AO(z) = F(2z), (5.13)
and - 5
A0 — 5F  and ACD(z) = F (7“7) . (5.14)

In the same way, if a~! denotes an inverse of a modulo 2", Theorem 2 (iv)
(c) and (d) implies for r > 1

T xZ
A(ﬂ(,f) = Z (FO; r, (1,2ur)g—1 (F)+F1’ r, (QMT,U@—I (27’—1)) (515)

0e{1,3,....2r -1}

and
(D) () — L
A (.77) - Z FO% 7, (2ur—1)(76)~1 (7 . 27'—1)
0€{1,3,...,2r—1}
x
+ Z Fi; o (1—2u)(70)—1 <7 : 2,,,1> : (5.16)

0e{1,3,....27—1}

It also follows from Theorem 2 that, for any r > 0, A" c 27-1F and
AD C 7.2 F 5o that

AD(z) < F (2;”_1> and  ACD(z) < F (7 ‘ ;_1) <F <2r—1> . (5.17)
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Moreover, from (5.3) and (5.2), there exists an absolute constant K such that

T

F(w)gKW for x >1and F(z) =0 for z <6. (5.18)
It follows from (5.17) and (5.18) that A™)(z) = A" (z) = 0 for r > %
so that (5.12) implies *
Az i )+ ACD (), R = Llog(:c/(?)J L (5.19)
’ log 2
Now, we cut the sum (5.19) in three parts :
R
Az +Z+ Z S YA +S+5+5" (520

=0 r=R+1 r=R'+1

where R is a large but fixed integer, and R’ is defined by 2%~ < \/z < 2.
We have from (5.17)

R/l R//

5= > (A +AT) <2 30 F (55

r=R'+1 r=R'+1

. x
and, by observing that, for r < R, 51 > 6, we get from (5.18)

R//
2Kz
S < 2K < < < 4K 5.21
Z (2r 1)(10g6)3/4 — 9R/-1 \/_ ( )
r=R'+1
Similarly, we get
Rl
s = Y (AV@) + ACD(2) <22F< )
r=R+1 r=R+1
R . R .
< 2K Z < 92K Z
= r—1 R—1)\3/4 = —1 3/4
2 @ {logla/2F 1)) 71 (log Va)"
=1 8K «x
< 21+3/4KL — < . 5.22
> (1ng)3/4 ;1 ogr—1 — 9R (1ng)3/4 ( )

We deduce from (5.15), (5.16) and (5.9) that, for r» > 1 and r fixed,

and A" (z) ~ J °

AN () o L
(z) 7.2 (log z)3/4

27 (log x)3/4

(x — 00). (5.23)
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Since R is fixed, we get from (5.13), (5.14), (5.3) and (5.23) for z tending to
infinity

M:u

S = A9(z)+ A0 (z) + ) + AU ()

r=1

87 1 .
~ 7 (logx 3/4 ( +Z 2r> - ( 2—R> W (5.24)

By making R going to infinity, (5.10) follows from (5.20), (5.11), (5.21), (5.22)
and (5.24) and the proof of Theorem 3 is completed. [

The following table has been calculated by M. Deléglise by using the
multiplicative structure of the elements of A = Ay({1,2,3}),3) given by
Theorem 2. The last line is the asymptotic result of Theorem 3.

Numerical table

x A(x) A(z) (log )" Ja
102 47 1.48
103 293 1.25
10* 2 204 1.16
10° 17 604 1.100
108 148 834 1.066
107 1297 167 1.043
108 11 562 386 1.028
00 0.937
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