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THE NUMBER OF INDECOMPOSABLE SCHUR RINGS OVER A
CYCLIC 2-GROUP

I. KOVACS*

ABSTRACT. Indecomposable Schur rings over a cyclic group Z,, of order n are con-
sidered. In the case n = p™, p an odd prime, the total number of such rings was
described in terms of Catalan numbers by Liskovets and Péschel [Discr. Math. 214
(2000), 173-191]. Here, a closed formula is shown for the total number of indecom-
posable Schur rings over Zsm using Catalan and Schroder numbers. The result is
obtained after the initial problem is turned into a lattice path problem.

1. INTRODUCTION

Let H be a finite group with identity element e. Denote by Z[H] the group ring
of all formal sums ), _,, axh, ap € Z, h € H. For T C H, the group ring element
> ner b will be denoted by T. Such an element is also called a simple quantity. The
transpose of « = Y, aph is defined as o” =Y, an(h™'). A subring & of Z[H]|
is called a Schur ring over H (for short S-ring) if it is generated as a module over Z
by the simple quantities 1, ..., 7, such that they satisfy the axioms:

o Ty ={e}, ;NT; =0 for all i # j,
hd Z::lgzﬂ7
e for each i € {1,...,r} there exists some j € {1,...,r} such that ;' = Tj.

The sets T; are called the basic sets of . We will denote by B(&) the set of all basic
sets of &.

Trivial examples for S-rings are provided by the full group ring Z[H], and the
module generated by the basic sets {e} and H \ {e}. The latter one is also called the
trivial S-ring over H.

The notion of an S-ring was created by I. Schur to use them in his investigation
of permutation groups, see [10]. Later it was developed to a powerful tool in group
theory, see [11, 13].

It was observed later that S-rings can also be applied in algebraic combinatorics.
For a given subset S C H, the Cayley digraph of H with respect to S is defined as the
digraph (V, E), where V.= H and E = {(h,hs) : h € H, s € S}. Cayley digraphs of
cyclic groups are also called circulant digraphs. From now on Z, will denote a cyclic
group of order n. M. Klin and R. Poschel started an approach based on S-rings to
study circulant digraphs, see [3]. For a recent survey on this approach, see [9].

Let & be an S-ring over Z,. & is called wreath-decomposable (or shortly decom-
posable), if there is a nontrivial, proper subgroup H < Z,, such that for every basic
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set T, T C HorT = J,er Hh. Otherwise, & is called indecomposable. If an S-
ring is decomposable, then it can be obtained as the wreath product of two smaller
S-rings, see [9]. Indecomposable S-rings play a crucial role in the description of the
automorphism group of circulant graphs with p™ vertices, p a prime, see [4, 6].

In this paper we consider the problem of counting the number of indecomposable
rings. For m € N and a prime p, we set the notation:

I(m,p) = #{ indecomposable S-rings over Z,m }.
It was shown in [8] that if p > 2, then
1m,p) = 5(p — D1,
where §(p — 1) is equal to the number of positive divisors of (p — 1), and for k € Ny,

¢k, is the k-th Catalan number: ¢;, = %H(Qkk), cf. [12, page 172]. In this paper, a closed

formula is derived for the numbers I(m,2). For this purpose, besides the Catalan
numbers, we will also need the so called Schroder numbers. For k € Ny, the k-th

Schréder number is: sy = Yo 7 (*) ("F), cf. [12]. In Section 4, the interpretation

of both type of numbers will be recalled in terms of certain lattice paths. Our main
result is the following theorem.

Theorem 1.1. If m > 3 then

tony =1 S (T (T

where ag = 2, a; = —9 and
i—1
a; = (261 - 40@'—1) + (Si - 281‘_1) -3 Zcisi—l—j7 1 Z 2.
j=0

Here, ¢; and s; are the i-th Catalan and Schroder number, respectively.

It is easy to derive that I(1,2) = 1 and I(2,2) = 2. The values of I(m,2) for
m < 10 are shown in the following table.

m 112134 |5 |6 7 8 9 10
I(m,2) [1|2]5|16|63|271 | 1225|5726 | 27461 | 134461

We refer to the characterization of S-rings over Zym given in [2]. This paper contains
a table which lists all S-rings over Zym, m < 5. One can select the indecomposable ones
to find that their total numbers completely agree with the numerical data presented
above.

We conclude the introduction with a brief outline of our paper. The starting point
of our examinations is the classification of S-rings over Zym proved in [1, 2]. This
will be shortly recalled in Section 2. In Section 3, this classification will be used
to establish a bijection between the set of all nontrivial, indecomposable S-rings over
Zsm and the collection of so-called indecomposable parameter vectors of length m (see
also [5]). In Section 4, the initial counting problem will be turned into a lattice path
counting problem. It will be shown that the set indecomposable parameter vectors
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of length m is in one-to-one correspondence with a nicely described set of paths in
the (m — 1) x (m — 1) plane integer lattice consisting of steps (1,0), (0,1), and (1, 1).
Theorem 1.1 will be settled in Section 5 based on this correspondence.

2. S-RINGS OVER CYCLIC 2-GROUPS

Throughout the section n = 2™ and m > 2 are assumed. Let Z, = (g). Denote
by H; the subgroup of Z, of order 2!, i = 0,...,m, i.e., H; = (¢*" ). We set the
notation L; = H,, s\ Hy1-4,1=0,...,m—1,and L,, = {e}.

Let & be an S-ring over Z,,. Next we describe its basic sets following [1, 2]. Let
T € B(6), T # {e}. It was proved in [1, 2] (cf. also [7]) that there are two main
possibilities for 7 either T = H; \ Hj for some 0 < k < j < m, or T is contained in
some set L;. The basic relation 6 of G is an equivalence relation which is defined on
the set {0,1,...,m — 1} in such a manner that it has equivalence classes of the form
{i,...;i+j},i€{0,...,m—1},j€{0,...,m—1—1i}. The set {i,...,i+ j} with
J > 0 is an equivalence class of 6 if and only if H,,_; \ Hy,—;—j_1 is a basic set of &.
The set {i} is an equivalence class if and only if L; cannot be obtained as a proper
subset of a basic set of G.

Assume that T'C L;. According to the classical theory of S-rings, see [13], the basic
sets of & contained in L; are the orbits of some subgroup K < Aut(Z,). Consequently,
T can be obtained as one of the orbits of K. For every i € {0,...,m — 1}, denote by
K; the maximal subgroup of Aut(Z,) such that the sets L, N7, T' € B(&) are orbits
of K;. We refer to the groups Ky, ..., K,,_1 as the basic groups of &.

It follows from the above observations that & is uniquely determined by its basic
relation and basic groups. In [1, 2] the basic relation together with the basic groups
were called the S-system of &. To recall the characterization of S-rings in terms
of their basic relation and basic groups we need to give explicitly the subgroups of
Aut(Z,). It is clear that Aut(Z,) = {¢' — ¢** : 1 < k < n, ged(k,n) = 1}. In
what follows, we identify Aut(Z,) with the multiplicative group modulo n of elements
1 <k <n, ged(k,n) = 1. It is well-known that Aut(Zym) = (—1,5). (Operations are
taken modulo n = 2™.) The subgroups of Aut(Z,) are

Gaipp = {14272k | 0<k<2™?} (i=0,...,m—2),
Gaipo = {14+27k | 0<k<2" 2} (i=0,...,m—2), (1)
Gsi = {(—=DF 42k |0<k<2m™1 (i=1,...,m—2).

In fact, it is not hard to see that G = (—1,5%), Gaipe = (5%'), and G = (=52 ).
The S-rings over Zsm (m > 2) are characterized in the following theorem.

Theorem 2.1. [1, 2]

Let 0 be a relation on {0,...,m—1}, and let K; < Aut(Z,),i=0,...,m—1 (m > 2).
Then they form the basic relation and basic groups, respectively, of some S-ring over
Zom if and only if the following properties hold:

(i) Every equivalence class of 0 is of the form {i,...,i+j},
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(i) If {i,...,i + j} is an equivalence class of 6 with j > 0, then K; = K,y =
= Ny = Gl, and K;_1 = Gl, K, 5, € {GI,GQ} (ZfZ =0o0ri=1, then
delete the conditions where negative indices appear),

(111) K,_1=G, K,,_» € {G17G2},

(iv) Let 1 < j <m—2. If K; = G341 or K; = Gaiq3 for some 0 <i < m — 2,
then

Kj,1 € {GQ} U {Ggs+1 ‘ 0 S S S 1 -+ 1} U {G3r+3 | 0 S r S Z},
If K; = G3iqo for some 0 <1 <m — 2, then
Kjfl S {Gl} U {G3s+2 | 0<s<i+ 1}

Denote by S(m) the set of all S-rings over Zym. It follows immediately that the
trivial S-ring is indecomposable. In what follows, we will ignore this possibility. Ac-
tually, the first summand 1 in the main formula (Theorem 1.1) will be responsible for
the trivial S-ring. In the rest of this section it will be shown: if & is a nontrivial,
indecomposable S-ring over Zom, m > 2, then its basic relation is equal to the identity
relation w,, on {0,...,m — 1}, i.e., w,, consists of singleton classes. We introduce the
notation S*(m) for the collection of S-rings over Zom that have basic relation w,,. We
remark that not all members of §*(m) are indecomposable. The description of the
indecomposable rings will be completed in the next section.

We introduce the functions f; : S(m) — Z, i = 0,...,m — 1, which act on an
S € §(m) by

fi(6) =max{k: H,g®* CTNL;,Tec B(&)}.

In particular, if 7" is a basic set of & which is contained in L;, then f;(&) is the
maximal number k such that 7" is the union of Hy-cosets. The value f;(&) can be
calculated from the basic group K; of & by using (1). We have

_fm-=2—-a—1q, if K; = Gsaqp # G1,
M@—{ m—1—i, if K; = Gh. @)

Proposition 2.2. Let G be an S-ring over Zom having basic groups Ko, ..., Ky,_1. If
K1 # G, then fo(6) > fi(S).

Proof. Let Ky = Gy, k = 3a + b. Since we assumed k > 1, by (2) we have
fi(6&)=m -3 —a.

Let Ky = Gp, k' = 3d’ + V. Because of Theorem 2.1(iv), we have ¢’ < a + 1. If
k' =1, then fy(&) = m — 1, which is clearly larger than f1(&). If £ > 1, then (2)
and a’ < a+ 1 imply

fo(&)=m—-2—d >m-3—a= fi(6).

O

Proposition 2.3. If G is a nontrivial, indecomposable S-ring over Zym, then its basic
relation 1s w,,.
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Proof. Let & have basic relation 6 and let it have basic groups Ky, ..., K,,_1. We
are going to show that if § # w,,, then & is decomposable. We proceed by induction
on m. The cases m < 3 can be checked directly, hence we assume that m > 4.

If Ko = G, then there is a subgroup Hj, such that Z, \ Hj is a basic set of &. If
k =0, then & is the trivial S-ring. This possibility is excluded, hence k > 0, and by
definition it follows that & is decomposable.

Assume that Ky # G7. Then H,, 1 € &, hence we can consider the S-ring over
H,,_ 1 generated by the basic sets of & contained in H,,_;. Denote this S-ring by &*.
It follows that the basic relation of &* is equal to 6* = {(i,7) : (i + 1,7+ 1) € 6}.
Thus 0* # w,,_1, and, because of the induction hypothesis, &* is decomposable. This
means by definition that there is some 1 < r < m — 2 such that every basic set of G*
(which are the basic sets of & contained in H,, 1) not contained in H, is the union
of some H,-cosets. This implies that f1(&) > r. A basic set in Ly = H,, \ Hp,—1 i
the union of Hy-cosets, where d = fo(&). Thus if d > r, then & is decomposable. In
case K # G this follows from Proposition 2.2, for d = fo(&) > f1(&) > r.

Therefore, it remains to consider the case K1 = (7. The assertion that L; =
H,, 1\ Hp,_o is not a basic set is equivalent to saying that € has equivalence class
{1,...,1} with i > 1. According to Theorem 2.1(ii), we have Ky = Gy, i.e., d =m—1,
which clearly exceeds r and, consequently, & is decomposable. Assume finally that L,
is a basic set, i.e., H,,_» € &*. This gives Ky = G}, with k < 4, see Theorem 2.1(iv).
Thus, by (2),

d= fo(&)>m—3. (3)

As before, the S-ring over H,, o which is generated by the basic sets of & contained in
H,, > is decomposable because of the induction hypothesis. This implies that every
basic set of & which is contained in H,,_5 \ H; is the union of H-cosets for some
1 <s<m-—3. Sinced >m —3 > s, see (3), and since L; is a basic set, we obtain
finally that & is decomposable as required. The proof now is completed. O

For our purpose, only the S-rings in S*(m) need to be considered. An S-ring & €
S*(m) is uniquely determined by its basic groups Ky, ..., K,,_1 since, by definition,
its basic relation is 0 = w,,. Now, K,,_1 = G, K;,_2 € {G1,G2} (Theorem 2.1(iii)),
and for i < m — 2 the basic group K; is determined recursively from K; i (see
Theorem 2.1(iv)). This can be interpreted via a rooted tree, which will be denoted by
T(m). Each vertex of T'(m) is labeled by one of the groups G;. Label the root, which
is also considered as the 0-th level of the tree, by GG;. Put two points on the 1-th level,
label them by G and G, respectively, and join the root with both using a directed
edge. The i-th level, 1 < i < m—1, is built based on the recursion in Theorem 2.1(iv).
As an illustration, 7'(4) is shown in Figure 1. Then the rings in $*(m) can be naturally
identified with the directed paths in T(m) of length m — 1. The S-ring & € S*(m)
having basic groups (Kjy, ..., K,,_1) corresponds to the directed path of T(m) that
passes the i-th level at the vertex labeled with K, ;_;; and conversely, any such
directed path induces an ring in S*(m) by considering the labels of its vertices.
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FIGURE 1. The directed rooted tree T'(4)

3. PARAMETER VECTORS

In this section we will identify the S-rings in S*(m), m > 2, with a collection of
parameters. The main purpose is to give a formal description of the parameters that
correspond to indecomposable rings in S*(m). (Hence, they will also describe all
nontrivial, indecomposable S-rings over Zom.)

Introduce the set M = {0,...,m—1} x {0, 4, —}. For the element (s,£) € M and
(5,0) € M, respectively, we agree to use the notations s* and s, respectively.

Definition 3.1. Let & € §*(m), and let it have basic groups Ko, ..., K1 (m > 2).

The parameter vector 4 = (ug’,...,u; 7' ) € M™ of & is defined as
o r _fm=2—-a—nu, if Ki = Gaaqp # G,
W_M@_{ m—1—1i, if K; = Gh, (4)
and
) Zf K’L = G3a7
E; = +, Zf K, = G3a+1 and a > O, (5)

0, if K; =Gy or K; = Gagqa.
The parameter vector U is called indecomposable if and only if & is indecomposable.

As a direct consequence of Definition 3.1 we have the following proposition.

Proposition 3.2. If (u*) is a parameter vector of length m, then

m—3—i, Zf€z7é0,
WS{mfl—@U@:Q

for alli € {0,...,m—1}.

The parameter vectors of length m can be easily obtained using T'(m). First, replace
the labels of T'(m) by elements of M in the following manner: if a vertex on the i-th
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level is labeled by G344, then assign to it the “new” label u® € M, where
" i—1—a, if3a+b>1,
N 1, if3a+b=1,

and
+, ifb=1and a >0,
e=< —, if b=0,
0, ifb=2or3a+b=1.

See Figure 2 below, where the tree T'(4) is shown with its “new” labels.

FIGURE 2. T'(4) with “new” labels

Now the parameter vector (u;*) of a given S-ring & € §*(m) can be easily obtained.
Consider the directed path of T'(m) corresponding to &, and then write down the
“new” labels of T'(m) that are passed by the path. (Note: the label of the root
provides u.™7', and so on.) Based on Figure 2, we list all parameter vectors of length

at most 4 in Table 1.

m parameter vectors

2 | (1,0) (0,0)*

3 (21,0 (2,0,0) (1,1,0) (1,0,00 (0,10
(0F,1,0)* (0,0,0)*

4 1/ (3,2,1,0) (3,2,0,0) (3,1,1,0) (3,1,0,0) (3,07,1,0)
(3,01,1,0) (3,0,0,0) (2,2,1,0) (2,2,0,0) (2,1,1,0)
(2,1,0,0)* (2,07,1,0)*  (2,07,1,0)* (2,0,0,0)* (17,2,1,0)
(1-,2,0,0)* (17,07,1,0)* (17,0%,1,0)* (1+,2,1,0) (1%,2,0,0)*
(17,0-,1,0)* (1*,0%,1,0)* (1,1,1,0) (1,1,0,0)* (1,0,0,0)*
(0-,07,1,0)* (0*,0",1,0)* (0,0,0,0)*

TABLE 1. The parameter vectors of S-rings in S*(m), m = 2,3, 4.
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The decomposability of an S-ring in §*(m) can easily be checked in terms of its
parameter vector as stated in the following proposition.

Proposition 3.3. If i = (u’) is the parameter vector of an S-ring & € S*(m), then
S is decomposable if and only if there exits some r € {1,...,m — 1}, such that u; > r
forallt=0,.... m—1—r.

Proof. Recall that u; = f;(S), see (4). By the definition of f; (cf. Section 2), the
value u; can also be regarded as the maximal number k that every basic set in L; is the
union of Hg-cosets. Our claim is an immediate consequence of this interpretation. &
is decomposable by definition if there exists some r € {1,...,m — 1} such that every
basic set is either contained in H, or is the union of H,-cosets (cf. Section 1). For our
G € §*(m), this is equivalent to saying that every basic set in L;, i =0,...,m—1—r,
is the union of some H,-cosets for some r € {1,...,m — 1}. This is equivalent to
saying that u; > r forall:=0,....m —1—r. O

Using Proposition 3.3, it is easy to check that the indecomposable parameter vectors
in Table 1 are exactly those that are marked with the sign *.

At the end of this section, we establish a formal description of indecomposable
parameter vectors (Theorem 3.8). To prepare for this description, we give next further
properties of the parameter vectors. Let & € §*(m), and let & have basic groups

KO - G3a0+bov s 7Km—2 = G3am72+bm727 Km—l - Gl-

Let @ = (u;*) denote the parameter vector of &. For the next three propositions
assume that ¢ € {1,...,m — 1}.

Proposition 3.4. Ife; 1 #0 and e; =0, then u;_ 1 = u; — 1 = m — 2 —i. Otherwise,
Uj—1 2 Uj;.

Proof. Because of (5), the conditions ¢; 1 # 0 and &; = 0 are equivalent with
(bl-_l — 0V (h1=1A a1 > 0)) A <3a,~+bi —1V b :2). (6)

Theorem 2.1(iv) shows that (6) holds exactly when 3a; + b; = 1 and 3a;,_1 + b;_1 €
{3,4}. By (4), these equalities imply v,y =m —2—-1—(i—1) = m —2 —i and
u,=m—1—1.

Assume that (6) does not hold. By Theorem 2.1(iv) we know that a; 1 < a;+ 1. If
3a; + b; # 1, then, according to (4), we have u; = m — 2 — a; — . Therefore,

ui§m—2—(ai,l—1)—i:m—2—ai,1—(i—1)gui,l.

Let 3a; + b; = 1. Since (6) does not hold, we have 3a;_; + b;_; € {1,2}. This implies
u;=m—1—1iand u;_1 € {m —i,m—1—1i}, hence u;_; > u; as required. The proof
is completed. O

Corollary 3.5. If G is indecomposable, then u; = m — 1 — 1 if and only if i =m — 1
or(i>1Neg1#0A g =0).
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Proof. If i = m — 1, then K,,_; = G, see Theorem 2.1(iii). This gives u,, 1 =
m—1—(m—-1)=0. Ifi >1and ;1 # 0 and ¢; = 0, then u; = m — 1 — i by
Proposition 3.4.

Conversely, assume that u; = m — 1 — ¢ holds and i € {0,...,m — 2}. Then
3a; + b; = 1, see (4). If i = 0, then Ly is a basic set, hence & is decomposable, a
contradiction. Thus ¢ > 1 and we can consider u;_;. According to Proposition 3.4,
we have u;_; > u; or u;—; = u; — 1.

Assume that u;_1 > u,;. We show next

uj>m—1—1, forall j=0,...,1. (7)
We use induction on j. The relation in (7) is clear for j € {i,i — 1}. Assume that
i > 1 and that (7) holds for j € {1,...,7i — 1}. By Proposition 3.4, either u;_; > u;
or uj_; = m — 2 — j. Note that in both cases u;_; > m — 1 — 4, as required.

By choosing » = m — i — 1 in Proposition 3.3, one obtains via (7) that & is
decomposable, a contradiction. Therefore, we have u;_; = u; — 1. By Proposition 3.4,
this implies that ¢;_; # 0 and ¢; = 0, and this completes the proof. a

Proposition 3.6. Ife; 1 =0 and ¢; # 0, then u; 1 € {m —i,m — 1 —i}.
Proof. Because of (5), the conditions ¢;_1 = 0 and ¢; # 0 are equivalent with
(Bai,l—i—bi,l —1V b, :2) A (bi:O Vbi=1Aa > 0)).

Theorem 2.1(iv) shows that the only possibility that this may occur is that 3a;,_; +
bi.y = 1 or 3a;_1 + b1 = 2. By (4), we have u;_.y = m—1— (i —1) or u;_; =
m—2—(i—1),ie,u_1€{m—i,m—1—7i}. O

Proposition 3.7. Ife; 1 #0, &; # 0 and u;_1 = u;, then ¢; = +.
Proof. By (4) and (5), the conditions ;1 # 0, &; # 0 and w;_1 = u; give
U1 =m-—-2—a,_1—(G—-1)=m—2—a; —i=u.
Thus a;,_1 = a; + 1. Theorem 2.1(iv) shows that this may occur only when b; = 1,
which, by (5), gives g; = +. a

In fact, the above properties completely describe the indecomposable parameter
vectors among the elements of M™.

Theorem 3.8. The parameter vector i = (u;') € M™ (m > 2) is indecomposable if
and only if it satisfies the properties:

(i) forallie{0,...,m—1}, u; < Z:?:Z Zzzigz
(i) uy=m—1—difand only ifi=m—1 ori>1and ;1 # 0 and g; = 0,
(iii) zf gii1#£0 and e; =0, then u;—1 = u; — 1; otherwise, u;_1 > u;,

(iv) ife;.1 =0 and g; # 0, then u;_4 € {m—z m—l—z}

(v) ifei1 #£0, & #0 and u;_y = u;, then e; = +.

Proof. If 4 is an indecomposable parameter vector, then the properties (i)-(v) are
just a reformulation of Proposition 3.2, Propositions 3.4, 3.6, 3.7, and Corollary 3.5.
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Conversely, assume that @ = (u;’) € M™ satisfies (i)-(v). We are going to prove
by induction on m that  is an indecomposable parameter vector, i.e., that it is the
parameter vector of a nontrivial, indecomposable S-ring over Zom. If m = 2, then
it can be directly checked that (0,0) is the only element of M x M satisfying all
properties (i)-(v).

Assume that m > 3. For a given u*, i € {0,...,m — 1}, substitute u; into the
equation (4). This will determine a unique number a;. Then consider the equation in
(5) which corresponds to our given ¢;. It will hold for a unique b; € {0, 1,2} as q; is
already fixed. Then put K; = G4, 4,-

In fact, it suffices to show that the groups Ky, ..., K,,_1 are the basic groups of an
indecomposable S-ring & € G*(m), for then @ is clearly the parameter vector of &.
We prove first that they are the basic groups of an S-ring in &*(m) by showing that
Ky, ..., K, satisfy Theorem 2.1(iii)-(iv). We distinguish two cases.

Case 1: up <m — 2.

We set @' = (uf',...,u;") € M™ 1. Tt can be checked that in this case @’
satisfies all properties (i)-(v). Therefore, the induction hypothesis yields that o is
the parameter vector of an indecomposable S-ring & over Zgm-1. It follows from this
that the groups K, ..., K, satisfy the conditions Theorem 2.1(iii)-(iv). Therefore,
we only have to check Kj.

Assume that e; = 0. Since u; < m—2, it follows that K1 = G3,,4+2. If 9 # 0, then,
by (ii), we have u; = m — 2, a contradiction. Also, ¢g = 0. If Ky # G, then by = 2,
and, by (2) and (i),

0<ag=m—-2—uy<m-—3—(u))+1=a;+1.
Therefore, we obtain
Ko € {G1} U {Gsi42 | 0<i<ay+ 1},

as stated in Theorem 2.1(iv).

Assume next that ¢; # 0. This is the same as Ky = 3a; + 1 or K7 = 3a; for a; > 0.
If now g9 = 0, then, by (iv), we have ug € {m — 1, m — 2}. By (2), this implies that
Ky € {G1,Ga}. If €9 # 0, then K| = 3ap + 1 or K; = 3ay for ap > 0. By (2) and (i),
we have 0 < ag < a1 + 1, and ay = a; + 1 is the same as uy = u;. In this case, by
(iii) it follows that £, = 4. Furthermore, we have b; = 1. Altogether we obtain that
in case Kl = G3a1+1 or Kl = G3a1+3,

K()E{GQ} U {G3i+1 | O§z§a1—|—1} U {G31+3 | nggal}
Thus, K satisfies Theorem 2.1(iv).

Case 2: uy = m — 2.

Then, according to (4) and (5), we have K; = G and ¢y = 0. We set @ =
(u5', ..., u;m') € M™% In this case, us < m — 3, since otherwise &; # 0 would
follow because of (iii). It follows from this that the groups Kb, ..., K,, 1 satisfy the
conditions Theorem 2.1(iii)-(iv). Therefore, we only have to check K; and K.

Since K7 = Gy, it satisfies Theorem 2.1(iii)-(iv) independently of K5. According to
(ii), we have g9 # 0 and £ = 0. Thus, uy = m — 3 because of (i), hence, from (4), we

get that Ky € {G3,G4}. This shows that K satisfies Theorem 2.1(iv), as required.
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We proved that # is the parameter vector of an S-ring & € &*(m). It remains to
show that G is indecomposable. By way of contradiction, assume that & is decom-
posable. Because of Proposition 3.3, there is some r € {1,...,m — 1} such that

w>rforalli=0,....m—1—r. (8)

In particular, u,, 1, > r = m—1—(m —1—r). Because of (i) and (ii), we
have U1 =7, m—1—7r >0, ¢y—1-» = 0, and &,,, , . # 0. Now (iii) implies
Upm—2—p = Upm—1—r — 1 = r—1, which contradicts (8). The proof of the theorem is now
completed. a

4. LATTICE PATHS

In this section, we consider lattice paths (for short paths) in the integer plane
lattice, which consist of steps —= (1,0), 1= (0,1) and /= (1,1). A path 7 is
uniquely determined by its starting point and the sequence of its steps. We express
this as 7 = (s1,....,5%), S € {—, 1, /}. The path induced by 7’ = (s;, Sit1,--.,5;),
1 <1< 5 <k, will be called a subpath of .

In this section we are going to associate a path with any indecomposable parameter
vector. Let @ = (ug’,...,u;" ) be an indecomposable parameter vector. The associ-
ated path will have starting point (0,0), and its steps will be constructed recursively
in m — 1 steps. In each step, a subpath will be determined, which will be denoted by
m;, whose end point will be denoted by (z;, ;). As initial value, let 7y be the empty
path with starting point (0,0), so that (zg,y0) = (0,0).

Assume that ; is already defined, connecting (0,0) with (z;,7;), 0 < i < m — 2.
Then define 7,41 as the concatenation of m; with 7/, where 7’ has starting point (x;, y;),

and where its steps are determined by the following rules:

If £, = 0 then
(—, 1), ifi>1,e-1#0,
mi=q (—,...,—,1) ifi=0o0r(i>1,¢&_1=0), (9)
———

M
where 7 = max(m — 1 — z; — u;, 0).

If €; # 0 then
— .
i (T, 1,1, =) ife =+, (10)
T (TJ?T?/) ifgi:_7
-1
where s = max(m — 2 — y; — u;,0).
It is easy to see that for the end point of m;;; we have

(i[)l—l-l,yl—'—l), lf’lZl, Ei:O, 81;1#0,
(l‘i+1,yi+1): <$¢+7’,yi+1>, if Ei:O, (ZIOOI'ZZ 1, 52‘7120),
(x; + 1,y + 3), if g; #0.

Given this construction, we associate « with the path m,,_;. We set the notation
(W) = Tp1.
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Example 4.1. 7(@), @ = (27,2%,3,0%,1,0).

By definition 7 is the empty path, (z¢,yo) = (0,0). As for 7y, since ug” = 27, apply
(10) with s =2 to find m =7’ = (1, /), (x1,11) = (1,2). 7 is the concatenation of
m with 7/, where 7’ starts at (1,2) and, according to (10), 7’ = (—). Continuing in
this way, we obtain:

—

et T T3 T4 m(d) = 75

Next, we provide more paths associated with indecomposable parameter vectors.
For sake of simplicity, we put m(@0) = 7w(ug’, ..., usr) if 4 = (ug®, ..., usr).
Example 4.2. The paths associated with indecomposable parameter vectors of length
m, 2 <m <4.
m = 2: There is only one path: 7(0,0) = (—, 7).

m=3:

7(0,0,0) 7(1,0,0) 7(0+,1,0) (0~,1,0)

3
I
W

7(0,0,0,0) 7(1,1,0,0) 7(1,0,0,0) x(1,0+,1,0) x(1,07,1,0) 7(2,1,0,0) 7(2,0,0,0)

w(0+,0%,1,0) =(0—,0%,1,0) =(1*+,0%,1,0) =(1+,0~,1,0) #(1~,0%,1,0) n(1~,0~,1,0) m(1F,2,0,0) 7w(1~,2,0,0)

It will turn out that the class of paths which can be obtained from indecomposable
parameter vectors can be nicely described by using classical paths such as Catalan
and Schroder paths.

Catalan paths are defined as paths connecting two points lying on the line y = =
such that they consist of steps — and T, and reach no point above the line y = .
The total number of Catalan paths from (0,0) to (n,n) is the n-th Catalan number
Cn, [12, Exercise 6.20/c]. Schréder paths connect two points lying on the diagonal
line, consist of steps —, T and ', and reach no point below the line y = x. The
total number of Schrioder paths from (0,0) to (n,n) is equal to n-th Schréder number
Sn, [12, Exercise 6.39/j]. For our purpose we will need a slight modification of the
Schroder paths. Namely, we call a path a long Schroder path if it is the extension of
a Schroder path with two additional steps — and T.

By examining the paths in the examples, one might observe that they can be
described as concatenation of Catalan and long Schréder paths. We are going to
show that this is true in general.
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Theorem 4.3. If m > 2, then the mapping @ — w(d) is a bijection from the set of
all indecomposable parameter vectors of length m to the class of paths described by

concatenations of Catalan and long Schrider paths from (0,0) to (m —1,m —1). (11)

The proof of Theorem 4.3 will be based on induction on m. This requires a few
preparatory propositions. As these are straightforward consequences of the definitions,
we leave the proofs to the reader.

Let @ = (u;") € M™ be an indecomposable parameter vector, and let m > 3. We

introduce the vector @' = (w, ..., wS"2) by
who uit, if up <m —2,
O 7] m—3, otherwise,
and for i € {1,...,m —2} let w® = u; . The vector @’ will be called the derivation
of 4.

Proposition 4.4. If @ is an indecomposable parameter vector of length m > 3, then
so is its derivation u’.

Let 7 = (s1,...,5;) be a path starting at (0,0). For the numbers 1 < i; <
-+ < iy < k, we denote by w~ ¥ the path starting at (0,0), and whose steps are
obtained from those of w by deleting the steps s;,,...,s;,. For a path m = (s1,...,s%)
connecting (0,0) with (m,m), we define its derivation as the path 7’ connecting (0, 0)
with (m — 1, m — 1) such that:

7T_1, if S1 :/7
D) if s =---5 =1, $141 =/

Example 4.5. The derivation of m = w(37,4,07,07,1,0) and p = 7(3,2,2,0%,1,0).
(The derivations are shown after translating them by the vector (1,1).)

/

b 7’ P p

The vectors (37,4,07,07,1,0) and (3,2,2,07,1,0) are indecomposable parameter

vectors, see Theorem 3.8. It can be seen that the derivation paths are also con-

catenations of Catalan and long Schroder paths. Moreover, ©' = m(3,0%,0%,1,0),

P = 7(2,2,07,1,0), and (3,07,0%,1,0) and (2,2,0%,1,0) are the derivations of

(37,4,07,07,1,0) and (3,2,2,0",1, 0), respectively. In general, we have the following
relation between the derivation of vectors and paths.

Proposition 4.6.

(i) If m is a path as described in (11) with m > 3, then 7' is also a concatenation
of Catalan and long Schrdder paths, connecting (0,0) with (m —2,m — 2).

(ii) Ifu is an indecomposable parameter vector of length m, m > 3, then (w(u)) ' =

m(d').
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Now everything is prepared to prove Theorem 4.3.

The proof of Theorem 4.3. We proceed by induction on m. The assertion is true
for m = 2, see Table 1 and Example 4.2.

Assume that m > 3. It follows from (9) and (10) that @ — 7() is an injection. We
show next that if @ is an indecomposable parameter vector of length m, then (%) is a
path as described in (11). Let m = m(u@). We have ' = w(u’), see Proposition 4.6(ii).
Since u’ is an indecomposable parameter vector, see Proposition 4.4, 7’ is a concate-
nation of Catalan and long Schréder paths connecting (0, 0) with (m —2,m —2). Now
one can use (9), (10), and (12) to conclude that 7 must be a path as described in
(11).

The proof will be completed by showing that if p is a path which connects (0, 0)
with (m — 1,m — 1) such that it is a concatenation of Catalan and long Schroder
paths, then p = 7(@) for some indecomposable parameter vector « of length m.
Let p = (s1,...,5k). Use Proposition 4.6(i) and the induction hypothesis to deduce
p' = ©(v) for some indecomposable vector ¥ of length m — 1. Furthermore, let ¢ =
( o gm—Q)'

UO 7""“777,—2

We distinguish two cases depending on whether p starts with a Catalan or with

a long Schroder subpath. We consider only the first case as the second one can be
settled along the same line of reasoning.

Let the starting Catalan subpath of p have first steps s = --- = 5, =—, 5111 =T,
1 <1< m—2. Now define @ = (u;") by
. (m—1-1)°, if 1 =0,
Ut = §i1 ;
v, fl<e<m—1.

We are going to complete the proof by showing that # is an indecomposable parameter
vector of length m, and p = 7(@). Now, @ being an indecomposable parameter vector
is equivalent to the conditions

Ug S m_2a
e1#0 = ug=m—2,
Uy = u,

see Theorem 3.8. It immediately follows that ug < m—2. Let 1 # 0. We have &, # 0.
Moreover, p' starts with a long Schroder path, see (10). As p starts with a Catalan
subpath, this can only occur if [ = 1, see (12). Hence ug = m — 2. It remains to show
that ug > u;. We have u; = vg < m — 3 since v is an indecomposable parameter
vector of length m — 1. Hence we may assume that u; < m — 2, so that [ > 1. Thus,
by (12), the path p’ starts with the Catalan subpath (so,..., s, Si41,...). Now use
(9) to obtain [ — 1 < m — 2 — vy. It follows that u; =vg < m —1—1 = uy.

It is clear that @’ = ¢. Therefore, we have (7(@))" = p/, see Proposition 4.6(ii).
Moreover, for 7(#) = p it is enough to show that the two paths share the same first
[ + 1 steps. This is however clear since it follows that the first iteration of m(u) is

(S1y.-+,8141), see (9). O
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5. THE PROOF OF THEOREM 1.1

Recall that I(m,p) denotes the number of indecomposable S-rings over Z,m. If
m > 2, then the nontrivial, indecomposable S-rings over Zym were parameterized by
the indecomposable parameter vectors of length m in Section 3. In Section 4 these
vectors were shown to be in a one-to-one correspondence with paths as described in
(11). Since the trivial S-ring is always indecomposable, for m > 2 we have

I(m,2) = 1+ #{paths as described in (11)}. (13)

Our derivation of the expression for I(m,2) given in Theorem 1.1 will be based on
this interpretation. If n > 1, let p,, denote the number of paths from (0,0) to (n,n)
as described in (11), and for convenience put py = 1. Thus, I(m,2) = 1 + p,,—; if
m > 2. Weset P(x) =) . pnx"

Recall that the total numbers of Catalan and Schroder paths, respectively, connect-
ing (0,0) with (n,n) are given by

1 [/2n "1 2K\ /n+k
‘ n+1<n>an ° gkqtl(k)(%) (14)

The corresponding generating functions are, see [12, page 178],

C(x):chx”:#, S(:c):an:cnzl_x_ 1—6x+x2. (15)

2z
n>0 n>0

If 5, denotes the number of long Schroder paths, n € N, then the corresponding
generating function is S(z) = (S(x) — 1)z, as is immediate to see.

The proof of Theorem 1.1. [(1,2) = 1 is clear, hence assume m > 2. As our
paths are concatenations of Catalan and long Schroder paths, we have the following

recursion:

n n—1

Pn = E gzpn—z + E CiPn—1—i, N > 1.
1=0 =0

In terms of generating functions, P(r) = P(z)S(z) + P(z)C(x)z + 1. Substitute
S(x) = (S(z) — 1)x and use (15) to deduce
2
P(z) = :
() 3z + 1 —4x + V1 — 6z + 22

By getting rid of the square roots in the denominator and using (15) again, one can
obtain

P() 1 +4z + (4z — 2)C(x) + (22 — 1)S(x) + 32C(x)S(x)

x) = .
402 4+ 11z — 2

From this, for the numerator we have:

n—1

-2+ 92 + Z( 4epq — 26, + 28,1 — S, + 3 Z CiSn—1—i )T".

n>2 i=0
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Using partial fraction decomposition, the denominator can be expanded to

1 Z 1 [<11—3\/1_7>n+1 (11+3\/1_7>n+1} .
—_—— = —— T
422 + 11x — 2 n>03\/17 4 4

Eventually, these facts are combined to derive the desired expression for p,, 1. The
proof now is completed. O
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