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COMPUTING POWERS
OF TWO GENERALIZATIONS OF THE LOGARITHM

WaDIM ZUDILIN! (Moscow)

ABSTRACT. We prove multiple-series representations for positive integer powers of the
series
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The results generalize a known formula for powers of the series for the ordinary logarithm
—log(1 — z) = L(z;0).

The series for the ordinary logarithm,

Liy(z) = —log(1—2) =Y % 2] < 1, (1)
n=1
admits the following formula
ng
Liy(2)! = 1! 3 S 2)

n n -.-n
n>n;_1>--->n1>1 1762 !

It plays an important role in evaluating irrationality and transcendence measures for
values of the logarithm at rational points (cf. [Ne]). On the other hand, information on
the arithmetic nature of values of the following two generalizations of the series (1) is
available only in particular cases at this moment. The first generalization, the a-shift
of the logarithm for o > 0, is defined by the series

oo Zn
L(z) = L(z;a) = ) Pt 2| < 1.
n=1

The second generalization, known as a g-extension of the logarithm, is given by the
formula

n
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=) 2| <1, gl <1, p=q "
n=1

z"q
1—

q pn—1’

ly(z) = Z
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Then one has

lim (1 — ¢q)¢,(z) = Li; (2) = L(2;0) for |z < 1.

The aim of this note is to provide generalizations of the formula (2) for both L(z; a)
(Theorem 1) and ¢,(z) (Theorem 2), which might become useful in the arithmetic
study of values of the series.

Theorem 1. For each 1 =0,1,2,..., the following identity holds:

L(2)! = 1Li(2), 1=0,1,2,...,

where
z™
Ll Z) = 5 l = 1’ 2’ s L z) = 1
() nz>~-~>;2>n1>1 (n1 +a)---(n +la) 0(2)
Proof. For given [, we have
Z”H—la

—ad o —ad
Zl l &(Zl Ll(z)):zl l & Z

> oy >1 (n1+a)- (-1 + (= Da)(n +la)

1 o0
= an
nl—l>§ﬂ1>1 (nl T a) o <nl_1 + (l N 1)a) mI;H-l
ny_1

T 1-z 2 (n1+a) - (n_1 + (I — Da)

ng_1>-->n121

z

= L .
1—2" 1(2)
On the other hand,
zl_lo‘i(zlo‘Ll(z)) =2 la L (2) + Zlo‘iLl(z)
dz dz
=lali(z) + d Li(2)
= oLz Zdz 1I\WZ).
Therefore,
zdiLl(z) = —lali(z) + Li—1(2), l=1,2,
z J—
If we define
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then
z%il( )= %Z%L(z)l - (1_11)!L(Z)l_1 'z%L(Z)
= (l_ll)!L(z)l—l(_aL(z) 1 _z> = —alLi(z) + — Li_1(2).

Since Lo(z) = Lo(z) = 1 and Li(2) = (2/(14))} /I+0(zH1Y), Li(2) = (z/(1+a))' 11+
O(z!*1), we obtain the desired result. [

Theorem 2. For eachl=1,2,...,

2O, gL g )
ly(2) =
! 2 (1—gm)(1—gr2)---(1—qm)

znl(I)l(pnl,pn2_nl, . 7pnl_nl71)
= (3)

(pn1 - 1)(]3"2 — 1) R (p"l _ 1) )

n>ng_1>-->n1>1

n>ng_1>--->n1 =1

where ®;(x1,...,x;) is the polynomial

Oy(xr,..,x) = (@ e D)@ e+ 1) (g 1)
l+1 —J —1

!
H : (4)
In particular, one has

2= Y D

I mt (pm —1)(p2 — 1)’

2 (P +p™ + D™ +1)
2 (pmr = 1)(pm> = 1)(p"s —1)

1
Uyp(2)® = 3

ny>no>ng>1

The proof requires two auxiliary identities.

Lemma 1. Forl=2,3,..., the equality
1
(x1 — 1)(z120 — 1) -+ (w129 21 — 1) - (x — 1)
l Ti...%51

- —1 —1
j=1 Hi:1($1 R 1) ) k:j_1($1 TR — 1)

holds identically in the variables x1,...,x;—1 and x. (Empty products should be
replaced by 1.)

The proof exploits a simple inductive argument, and therefore is omitted.
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Lemma 2. For eachl=1,2,..., the following identity holds:

1
(1131 — 1)(1‘2 — 1)---(1‘1 — 1)
_ Z D (To(1ys -5 To()) (5)
u cES, (To(1) = D(@o)To@) = 1) (To)To@) *+ Towy — 1)

where

is the polynomial defined in (4) and S; denotes the set of all permutations of {1,2, ...,

I

Proof. We apply induction on [. If [ = 1, then both sides of (5) are simply 1/(z1 —1).
Suppose that [ > 1 and that we have proved identity (5) for [ replaced by [ — 1. Then
applying Lemma 1 (with z = z;) we obtain

1
(:L'l - 1)(1‘2 - 1) ce (225_1 - 1) : ($l - 1)
_ 1 > D 1(To1)s -+ To(i=1))
(l - 1)! ve®r ) (x,,(l) - 1)(.730(1)330(2) - 1) ce (.I‘U(l) o To(l-1) T 1) . (a:l — 1)

l_l Z Z D4 Jja(l)a"':xo‘(l—l))

ceor =1 [T (@e) Ty — 1)
To(1) " To(j—1)

Hk—g 1(Zo()  To(j-1)TTo(j)  To(k) — 1)

Z P, 1 LTr(1)s---> T(j)?"‘?x’T(l)) *Lr(1) " Lr(j-1) (7)
(I —1)! 1 ’
fers Hk:l(xT(l) e Trr) — 1)

where in the latter sum j abbreviates 771(1), that is

T=1(,0) €6 (1,2,....01-1L1) — (¢(1),...,0(j —1),L,0(j),...,0(l — 1)),

and the notation ¥ means omitting the corresponding parameter. Since the product
on the left-hand side of (7) is symmetric in x1,xs,...,2;, we may replace z; by z;
with i # [, to deduce an identity similar to but different from (7). If we now average
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the results over all ¢ = 1,...,[, then we obtain

1
(1171 — 1)(1‘2 — 1) cee (l‘l 1 — 1)(:13[ — 1)
Z Z (I)l 1 xT(l)W"ax/Taa'-'vxT(l)) “Lr(1) " Tr(5-1)
l
== [T ey - 2rey) = 1)

—1!

Di(zr(1), -5 Tr())
-

2 et (e - Ty — 1)

where we set
i)l(xl, Z(I)l 1 :L‘l,.. l'j,..., l)~x1$2---fl,’j_1. (8)

It remains to verify that the polynomials ®; in (8) and ®; in (6) coincide:

l I—1—4
~ kj_14+1 k; k
(I)l(:lfl,...,xl) = E l‘llclJrl . 113J711 x]+1 .’.I?ll !
7j=1 k;=0
i=1,...,1—1
! 1—i / , 1—i )
_ m’fl j? § : 3+11 ;@z
- Jj— Jj+
Jj=1  ki=1 k=0
i=1,...,5—1 i=j+1
1—1
1,.k5 !
= E T, x,' = ®(xy,...,21),
k=0
i=1,...,1

where we use the bijection
(j,k’l,...,kl_1>f—>( i,kfé,,k‘;) :(k:1—|—1,...,k;j_1+1,0,k:j,...,k;l_1).

This completes our proof of the lemma. [l

Remark. The identity of Lemma 2 belongs to a family of identities in the style of
Littlewood [Li], p. 85:

M-y 1
=1 ses, To(1)(To(1) + To(2)) - (To(1) + To(2) + - + o))

Identities of similar type and their applications may be found in [Me], Section 10.9,
Appendix A.23. Lassalle in [La] gives formulae, where monomial symmetric functions
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are specialized; taking as variables the parts of the partition, which indexes the
function (i.e., replacing x; by ¢/ ! for j = 1,...,1), one obtains curious generalizations
of Littlewood-type identities.

Proof of Theorem 2. From Lemma 2 we deduce that

© m A\ o0 my+etmy
I ) = z
gq(Z) —(me_1> Z—l <pm1_1)...(pmz—1)

m=1

i=1,...,l

1 i @l(xa(l), R ,xa(l))
- Z Z I
W2t vee i (Toy -+ oy — 1)

i=1,...,1

z;=p™i, i=1,...,1

oo

. Z @l(ﬂ?l,...,xl)

- l
m;=1 [Ty (@12 — 1)
i=1,...,0

’
x;=p™i, 1=1,...,1

and after the change n;, = m1 +---+m;, ¢ = 1,...,l, we arrive at the claimed
formula (3). O
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