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GROBNER BASIS TECHNIQUES IN ALGEBRAIC
COMBINATORICS

TAKAYUKI HIBI

ABSTRACT. Grobner basis techniques in the algebraic study of triangulations of
convex polytopes as well as of the number of faces of simplicial complexes will
be discussed. Of these two traditional topics in combinatorics, the first will be
studied by using initial ideals of toric ideals and the second will be studied by
using generic initial ideals of monomial ideals.

INTRODUCTION

It turns out that, in the current trends on the study of convex polytopes and
simplicial complexes, the algebraic techniques based on the theory of Grobner bases
could play fundamental roles. Especially, Grobner basis techniques exert a great
influence on the developments of the traditional topics in combinatorics such as
triangulations of convex polytopes and the number of faces of simplicial complexes.

The present article will provide the reader with the way how to use Grobner
bases in algebraic combinatorics. No special knowledge on commutative algebra
and algebraic combinatorics will be required.

First of all, in Section 1 we will present fundamental materials on Grobner bases
as quickly as possible. Our discussion will open with Dickson’s lemma in classical
combinatorics on monomials. In the language of commutative algebra, Dickson’s
lemma is equivalent to saying that every monomial ideal of the polynomial ring is
finitely generated. Based on Dickson’s lemma, the notion of initial ideals together
with Grobner bases will be introduced. In one word, a Grobner basis of an ideal
I of the polynomial ring is a finite set of polynomials belonging to I which enjoys
certain distinguished algebraic properties. In the language of Grobner bases, the
Hilbert basis theorem is an immediate consequence of the fact that every Grobner
basis of an ideal I is a system of generators of /. On the other hand, the Buchberger
criterion gives an explicit answer to the problem when a system of generators of an
ideal I can be a Grobner basis of I. Moreover, the Buchberger criterion supplies
an algorithm to compute a Grobner basis of an ideal [ starting from a system of
generators of 1.

The theory of toric ideals is one of the fascinating topics lying between commu-
tative algebra and combinatorics (Sturmfels [24]). Section 2 will be devoted to the
basic idea of the study of triangulations of convex polytopes by using initial ideals
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of toric ideals. Unimodular triangulations together with flag triangulations will ex-
plain the reason why the initial ideal generated by squarefree quadratic monomials
would be of interest in combinatorics. Typical examples of initial ideals generated by
squarefree quadratic monomials arise from finite distributive lattices [11], classical
root systems [21], finite bipartite graphs [20], and decomposable models in algebraic
statistics [6].

Algebraic shifting, introduced by Gil Kalai in 1988, is a powerful tool for the study
of the number of faces of simplicial complexes. Kalai defined algebraic shifting in
the framework of combinatorics. However, in Section 3, we will introduce algebraic
shifting by using the notion of generic initial ideals. The generic initial ideal is one
of the indispensable and fundamental tools for the developments of computational
commutative algebra. Among many pending problems (Kalai [14] and Herzog [9])
related with algebraic shifting, one of the most fundamental problems is to compute
the algebraic shifted complexes of simplicial spheres. A simplicial sphere is, by
definition, a simplicial complex whose geometric realization is homeomorphic to the
sphere. In particular the boundary complex of a simplicial polytope is a simplicial
sphere. In [13] Kalai introduced the squeezed sphere and showed that the class
of squeezed spheres is much bigger than that of boundary complexes of simplicial
polytopes. Even though Kalai introduced the squeezed sphere in the language of
combinatorics, following Murai [15] we will define the squeezed sphere by using
strongly stable monomial ideals. Murai [16] succeeded in computing the algebraic
shifted complexes of squeezed spheres. The final goal of Section 3 is to state this
nice result due to Murai.

1. GROBNER BASES

Let S = K]xy,...,%,| denote the polynomial ring in n variables over a field K
with degx; =1 fori=1,2,... n, and let

Mon(S) = {a'a5? - - a ta; € Zyyi = 1,2,...,n},

’VL

be the set of monomials of S, where Z, is the set of nonnegative integers. In

particular 1 € Mon(S). For monomials x* = 29232 - - - 2% and x = 2§23 ... 20»
of S, we say that xP divides x® if b; < a; for i = 1,2,...,n. We write xP | x?® if xP

divides x®. Let M be a nonempty subset of Mon(.S). A monomial x* € M is said
to be a minimal element of M with respect to divisibility if whenever x”|x® with
x? € M, then xP = x®. Let M™" denote the set of minimal elements of M.

Theorem 1.1 (DICKSON’S LEMMA). Let M be a nonempty subset of Mon(S).
Then M™® js q finite set.

Proof. We prove Dickson’s lemma by using induction on n, the number of variables
of S = K[z1,79,...,7,]. Let n = 1. If d is the smallest integer for which z¢ € M,
then M™in = f29} Thus M™® is a finite set.

Let n > 2 and B = K[x| = K[x1,%2,...,Z,-1]. We use the notation y instead
of z,. Thus S = Klz1,x9,...,25-1,y]. Let M be a nonempty subset of Mon(.S).
Write N for the subset of Mon(B) which consists of those monomials x®, where
ac Zﬁ_l, such that x*y® € M for some b > 0. Our induction hypothesis says that
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N™In g g finite set. Let N™8 = {uy, uy, ..., us}. By the definition of N, for each
1 < i < s, there is b; > 0 with u;y% € M. Let b = max{by, b, ...,bs}. Now, for
each 0 < & < b, define the subset NV¢ of N to be

Ne = {x* e N : x*y* € M}.
Again, our induction hypothesis says that, for each 0 < & < b, the set N

min

is finite.

Let ./\fgmin = {ugg), uég), e ,ug?}. We now show that each monomial belonging to
M is divisible by one of the monomials which appear in the following list:

ulybl7u2yb27 e 7usybs7
ug())? ug»? s 7u§92)7
1 1
Ug )y7 Ué )yu s 7US)?J7
T T G L V1 U [T La

In fact, since, for each monomial w = x*y7 € M with x* € Mon(B), one has
x® € N, it follows that if v > b, then w is divisible by one of the monomials
wy™, uay®?, ... ugybs, and that if 0 < v < b, then w is divisible by one of the
monomials u;"y7, ug”y”, . ,ugz)yw. Clearly, the monomials listed above are in M.
Hence M™® is a subset of the set of monomials listed above. Thus M™® is finite,

as desired. 0

A monomial order on S is a total order < on Mon(S) such that

o 1 <uforall 1#ue Mon(S);
o if u,v € Mon(S) and v < v, then vw < vw for all w € Mon(S).

Example 1.2. (a) Let a = (a1, ag,...,a,) and b = (b1, by, ..., b,) be vectors belong-
ing to Z" . We define the total order <jox on Mon(S) by setting x* <jex xP if either (i)
Yomgap < Do by, or (i) Yor ,a; =Y b and the left-most nonzero component
of the vector a — b is negative. It follows that <., is a monomial order on S, which
is called the lexicographic order on S induced by the ordering x1 > x9 > --- > x,,.
(b) Let a = (a1, ag, ..., a,) and b = (b1, ba, . .., b,) be vectors belonging to Z7. We
define the total order <,e, on Mon(S) by setting x® <,e, x® if either (i) D1, a; <
Yow by, oor (i) YO a; = > b and the right-most nonzero component of the
vector a—b is positive. It follows that <,., is a monomial order on S, which is called
the reverse lexicographic order on S induced by the ordering x; > x5 > --- > z,,.

For example, xox3 <jex 174 and X114 <iey Toxz in K|xy1, T2, x3,24]. Among the
monomials of degree 2 of K|[x1, xy, x3], one has

2 2 2
X3 Lex 273 <lex Ty Lex L1273 <lex 102 <lex Ty
and

2 2 2
Tg <rev L2T3 <rev L1T3 <yev Ty <rev L1T2 <rev i

Exercise 1.3. List the 10 monomials of degree 3 of K|z, x9,x3] with respect to
each of <jo and <,ey.
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Lemma 1.4. Let < be a monomial order on S. Let u,v € Mon(S) with u # v and
suppose that u divides v. Then u < v.

Proof. Write v = uw with w € Mon(S). Since w # 1, one has 1 < w. Thus
1-u <w-u. Hence u < v, as desired. (]

We will work with a fixed monomial order < on S. Let f = ZueMon(S) a,u be a
nonzero polynomial of S with each a, € K. The support of f is the finite set

supp(f) = {u € Mon(S) : a, # 0}.

The initial monomial of f with respect to < is the biggest monomial with respect
to < among the monomials belonging to supp(f).
Recall that an ideal of S is a nonempty subset [ of S such that
o if fgel, then f+gel;
eif fecland he S, then fhel.

Given a subset {fy}rea of S, we write ({fi}rea) for the set of polynomials of the
form )\ 4 hafr, where {X € A : hy # 0} is finite. Then ({fi}aea) is an ideal
of S, which is called the ideal of S generated by {fy}rea. When A is finite, say,
A={1,2,...,s}, we write (f1, fa,..., fs) instead of ({f1, fa,..., fs}). Conversely,
given an ideal I of S, there exists a subset ({ fy}xea) of S with I = ({fx}aea). We call
{fx}ren a system of generators of I. We say that an ideal I of S is finitely generated
if I possesses a system of generators consisting of a finite number of polynomials.
Later, we will see that every ideal of S is finitely generated (Corollary 1.9).

A monomial ideal is an ideal which is generated by a set of monomials. Let I C S
be a monomial ideal. It follows that I is generated by a subset A/ C Mon(S) if and
only if (I N Mon(S))™" C N. Hence (I N Mon(S))™™ is a unique minimal system
of monomial generators of I. Dickson’s lemma guarantees that (I N Mon(S))™" is
finite. Thus in particular every monomial ideal is finitely generated.

Let I be a nonzero ideal of S. The initial ideal of I with respect to < is the
monomial ideal of S which is generated by {in.(f) : 0# f € I }. We write in. (1)
for the initial ideal of I. Thus

in.(1) = ({inc(f) 0 £ f € T).

Since (in(I) N Mon(S))™" is a minimal system of monomial generators of in_ (),
and since in. (/) N Mon(S) = ({in<(f) : 0 # f € I}), there exists a finite number
of nonzero polynomials g1, ga, . . ., gs belonging to I such that in. (/) is generated by
the set {in<(g1),in<(g2),...,in<(gs)} of their initial monomials.

Definition 1.5. Let I be a nonzero ideal of S. A finite set {g1, g2, - . . , gs } of nonzero
polynomials with each g; € I is said to be a Grobner basis of I with respect to < if
the initial ideal in. () of I is generated by the set {in.(g1),in<(g2),...,in<(gs)} of
their initial monomials.

A Grobner basis of I with respect to < exists. If G is a Grobner basis of I with
respect to <, then every finite set G’ with G C G’ C [ is also a Groébner basis of
I with respect to <. If G = {g1,...,9s} is a Grobner basis of I with respect to <
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and if fi, ..., fs are nonzero polynomials belonging to I with each in_(f;) = in-(g;),
then {fi,..., fs} is also a Grobner basis of I with respect to <.

Example 1.6. Let S = Kz, z9,...,27] and I = (f, g), where f = x1x4 — 2923 and
g = 1407 — T5xg. Let <jo the lexicographic order on S induced by x1 > x5 > -+ >
x7. One has in._ (f) = z124 and in._(g) = x4z7. We claim that {f, g} is not a
Grobner basis of I with respect to <jx. In fact, the polynomial h = z7f — 219 =
T1T5%T6 — Tox3xy belongs to I, but its initial monomial in.,_(h) = x12526 can be
divided by neither in.,_(f) nor in.,_(g). Hence in.,_(h) & (in<, (f),inc, (g)).
Thus in., (/) # (in, (f),in<, (g)). In other words, {f, g} is not a Grobner basis
of I with respect to <jx. Later, we will show that {f, g,h} is a Grobner basis of I
with respect to <jex (Example 1.16).

Lemma 1.7. Let < be a monomial order on S = Klxy,...,x,]. Then, for any
monomial uw of S, there is no infinite descending sequence of the form

(1) U=1Uy > U > Uy > -+ .

Proof. Suppose, on the contrary, that one has an infinite descending sequence (1) and
write M for the set of monomials {ug, u1,us,...}. It follows from Dickson’s lemma
that M™" is a finite set, say M™® = {u;,, Wiy, ..., u; } With i1 < dg < -++ < i
Then the monomial w;, 1 is divided by u,; for some 1 < j < s. Thus by Lemma 1.4

one has wu;; < u;, 1, which contradicts i; < i, + 1. O
Theorem 1.8. Let I be a nonzero ideal of S = Klz1,...,x,] and G ={g1,...,9s} a
Grébner basis of I with respect to a monomial order < on S. Then I = (g1, ..., gs).

In other words, every Grobner basis of I is a system of generators of I.

Proof. (Gordan) Let 0 # f € I. Since in.(f) € in.(I) and since G is a Grobner
basis of I, i.e., inc(I) = (in<(¢1),...,in<(gs)), it follows that there is g;, such
that in.(g;,) divides in.(f). Let in.(f) = wpin<(g;,) with wy € Mon(S). Let
ho = f —c; Leowogi,, where cq is the coefficient of in.(f) in f and where ¢;, is the
coeflicient of in.(g;,) in ¢;,. Then hy € I. Since in.(wog;,) = woin(g;,) it follows
that inc(ho) < in<(f). If hg =0, then f € (g1,...,9s)-

Let hg # 0. Then the same technique as we used for f can be applied for hy. Thus
hi = f— c;llclwlgil — c;olcowggio, where ¢ is the coefficient of in.(hg) in hy and
where ¢;, is the coefficient of in.(g;,) in ¢;,. Then hy € I and in.(hy) < in<(hg). If
hy =0, then f € (g1,...,9s)-

If hy #£ 0, then we proceed as before. Lemma 1.7 guarantees that this procedure
must terminate. Thus we obtain an expression of the form f = E(]IV:O c;qlcqwqgiq. In
particular, f belongs to (g1, ga,...,9s). Thus I = (g1,99,-..,9s), as desired. O

Corollary 1.9 (HILBERT BASIS THEOREM). Every ideal of the polynomial ring
S = Klxy,...,x,)] is finitely generated.

It is natural to ask if the converse of Theorem 1.8 is true or false. That is to
say, if I = (f1, f2,.-., fs) is an ideal of S = Klxy,...,x,], then does there exist
a monomial order < on S such that {fi, fo,..., fs} is a Grobner basis of I with
respect to < 7
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Example 1.10 ([18]). Let S = K[z, 22, ...,210] and I the ideal of S generated by

J1 = 128 — T2, f2 = xax9 — w377, f3 = T3T10 — T4,
J1 = x476 — X579, f5 = @527 — 21210
We claim that there exists no monomial order < on S such that {fi,..., fs} is a

Grobner basis of I with respect to <.
Suppose, on the contrary, that there exists a monomial order < on S such that
G ={f1,..., f5} is a Grobner basis of I with respect to <. First, note that each of
the five polynomials
T1XLY — L3Lex7, L2L9L10 — L4L7Ly, T2XeL10 — T5L7Tg,

T3Tel1p0 — T5T8T9, T1T9T10 — L4LeL7
belongs to I. Let, say, x1xsr9 > T3xex7. Since xirgre € in.(I), there is g € G
such that in.(g) divides zjz3z9. Such g € G must be f;. Hence xxg > xoxg. Thus
xowg ¢ in.(I). Hence there exists no g € G such that in.(g) divides zaz6219. Hence
ToXeTig < Tsxrxg. Thus xsry > x1219. Continuing these arguments, we obtain

T1X8T9 > T3XeX7, T2T9gl1g > T4l7ly, T2TeTl10 < T5T7T8,

T3TeX10 > T5X8T9, T1X9Tig < T4Xel7

and
T1Tg > TaXe, Talyg > T3T7, T3Tip > T4Ts,
T4Te > Tslg, Ts5T7 > T1T10-

Hence

(2) (3711'8)(I‘gl’g)(ZE3$10)(J}4{L’6)(I‘5$7) > (ZL’QIG)(1'311}7)(l‘4l‘8)($5$9)($1l‘10).
The opposite relation in (2) occurs in case of x1xgrg < x3we27. However, both sides
of the inequality (2) coincide with zyxs - - - z10.

In high school mathematics, we learn that, given polynomials f and g # 0 in one

variable x, there exist unique polynomials ¢ and r such that f = gg+r, where either
r =0 or degr < degg. The division algorithm generalizes this well-known result.

Theorem 1.11 (DIVISION ALGORITHM). Let S = K|[zy,...,x,| denote the poly-
nomial Ting in n variables over a field K and fix a monomial order < on S. Let
91,92, - - -, gs be monzero polynomials of S. Then, given a polynomial 0 # f € S,
there exist polynomials f1, fo, ..., fs and " of S with

(3) f=ho+ faga+ -+ fegs + f
such that the following conditions are satisfied:
(i) if f/ # 0 and if u € supp(f’), then none of in(g1),...,in<(gs) divides u,
i.e., no u € supp(f’) belongs to (in<(g1),...,in(gs));

(ii) if fi # 0, then
in.(figi) <inc(f).

The right hand side of equation (3) is said to be a standard expression for f with
respect to g1, ga, . . ., gs, and the polynomial f’ is called a remainder of f with respect
to g1,92,...,9s-

Instead of giving a detailed proof of Theorem 1.11, we discuss a typical example
which clearly explains the procedure to obtain a standard expression.
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Example 1.12. Let <), denote the lexicographic order on S = K|z, v, z] induced
by x >y>z Let g =22 — 2,90 =2y — 1 and f = 2% — 2%y — 22 — 1. Each of
f=a*—2?y—a2*—1=a(g+2)—2%y—2*—1
=ag — 2ty -2 +arz—1l=2g9, — (g +2)y— 2>+ 22— 1
=xg —yg — 2 +xz—yz—1=xg —yg — (1 +2) +xz —yz — 1
=@-y—Dg+(zz—-yz—2-1)
and
f=*—2?y—a2*—1=a(g+2)—2*y—2*—1
—ag -2y -2 +rz—1l=2g9, —2(ga+1) —2* +2z -1
=xg—xg— 1+ rz—r—1=x9 —2g — (91 +2) +2z -2 —1
=(x—1)g —xgo+ (xz2—2—2—1)
is a standard expression of f with respect to g; and ¢o, and each of xrz —yz — 2 —1

and zz —x — z — 1 is a remainder of f.

Example 1.12 says that a remainder of a nonzero polynomial may not be unique.
However, we have the following fact.

Lemma 1.13. If G = {g1,...,9s} is a Grébner basis of I = (q1,...,9s), then for
any nonzero polynomial f of S, there is a unique remainder of f with respect to

gi,---,9s-

Proof. Suppose there exist remainders f’ and f” with respect to gi,...,gs with
f# f". Since 0 # f' — f” € I, the initial monomial w = in(f" — f”) must
belong to in.(I). However, since w € supp(f’) U supp(f”), none of the monomials
inc(g1),...,inc(gs) divides w. Hence in.(I) # (in<(g1),...,in<(gs))- O

Given nonzero polynomials f and g of S, the notation lem(in.(f),in-(g)) stands
for the least common multiple of in(f) and in.(g). Let ¢; denote the coefficient of
in.(f) in f and ¢, the coeflicient of in.(g) in g. The polynomial

lern(i : lemn(i .
S(f,q) = Cm(1n<‘(f),1n<(g))f _ Cm(1n<.(f),1n<(g))
¢ inc(f) ¢ginc(g)
is called the S-polynomial of f and g.

We say that f has remainder 0 with respect to g1, 9s,...,gs if, in the division

algorithm, there is a standard expression (3) of f with respect to g1, go, . .., gs with

f'=0.
Lemma 1.14. Let f and g be nonzero polynomials and suppose that in.(f) and

in.(g) are relatively prime, i.e., lem(inc(f),inc(g)) = inc(f)in<(g). Then S(f,g)
has remainder 0 with respect to f,g.

Proof. To simplify notation we will assume that each of the coefficients of in.(f) in
f and in.(g) in ¢ is equal to 1. Let f = in(f) + f1 and ¢ = in.(g) + g;. Since
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in_(f) and in-(g) are relatively prime, it follows that

S(f,9) =inc(g9)f —inc(f)g
=g-9)f—(f—=f)g
= fig—af

We claim (inc(f1)in<(g9) =)in<(fig) # inc(g1f) (= inc(g1)in<(f)). In fact, if
in_(f1)inc(g) = in.(g1) in<(f), then, since in.(f) and in-(g) are relatively prime,
it follows that in.(f) must divide in.(f;). However, since in.(f;) < in.(f), this is
impossible. Let, say, in<(f1)in<(g) < in<(g1)in<(f). Then inc(S(f,g)) = in<(g1f)
and S(f,g) = fig — g1.f turns out to be a standard expression of S(f, g) in terms of
f and g. Hence S(f,g) has remainder 0 with respect to f and g, and similarly for

inc(g1) in<(f) <in<(f1)in<(g). O

We now come to the most fundamental theorem in the theory of Grobner bases.

Theorem 1.15 (BUCHBERGER CRITERION). Let I be a nonzero ideal of S and
G ={91,92,.-.,9s} a system of generators of I. Then G is a Grobner basis of I if
and only if the following condition is satisfied:

(x) For alli # j, S(gi,g;) has remainder 0 with respect to g1, ..., gs.

We refer the reader to a standard textbook on Grobner bases, e.g., [1], [4] and
[5] for a proof of the Buchberger criterion. However, for a (general) Grobner basis
“user,” it may not be required to understand a detailed proof of the Buchberger
criterion.

In Example 1.6, by using Lemma 1.14 together with the Buchberger criterion, it
follows immediately that the set {f, g} is a Grobner basis of I = (f, g) with respect
to the reverse lexicographic order <, induced by xy > x5 > --- > x7.

The Buchberger criterion supplies an algorithm to compute a Grobner basis start-
ing from a system of generators of an ideal.

Let {g1, g2, - - ., gs} be a system of generators of a nonzero ideal I of S and suppose
that {g1,92,...,9s} is not a Grobner basis of I. The Buchberger criterion then
guarantees that there is an S-polynomial S(g;, g;) such that no remainder of S(g;, g;)

with respect to g1, g2, . .., gs is 0. Let h;; € I be a remainder of a standard expression
of S(gi,g;) with respect to ¢1,¢2,...,9s. Then in.(h;;) can be divided by none of
the monomials in_(g1),in-(gz), . ..,in-(gs). In other words, the inclusion

(in<(g1),in<(g2), - - -, in<(gs)) C (in<(g1),in<(ga), - - ., in<(gs), in< (hi;)).
is strict. With setting gs+1 = hij, suppose that {g1, g2, - . ., gs, gs+1} is not a Grébner
basis of I. Again, by using the Buchberger criterion, there is a S-polynomial S(gx, g¢)
such that no remainder of S(gy, g¢) with respect to g1, 92, ..., s, gs+1 18 0. Let hyp € 1
be a remainder of S(gx, g¢) with respect to g1, ga, - . -, gs, gs+1. LThen the inclusion

(in<(gl)7 in<(92>7 s 7in<<gs>7 in<(gs+1))

C (in<(g1),in<(g2), - - -, in<(gs), N (gsr1), in< (hre)).

is strict. By virtue of Dickson’s lemma, these procedures must terminate after a
finite number of steps, and a Groébner basis of I can be obtained.
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The above algorithm to find a Grobner basis starting from a system of generators
of an ideal is said to be the Buchberger algorithm.

Example 1.16. We continue Example 1.6. Let S = K[z, x,...,27] and <jx the
lexicographic order on S induced by 1 > x9 > -+ > x7. Let f = x124 — 2973
and g = x4x7 — x5x6. Thus ine, (f) = x124 and ine (g9) = z4x7. Let I = (f,9).
Then {f, g} is not a Grobner basis of I with respect to <jx. Now, as a remainder
of S(f,9) = x7f —x19 = 17506 — X232y With respect to f and g, we choose S(f, g)
itself. Let h = z12506 — xowsxr with ine_ (h) = x12526. Then in.,_ (g) and in._(h)
are relatively prime. On the other hand, S(f, h) = zox3(x427 — x526) has remainder
0 with respect to f, g, h. It follows from the Buchberger criterion that {f, g, h} is a
Grobner basis of I with respect to <jex.

2. INITIAL IDEALS AND TRIANGULATIONS OF CONVEX POLYTOPES

Let A= (aij>11§z:§:ll € 74" ie., Ais a d x n integer matrix, with a;,...,a, their
column vectors. Such a matrix A is called a configuration if there exists a vector
c € R? such that (a;,c) = 1 for each 1 < j < n, where (a;,c) is the usual inner
product in R%.

Let, as before, S = K{z1,...,x,] denote the polynomial ring in n variables over
a field K with degz; =1fori=1,2,...,n. lf b= (by,...,b,) € Z", then we define

the binomial
fo= Lo =] =™
b; >0 b; <0
of S. For example, if n =5 and b = (—1,3,2,0, —4), then f, = 322 — z 3.
The toric ideal of a configuration A € Z%*" is the ideal 14 of S which is generated
by those binomials fi, with AbT = 0, where b € Z" and where b' stands for the
transposed matrix of b. Thus

]A:({fb cbeZ", AbTZO})

The convex polytope arising from a configuration A € Z4*" is the convex polytope
P4 C RY which is the convex hull of the column vectors ay, ..., a, of A.

Fix a monomial order < on S and write, as before, in_([4) for the initial ideal of
14 with respect to <.

Example 2.1. The 4 x 5 matrix

01101
01011
A= 00111
11 111
is a configuration, since (0,0,0,1) A = (1,1,1,1). The toric ideal 14 is generated by

the binomial 7,22 — zyr374 and the convex polytope P4 C R?* is a bipyramid on a
triangle. One has either in.(I4) = (z122) or in.(I4) = (zo374).

We now discuss the triangulations of the convex polytope P4 C R? arising from
a configuration A € Z%¥". Let ay,...,a, be the column vectors of A. To simplify
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the situation, we may assume that the additive group Z¢ is generated by the set
{ay,...,a,} of column vectors. In other words, every vector belonging to Z? is of
the form c¢;a; +- - - +¢,a, with each ¢; € Z. In particular, since A is a configuration,
it follows that the dimension of P4 is d — 1.

When Z¢ cannot be generated by the set {aj,...,a,} of column vectors of A,
write £ for the subgroup of Z¢ generated by the set of column vectors of A. Thus
L ~ 7¢ with e < d. Let {a;,...,a;, } with 1 < i < -+ < i, < n be a Z-basis
of £. Each vector a € L has a unique expression of the form a = Z;Zl q;a;;
with each ¢; € Z. We then introduce the Z-isomorphism v : £ — 7Z¢ by setting
(@) = (q1,...,¢.) . Let A" = (aj;)1zi<e denote the e x n integer matrix with

1<j<n
the column vectors ¢(ay),...,o(a,). Since A is a configuration, it follows that
> iqay; = 1for each 1 < j <n. Thus A" € Z°*" is a configuration and the set of
columns of A" generates Z°. Clearly discussing the toric ideal and the triangulations
of A is equivalent to discussing the toric ideal and the triangulations of A’.

Example 2.2. The 3 x 5 matrix

0201 1
A=10 0 2 1 -1
1 1 11 1
is a configuration. The additive group £ generated by the set {aj, ..., a5} of column

vectors of A is £ = {(ay,as,a3) € Z* : a1 +as € 2- Z}, where 2 - Z is the set of even
integers, with {a;, ay, a5} its Z-basis. One has

1 -1 -1 0 0

A=10 1 1 10

0 1 -1 01
Given a subset F' = {a;,,...,a; } of {a;,...,a,}, the notation conv(F') stands
for the convex hull of a;,,...,a; in RY A subset F of {ai,...,a,} is called a

simplez belonging to A if conv(F) is an (r — 1)-simplex in R?, where r = |F|. Every
subset of a simplex belonging to A is again a simplex belonging to A. A simplex
F ={a;,,...,a; } belonging to A is called unimodular if F is a subset of a Z-basis
of Z¢. If F is unimodular and if F” C F, then F” is again unimodular.

A triangulation of P, C R?is a collection A of simplices belonging to A such that

e If " belongs to A and F’ C F, then F”’ belongs to A;
e If F and G belong to A, then conv(F') N conv(G) = conv(F N G);
® Py = Upen conv(F).

Each simplex F' € A is called a face of A. A facet of A is a face F' of A with
|F| = d. A triangulation A of Py is called unimodular if every F' € A is unimodular.
A simplex F' belonging to A is called a nonface of A if F' ¢ A. A triangulation A of
Py is called flag if every minimal nonface of A is a 2-element subset of {a;,...,a,}.

Why is a unimodular triangulation of interest in combinatorics? Let ¢ € R?
with (a;,c) = 1 for each j and H C R? the hyperplane {a € R? : (a,c) = 1}.
One has P4, C H. Fix an invertible affine transformation o : H — R%! with
o(Z* N'H) = Z%*. The image o(P4) of P4 under g is a convex polytope in R4



GROBNER BASIS TECHNIQUES IN ALGEBRAIC COMBINATORICS 11

of dimension d — 1. Hence the volume (Lebesgue measure) vol(o(P4)) of o(P4) is
positive and is independent of the particular choice of p. We call the positive integer
(d—1)!vol(o(P4)) the normalized volume of P4. If A is a triangulation of P4, then
it follows that the number of the facets of A is at most the normalized volume of
P4 and is equal to the normalized volume of P4 if and only if A is unimodular.
Consequently, the existence of a unimodular triangulation of P4 makes it easy to
compute the normalized volume of Py4.

Remark 2.3. A combinatorial way to see the reason why vol(o(P,)) is independent
of the particular choice of g is to show that the Ehrhart polynomial [10, p. 80] of
P4 coincides with that of o(Pa). It is well known, e.g., [23, Theorem 10.3, p. 45]
and [10, Proposition (28.5)] that the leading coefficient of the Ehrhart polynomial
of o(Py) is vol(o(Pa)).

Why is a flag triangulation of interest in combinatorics? Given a triangulation A
of P4, we write G for the finite graph on [n] = {1,...,n} whose edges, E(Ga),
are those {7, j}, where i # j, with {a;,a;} € A. We call Ga the skeleton of A, and
we denote the set of edges by E(Ga), as usual. A clique of G is a subset C' C [n]
such that {i,j} € E(Ga) for all i,j € C with i # j. Let C(Ga) denote the set
of cliques of Ga. It then follows that A C {{a; : i € C} : C € C(Ga)} and that
A={{a;:ieC}:CeC(Ga)}if and only if A is flag. Consequently, when A is
flag, we can discuss the combinatorics on A (for example, the number of faces of A)
in terms of the combinatorics on the skeleton Gao of A.

Example 2.4. Let A be the configuration discussed in Example 2.1. The simplices
belonging to A are

Fl = {alaa27a37a4}7 F2 - {a27a3’a47a5}’

F3 = {31735732733}, Fy = {31735,32734}7 Fy = {31735733734},

together with their subsets. Since {a;, as, a3, a,} cannot be a Z-basis of Z*, it follows
that F} is not unimodular. Each of the simplices F5, F3, Fy and Fj is unimodular.

Let A; be the triangulation of P4 with the facets Fi, F5, and let Ay be the
triangulation of P4 with the facets Fs, Fy, F5. Then A; is flag and A, is unimodular.
Since F; € Ay, it follows that A; is not unimodular. Since {as, a3, a,} is a minimal
nonface of A, it follows that A, is not flag.

Let A € Z%¥" be a configuration with ay,...,a, its columns and P4, C R? the
convex polytope arising from A. Let I4 C S be the toric ideal of A and in.(/4)
the initial ideal of I, with respect to a monomial order < on S. For a monomial
u = 7" -+ xp", the notation \/u stands for the squarefree monomial [, .o #;. For
example, if v = xyz323, then /u = zyz374. Moreover, when in.(I4) is generated

by monomials uy,...,us, the notation y/in.(/4) stands for the ideal of S which
is generated by the squarefree monomials /uq, ..., /us. Since a monomial ideal

possesses a unique minimal system of monomial generators, it follows that /in(74)
is independent of the particular choice of a system of monomial generators of 4.
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Lemma 2.5. Let F be a subset of {ay,...,a,} and suppose that

(4) I = ¢ Vinc(1a).

a;eF
Then F is a simplex belonging to A.

Theorem 2.6 (STURMFELS [24]). Write A(inc(14)) for the set of those simplices
F of A satisfying (4). Then A(inc(14)) is a triangulation of Pa.

Such a triangulation A(in<(74)) of Py is called a regular triangulation of P4. A
typical example of a nonregular triangulation appears in, say, [24]. Now, it is natural
to ask when a regular triangulation A(in.(74)) is unimodular or flag.

Theorem 2.7 ([24]). A regular triangulation A(inc(14)) of Pa is unimodular if
and only if in.(I4) is generated by squarefree monomials, i.e., inc(I4) = \/in<(4).
Lemma 2.8. A regular triangulation A(in.(l4)) of Pa is flag if and only if
in(I4) is generated by quadratic monomials.

Corollary 2.9. A regular triangulation A(in<(14)) of Pa is unimodular and flag if
and only if inc(14) is generated by squarefree quadratic monomials.

Example 2.10. Let A; and A, be the triangulations of P, discussed in Ex-
ample 2.4. Recall from Example 2.1 that one has either in.(l4) = (x122) or
in.(I4) = (zow3ry4). When in (I4) = (z122), its regular triangulation A(in(I4))
coincides with the flag nonunimodular triangulation A;. When in. (14) = (x2x314),
then its regular triangulation A(in.([4)) coincides with the unimodular nonflag
triangulation As.

In [19] we discovered an example of a configuration A for which the toric ideal
I, possesses no initial ideal generated by squarefree monomials, but the convex
polytope P4 possesses a (nonregular) unimodular triangulation.

Corollary 2.9 does explain the reason why the existence of an initial ideal gen-
erated by squarefree quadratic monomials of a toric ideal is important in algebraic
combinatorics on convex polytopes. In commutative algebra, such an existence is
useful to show that the toric ring of a configuration is normal and Koszul.

We now discuss initial ideals generated by squarefree quadratic monomials arising
in combinatorics. We refer the reader to [22] for the fundamental techniques behind
the proof of each of Theorems 2.12, 2.14 and 2.15.

(a) Finite distributive lattices

Let L = {ay,...,a,} be a finite distributive lattice [10, p. 118], where i < j if
a; < a; in L, and fy, ..., B4 the join-irreducible elements [10, p. 119] of L. In the
literature on combinatorics, the unique minimal element of L may not be regarded
as a join-irreducible element of L. However, we will regard the unique minimal
element of L as a join-irreducible element of L. We then introduce the configuration
A(L) = (aij)llézéi € Z¥" by setting a;; = 1 if 8; < o and a;; = 0 if 3; £ ;. Since
we will regard the unique minimal element of L as a join-irreducible element of L,
it turns out that A(L) is, in fact, a configuration.
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Example 2.11. Let L be the finite distribute lattice drawn below.

asg
Qg (074

Oy (0731
Q9 Q3

631

Figure 2.1. A finite distributive lattice

Its join-irreducible elements are aq, as, as, as and ag. The configuration Ay is

11111111
010101171
00111111
000O01O0T171
000O0O0OT1O01

Let S = K[x1,...,2,] and T4y C S the toric ideal of A(L). For each pair (o, o))
with ¢ < j such that o; and «; are incomparable in L, we introduce the binomial
fij = xiw; — wpwe, Where o = o; A oy and ap = «a; V . One has f;; € La).
Write G for the finite set of those binomials f; ; of I4(7). Let <,e, denote the reverse
lexicographic order on .S induced by the ordering x; > --- > x,, of the variables.

Theorem 2.12 ([11]). Working with the same notation as above, G is a Grébner
basis of Lary with respect t0 <iey.

For example, in the finite distributive lattice of Figure 2.1, the Grobner basis G
consists of the quadratic binomials

Tol3 — X1X4, XXy — T1X7, XT4Xs5 — T3T7,
T5Xe — 3Ty, Lely — T4Ts.

(b) Classical root systems
Let ® C Z" be one of the classical irreducible root systems A,,_1,B,,, C,, and D,
([12, pp. 64-65]) and write ®*) for the matrix whose column vectors are all positive
roots of ® together with the origin of R™. Let ®*) be the configuration obtained

by adding the row vector (1,1,,...,1) to ®*). For example,
0 1 1 0 0110 1 1 0
o -1 0 1 < _|lo101 -1 0 1
Ay = o 0 -1 —-11" Dy = o011 0 -1 —1/|"
1 1 1 1 1 1 11 1 1 1
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0100110 1 1 0
EH_[0010101 -1 0 1
3710001011 0 —-1 —1]°
1111111 1 1 1
0200110 1 1 0]
C(+)—0020101_101
3710002011 0 -1 —1
1111111 1 1 1

Theorem 2.13 ([7]). The toric ideal of the configurations Af:)l possesses an initial
1deal generated by squarefree quadratic monomials.

Theorem 2.14 ([21]). The toric ideal of each of the configurations B.", CY and
D4 possesses an initial ideal generated by squarefree quadratic monomials.

(c) Finite bipartite graphs
Let G be a finite graph on the vertex set [d] = {1,...,d} and eq, ..., e, its edges.
The incidence matriz of G is the configuration Ag = {a;;} 1<i<d where a;; = 1 if
1<j<n

i € ej and a;; = 0if i € e;. For example, if G is the finite graph on [6] with
edges ey = {1,2},ea = {2,3},e5 = {1,3},e4 = {3,4},e5 = {4,5},e6 = {5,6} and
er = {4,6}, then the configuration Ag is

1 01 0 0 0 07
11700000
0111000
00011O01
000O0T1T1F®O
L0 00001 1]

Theorem 2.15 ([20]). Let G be a finite bipartite graph and 14, the toric ideal of
the configuration Aq arising from G. Then the following conditions are equivalent:

(1) 14, is generated by quadratic binomials;
(ii) Ia, possesses an initial ideal generated by squarefree quadratic monomials;
(iii) Every cycle of G of length > 4 has a chord.

Finally, we refer the reader to, e.g., [2] for initial ideals generated by squarefree
quadratic monomials arising in algebraic statistics.

3. GENERIC INITIAL IDEALS AND ALGEBRAIC SHIFTING

Let S = K[zy,...,x,] denote the polynomial ring in n variables over an infinite
field K with degxz; = 1 for i = 1,2,...,n. Write GL,(K) for the group of all
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invertible n x n matrices with entries in K. For each ¢ = (a;;)1<i<n € GL,,(K) and

1<j<n
for each f = f(x1,...,2,) €S, one defines ’

SO(f) =f (Z Ai1Tiy - -y Zam:v,) .
i=1 i=1

If I is a homogeneous ideal of S, i.e., an ideal of S generated by homogeneous

polynomials, and if ¢ = (a;;)1<i<n € GL,(K), then o(I) = {p(f) : f € I} is again
155<n

a homogeneous ideal of S.

Theorem 3.1 (GALLIGO, BAYER-STILLMAN). Work with the reverse lexicographic
order <,ey on S induced by x1 > --- > x,. Let I be a homogeneous ideal of S. If
0, ¢ € GL,(K) are “generic,” then in.,  (p(I)) = inc,, (¢ (1)).

To understand the precise definition that ¢, ¢’ € GL,(K) are “generic,” the
language of algebraic geometry will be required. What Theorem 3.1 guarantees is
that, whenever we choose the entries of ¢ and ¢’ “randomly,” one has in.,_ (p(I)) =
in._ (¢'(I)). We write

Gin(I) = in,,, (¢(1)),
where p € GL,,(K) is generic, and call Gin(I) the generic initial ideal of I. We refer
the reader who is familiar with commutative algebra and algebraic geometry to [§]
for the foundations of generic initial ideals.

Example 3.2. Let n = 2 and write x and y instead of z; and x5 respectively. Let
I=(2*y") C K[z,y] and

Thus (1) = ((ax + by)?, (cx + dy)*. Suppose that ad — bc # 0 and ac # 0. We
compute in._ (o(I)). Let f = (ax + by)? and g = (cz + dy)?).
e Since a # 0, one has in.,_ (f) = 2* € in._ (p(I)). Since ¢*f — a*g € I and
ad — bc # 0, it follows that hg = 2aczy + (ad + be)y* € I. Since ac # 0, one
has in.., (ho) = oy € ine,., (p(I)).
e One has y*> ¢ in,_ (¢(I)). In fact, if y* € in.,_ (¢([)), then y*> € I. Thus
Cy? = Af + Bg, where A, B,C € K with C # 0. Hence a?A + ¢?B = 0 and
abA + cdB = 0. However, since ad — bc # 0 and ac # 0, one has A = B = 0.
o Let hy = 2cyf — axhy = a(3bc — ad)xy? + 2b%cy® € 1. Since

2chy — (3bc — ad)yhy = (ad — be)*y® € 1

and ad — bc # 0, one has y* € I. Thus y* € in._ (¢(1)).

e Consequently, since (z?, ry,y*) C in.,_, (¢(I)), it follows that all monomials
in K[z, y] except for z,y and y? must belong to in., (p(I)). Since deg f =
deg g = 2, it is clear that none of x and y belongs to in., (¢(/)). Finally,
since y? & in.,, (¢(I)), it follows that in._ (o(I)) = (22, 2y, y?).

If we choose the entries a, b, ¢ and d of ¢ “randomly,” then we could expect ad—bc # 0
and ac # 0. Hence if ¢ is “generic,” then one has in_, (o(I)) = (22, 2y, y*). Thus
the generic initial ideal of I = (z?,y?) is Gin(I) = (22, zy, y*).
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Let M, denote the set of monomials in the variables z1, ..., z,, and M%? the
subset of M,, consisting of all squarefree monomials belonging to M,,. Let M =

U, M, and M0 = (22, MS?. Given a monomial

u:l‘ill’iz--.a’:i_--

J 'IZ

r

of M, where

1<iy<ip<---<i

S -

we introduce the squarefree monomial u” € M9 by setting
U’ = T4 Tiyq - “Lij+(i—1) " Tipt(r—1)-
For example,
(Zﬂi’l‘gI%JZ{;)g = (I11’1$1§C2$3I3$5)U = X1X9X3X5L7X8T11] -
The operator o : M — M9 is called the squarefree operator on M.

Example 3.3. Let M, (d) denote the set of monomials of degree d belonging to

M,, and MSQ)(d) the set of squarefree monomials of degree d belonging to M.
Since (29)7 = x5+ - 24 and (29) = 2,2p 41 - Tpya_1, it follows that o induces a

bijection between M,,(d) and ./\/lffffi_l(d).

We summarize fundamental materials on simplicial complexes from, e.g., [10] and
[23]. Let [n] = {1,2,...,n} be the vertex set and A a simplicial complex on [n].
Thus A is a collection of subsets of [n] satisfying that (i) {i} € A for all i € [n]
and (i) if /' € A and F’ C [n] with F' C F, then F' € A. Each element F' € A
is called a face of A. The dimension of a face F' is |F| — 1, where the notation
|F'| stands for the cardinality of F. The dimension of A is dim A = d — 1, where
d = max{|F| : F € A}. A facet of A is a maximal face of A (with respect to
inclusion). We say that A is pure if all facets of A have the same cardinality.

For each i = 0,1,...,d — 1, we write f; = f;(A) for the number of faces of A of
dimension i. The sequence f(A) = (fo, f1,---, fa_1) is called the f-vector of A. The
h-vector h(A) = (hg, hi, ..., hq) is defined by the formula

d d

Z fi—l(z _ 1)d7i _ Z hixdfi

=0 i=0

with f_1 = 1. In particular hg = 1,h; =n—d and hg+ hy + -+ -+ hg = fa_1.

In order to visualize a simplicial complex A we often identify A with its geometric
realization |A|. For example, Figure 3.1 illustrates the simplicial complex A on [5]
of dimension 2 whose facets are {1,2,4},{1,2,5},{2,3} and {3,4}. Its f-vector is
f(A) = (5,7,2) and its h-vector is h(A) = (1,2,0,—1).
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Figure 3.1. A geometric realization of A

We associate each subset F' C [n] with the squarefree monomial xp = [],.p®;
of S. A squarefree ideal of S is an ideal of S which is generated by squarefree
monomials. Given a simplicial complex A on [n], we define its Stanley—Reisner ideal
to be the squarefree ideal

In={zp: F Cn,F¢&A})

of S. Conversely, it follows easily that, given a squarefree ideal I of S with x; &€ I
for each 1 < i < n, there exists a unique simplicial complex A on [n| with [ = Ia.

Example 3.4. Let A be the simplicial complex of Figure 3.1. Its Stanley—Reisner
ideal is In = (z173, X3%5, T4T5, T2T3T4).

Algebraic shifting, introduced by Gil Kalai in 1984, turns out to be one of the
powerful techniques in algebraic combinatorics on convex polytopes. In [14] the
symmetric algebraic shifted complex is defined in a combinatorial way. However,
our definition given here is algebraic and will require the generic initial ideal.

Let A be a simplicial complex on [n] and In C S = Klz1,...,x,] its Stanley—
Reisner ideal. Let Gin(/a) denote the generic initial ideal of In and {us,...,u,}
the (unique) minimal system of monomial generators of Gin(/x).

Lemma 3.5 ([9]). Each squarefree monomial uf belongs to S. In other words,

(uf,...,u7) is a squarefree ideal of S.

Definition 3.6 ([9]). The symmetric algebraic shifted complex of A is the simplicial

complex A® on [n] with Ias = (uf, ..., uf).

The operator A — A® is called symmetric algebraic shifting. In [14] exterior
algebraic shifting as well as symmetric algebraic shifting is introduced.

A simplicial complex A on [n] is called shifted it F € A, j € F and i > j imply
(F\{j})U{i} € A. The shifted complexes played an important role in classical
combinatorics on finite sets.

Lemma 3.7 ([9] and [14]). Let A and A" be simplicial complezes.
o A® is shifted;
o f(A%) = [(A);
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o [f A is shifted, then A® = A;
o I[f AC A, then A* C (A')".

Let P C RY be a simplicial polytope [10, p. 9] of dimension d with n vertices
and A(P) its boundary complex [10, p. 10]. It follows that A(P) is a simplicial
complex on [n] of dimension d — 1 whose geometric realization is homeomorphic to
the (d — 1)-sphere S 1.

A simplicial (d — 1)-sphere is a simplicial complex of dimension d — 1 whose
geometric realization is homeomorphic to the (d — 1)-sphere S¢~1. Every boundary
complex of a simplicial polytope of dimension d is a simplicial (d — 1)-sphere. The
h-vector h(A) = (hg, hy,...,hq) of a simplicial (d — 1)-sphere is nonnegative ([10,
pp. 44-45]) and symmetric ([10, p. 24]), i.e., each h; > 0 and h; = hy—; for 0 < i < d.

One of the outstanding conjectures in algebraic and enumerative combinatorics
is the “g-conjecture,” which gives a complete characterization of the h-vectors of
simplicial spheres. We recall what the g-conjecture is.

Let M denote the set of monomials in the variables xq, xo,... with degx; = 1
for e = 1,2,.... A finite subset B of M is called an order ideal of monomials if
whenever u and v are monomials with « € B and if v divides u, then v € B. A finite
sequence (hg, hy,...,hs) of integers is called an M -vector if there exists an order
ideal of monomials B such that [{u € B:degu =i}| = h; for 0 <i <.

Theorem 3.8 (BILLERA-LEE, STANLEY). Given a finite sequence (hg, hq, ..., hq)
of positive integers, there exists a simplicial polytope P of dimension d with
h(A(P) = (ho, hi, ..., hq) if and only if the following conditions are satisfied:
(1) ho = 1,'
(11) hz = hd_i fOT’ 0 S 1 S d,’
(iii) (ho,h1 — ho, ho — ha, ..., hiajo) — hjaj2-1) s an M-vector.

In particular, the h-vector h(A(P) = (ho, b1, ..., hq) of the boundary complex of
a simplicial polytope of dimension d satisfies

ho < hy < -+ < hygy.

Conjecture 3.9 (g-CONJECTURE). Let A be a simplicial (d—1)-sphere with h(A) =
(hoshi,...,ha). Then (ho,h1 — ho,ho — ha, ..., hiaja) — hjasa-1) is an M-vector.

Let n > d. We write C(n,d) for the convex hull of n points a(ty),...,a(t,),
where t; < -+ < t,, in the moment curve {a(t) = (¢,t*,...,t%) € R? : t € R}.
It is known ([10, p. 26]) that C(n,d) is a simplicial polytope of dimension d with
{a(t1),...,a(t,)} its vertex set. We say that C'(n,d) is the cyclic polytope of type
(n,d). The combinatorial type [10, p. 27] of the boundary complex A(C(n,d))
is independent of the particular choice of real numbers ¢t; < --- < t,. Thus in
particular the f-vector (and h-vector) of A(C(n,d)) is independent of the particular
choice of real numbers t; < --- < t,.

Kalai computed the symmetric algebraic shifted complex of A(C(n,d)). The
following conjecture due to Kalai and Sarkaria is called the “Shifting Theoretic
Upper Bound Conjecture.”
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Conjecture 3.10. Every simplicial (d — 1)-sphere A on [n] satisfies
A* C A(C(n,d))®.

Conjecture 3.10 is much stronger than Conjecture 3.9. In fact, the conclusion in
the above conjecture implies the conclusion in Conjecture 3.9.

Lemma 3.11 (KALAI). Let A be a simplicial (d—1)-sphere with h(A) = (hg, hq, . . .,
ha). Suppose that A*> C A(C(n,d))*. Then (ho, hi —ho, ho —ha, ..., Raja — hjaj2-1)

18 an M -vector.

From a computational viewpoint of commutative algebra, it is strongly desirable
to characterize the symmetric shifted complexes of simplicial (d — 1)-spheres.
Let A¢ denote the set of simplicial complexes ¥ on [n] of dimension d — 1 such
that
(i) X is pure;
(ii) X is shifted;
(iii) the h-vector of ¥ is symmetric;

(iv) & € A(C(n,d))*.

Conjecture 3.12. (a) Every simplicial (d — 1)-sphere A on [n] satisfies A® € A2,
(b) Conversely, for each 3 € A2, there exists a simplicial (d —1)-sphere A on [n]
with A® = 3.

Later, Conjecture 3.12 (b) will be proved in Theorem 3.18 (b).

In 1988 Gil Kalai [14] introduced the squeezed sphere. The original definition
given by Kalai is purely combinatorial. We will follow [16] and introduce the
squeezed sphere in the language of monomial ideals.

A monomial ideal I of S = K[xq,...,x,] is called strongly stable if, for each
monomial u € I and for each ¢ € [n] such that z; divides u, one has z;(u/z;) € I
for all ¢ < 7.

Example 3.13. Each of the monomial ideals (23, 222, 2123, 23) and (23, 2329, 123)
of K|xy, ] is strongly stable. However, the monomial ideal (23, x122, x3) of K[y, o]
is not strongly stable.

Fix p > 0. Let T, = K|z, ..., x,] denote the polynomial ring in p variables with
degz; =1fori=1,2,...,pand m = (z1,...,2,). An m-primary ideal of T, is an
ideal I of T}, for which m" C I for N > 0. Here m" is the ideal of T}, generated by
all monomials of T" of degree N.

Given a strongly stable m-primary ideal I of T, with I C m? we construct the
squeezed sphere arising from [ as follows:

e Let § = 6(I) denote the largest number ¢ > 1 for which m* ¢ I.
e Fix an integer n > p+2). Let d=n—p— 1.

o Let {uy,...,u,} denote the (unique) minimal system of monomial generators
of I.

e Since n > p+ 20, it follows that (u?)? belongs to S = K|z, ..., x,] for each
1 <1 <g.

e Let (17)7 denote the squarefree ideal ((u{)?, ..., (u7)”) of S.
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e Write B,(I) for the simplicial complex on [n] whose Stanley—Reisner ideal
coincides with (/7).

Lemma 3.14 ([13]). The geometric realization of the simplicial complex By(I) is
homeomorphic to the d-ball BY.

We say that By(I) is the squeezed ball arising from I. Let S;_1(I) denote the
boundary complex of By(I). It follows that the geometric realization of S;_1(I) is
homeomorphic to the (d—1)-sphere S¥~1. We say that Sy_1(I) is the squeezed sphere
arising from 1.

In the above algebraic definition of the squeezed ball, since the maximal ideal
I = m is excluded, the simplex cannot be a squeezed ball. However, for the sake of
convenience, we will regard the simplex as a squeezed ball.

Example 3.15. Let p = 2 and [ = m® = (23, 2229, 7123, 23). Thus § = 2. Let
n=p+20=6. Henced=n—p—1=3. Since ((23)7)7 = x1z375, (2222)°)7 =
1123%6, (1123)7)7 = 212476 and (23)7)7 = wow4x6, One has

(IJ)U = ($1$39€5,I1$3$6,$15E4I67$2$4$6).
The facets of the squeezed sphere Sy (I) arising from I are {1,2,3}, {1, 3,4}, {1, 4,5},

{1,5,6}, {1,2,6}, {2,3,6}, {3,4,6}, {4,5,6}. It follows that Sy(I) is the unique
simplicial 2-sphere, up to isomorphism, on [6] with a vertex of degree 5.

Example 3.16. The boundary complex of an octahedron cannot be a squeezed
sphere.

The h-vector of the squeezed sphere arising from I can be computed easily. We
write h;, 0 <4 < 4, for the number of monomials u of S, of degree ¢ with u ¢ I.
Thus in particular hg = 1, hy = p=n — (d+ 1) and hs # 0. It follows that such a
sequence (hg, hy, ..., hs) is an M-vector. Lemma 3.17 below then says immediately
that every squeezed sphere satisfies the g-conjecture.

Lemma 3.17. (a) The h-vector of the squeezed ball By(I) is (ho, hq, ..., hs,0,...,0).
(b) Let o' = min{o, [d — 1/2]}. Then the h-vector of the squeezed sphere Sq(I) is
-1 &’ 8’ -1

(hosho + huyo > B Y hivo 0> iy Y i o+ T hy).
=0 =0 =0 =0

Murai [16] succeeded in giving a complete characterization of the symmetric al-
gebraic shifted complexes of squeezed spheres.

Theorem 3.18 (MURALI [16]). (a) Every squeezed (d — 1)-sphere A on [n] satisfies
Af e A2

(b) Conversely, for each > € A%, there exists a squeezed (d — 1)-sphere A on [n]
with A® = 3.

Here is a brief outline of Murai’s proof of Theorem 3.18.

e Each ¥ € A? is strong Lefschetz. Thus in particular ¥ € A% is determined
by its faces of dimension < |d/2] — 1.
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e Kalai [13] constructed for the (|d/2| — 1)-skeleton X|4/5_1 of each ¥ € A%
a squeezed sphere Sy, and conjectured that (S%)(4/2/-1 = 2[a/2)-1-

e The above conjecture by Kalai was proved by Murai [15]. Thus in order to
complete a proof of Theorem 3.18 one must show that every squeezed sphere
is strong Lefschetz.

e Murai [16] showed that every squeezed sphere is strongly edge decomposable,
a notion introduced by Nevo [17], and that a strongly edge decomposable
complex is strong Lefschetz. The last result was essentially proved in Babson
and Nevo [3] independently.

Finally, the number of combinatorial types of squeezed spheres is much larger than

that of boundary complexes of simplicial polytopes (Kalai [13]). However, it seems
difficult to find a strongly stable m-primary ideal I/ of 7T}, for which the squeezed
sphere Sy_1(I) cannot be the boundary complex of a simplicial polytope.

il
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