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Simplicial Balls

B an (n — 1)-dimensional simplicial ball

i.e. simplicial complex homeomorphic to a ball

fi(B) number of i-dimensional faces

boundary 9B of B is a simplicial sphere with face numbers f;(9B)
interior intB of B (not a simplicial complex)

fi(intB) := f;(B) — f;(0B)

relation beetween f(0B) and f(intB)
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Example: Triangulated Polytopes

@ simplicial polytope (McMullen 2004)
» all faces of P are simplices
» boundary is a simplicial (triangulated) sphere
» f(0T) is fixed (if we do not allow additional points)
@ triangulations without interior faces of low dimension
@ combinatorics of unbounded polyhedra (H. & Joswig 2007)

» complex of bounded faces is dual to interior of a simplicial ball
» special case: tight span of finite metric space (Dress 1984, et al.)
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Dehn-Sommerville Relations

© hy =3l o(—D* T (M1 )f go=1and gy = hy — hy_y fork > 1
Theorem (Dehn-Sommerville)
S simplicial (n — 1)-sphere

h(S) = hn_«(S)

Theorem (McMullen & Walkup 1971)
B simplicial (n — 1)-ball

9k(9B) = hy(B) — hy_k(B)

@ from there one gets relations beetween h(9B) and h(intB)
(McMullen 2005 et al.)
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Proposition (Klain)
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Proposition (Klain)
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Definition
The Genocchi numbers are defined by means of the generating
function

2t " > t2n

et+1 gG”H :an::le”(zn)!

@ The first few numbers are
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Genocchi Numbers

Definition
The Genocchi numbers are defined by means of the generating
function

2t =, s &l
—_— = Gh— =t Gongr
ef+1 g "l +n§ 20 2n)1

@ The first few numbers are

@ -1,1,-3,17,-155, 2073, -38227, 929569, -28820619,
1109652905

@ One has
n=2(1—-2°"B,,

where By, are the Bernoulli numbers.
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Genocchi Numbers

@ named after the Italian
mathematician Angelo
Genocchi (1817-1889) by
Edouard Lucas (1891)

@ investigation goes back to
Leonhard Euler

@ intensively studies by Eric
T. Bell (1926, 1929)

@ a lot of generalizations
(e.g. Kim et al. 2001,
Domaritzki 2004, Zeng &
Zhou 2006)

@ A001469 in the OEIS
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Recursion Formulae

@ There are a lot of formulae to compute G,
Proposition

n-1

2n 2n \ Gy
(2k>G2k and G,,=-1- Z(Zk—l>

MH

iL <
Gon=-n-— E
k

1
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Recursion Formulae

@ There are a lot of formulae to compute G,
Proposition

1 —1
Gy = —n— Eg

Lemma
For n > 2 we have

2n—1 1t on—1\2k -1
GZn:—E ( )TGZk

2n 1/ 2n )\ Gy
(Zk)GZk and G,,=-1- Z(Zk—l)

Sven Herrmann (TU Darmstadt) Genocchi Numbers SLC 60, April 2, 2008 13/16



Outline

@ Genocchi Numbers and f-Vectors of Simplicial Balls

Sven Herrmann (TU Darmstadt) Genocchi Numbers



Main Theorem

Theorem (H. 2007)
For each simplicial (n — 1)-ball B and n — k even we have

122

fi(intB) = > % ((k le il 1_ 1)fk+2i—2(3B)

i=1

_ (kk j_zj-i)fk+2i_1(int B))
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Theorem (H. 2007)
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122

fi(intB) = > % ((k le il 1_ 1)fk+2i—2(3B)

i=1
k+2i .
_ (k n 1)fk+2i_1(|ntB)>

@ fi for n — k odd can be computed from the even ones

@ fi(intB) depending an |[(n — k)/2] fi(intB)
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Simplicial Balls without Small Interior Faces

@ B a simplical (n — 1)-ball without interior faces of dimension < e
@n—-—kevenandk <e

1"

Gy (k+2i—1 . . Gy [k + 2i . .
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1"

Gy (k+2i—1 . . Gy [k + 2i . .
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Simplicial Balls without Small Interior Faces

@ B a simplical (n — 1)-ball without interior faces of dimension < e
@n—-—kevenandk <e

| . k) .
% <k t il 1 1>fk+2i—2(8B) = ; % (kkj_zll)fk—i-Zi—l(imB)
o [(e+2)/2] (L(e + 3)/2J) equations
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Simplicial Balls without Small Interior Faces

@ B a simplical (n — 1)-ball without interior faces of dimension < e
@n—-—kevenandk <e

1"

Gy (k+2i—1 . . Gy [k + 2i . .
7( K41 )fk+2l—2(35)— ; o <k+1>fk+2I—l(lntB)

@ [(e+2)/2] (L(e + 3)/2J) equations
o |(n—1-e)/2] ((L(n - e)/2j> unknowns f, (int B)

@ similar equations for the h-vector computed and used: H. &
Joswig 2007

"7

i=1
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