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Definition of 7p(n)

® Gy : the set of permutations of [n] = {1,2,...,n}

@ A: afinitely generated group

® hn(A) := the number of homomorphisms from Ato &y,

® ma(d) := the number of subgroups of index d in A
Wohlfahrt (1977)
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@ p: aprime number
@ 7/pZ : the cyclic group of order p
@ 7,(n) := hn(Z/pZ) is the number of = € &, satisfying 7P = 1

Then I
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Some results for ord,(7p(N))

@ ordy(n) := max{k : p¥|n}
@ orcs(72) = orck(23 - 3?) = 2
Chowla, Herstein and Moore (1952)

o = 3] - |1

Grady and Newman (1994)

wwrsm = [2]-[2

Ochiai (1999) found ord,(7p(n)) for all primes p < 23. In particular, if p= 2
then Ochiai’s result is the following:
Letn=r mod 4withr =0,1,2,3. Then

ot = 3] - (1] + 55



Case p = 2: involutions

@ 7»(n) = the number of = € &, with 72 = 1, which is called an involution.
® 7, := the set of involutions in &,

® ty:= |Zn| = m2(n)

® 7 € I, «> an incomplete matching on n vertices

Example
7 =(12)(35)(46)(79)(811)(1012(13 16(18 19(20 23 in cycle notation

o—-~0 Q) ®
yEosag

We call each connected component a fixed point or an edge.



¢(m) : the block graph
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@ Normal blocks contain two vertices.
@ The special block contains only one vertex. (exists only if nis odd)
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¢(m) : the block graph
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@ Normal blocks contain two vertices.
@ The special block contains only one vertex. (exists only if nis odd)




Dividing Z,, into ¢~1(G)

&, := the set of block graphs ¢(x) for = € 7, i.e., the image ¢(Zn)
¢ HG) == {r: é(n) = G}

In=J ¢7©G)
Ge®y

=Y |6 (G)
Ge®y

@ How to find |¢~*(G)| for G € B,?

@ Each m € $7%(G) can be constructed by

@ labeling vertices with 2i — 1 and 2i in the normal block B; of G,
9 adding an edge between the vertices in isolated normal blocks.



Lemma

Let G € 8, and m(G) denote the number of 2-block-cycles in G.

674(G)| = 2l2]-m©
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Proof.

@ There are two ways to label vertices (or add an edge) in a normal block.
@ In this counting, a 2-block-cycle doubles the number of 7 € ¢~%(G).
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Deriving a formula for t,

On := the number of G € &, without 2-block-cycles
The number of G € &, with exactly i 2-block-cycles is equal to

(ngiJ) (2)1gn_a

where m!! denotes the product of all positive odd integers at most m.
Letn=4k+rfor0<r <3
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Finding ordx(tn)

Theorem
Letn=4k+rfor0<r < 3. Then

~L1) V:; 072"1[ JJ))”gzuﬂ

where g, denotes the number of G € &, without 2-block-cycles.

Oon+1 = Oon + NO2n—1

Thus



Weights on involutions

Let = € Z,, an incomplete matching.
fix(7) := the number of fixed points in =
edgér) := the number of edgesin =
Wt(ﬂ') - flx(vr)yedge{w)

ta(X,y) := > wi(r)
wELn
Note that tn(x, —1) is the Hermite polynomial.
oY) =D wi(m) = > > wi(r)
mE€In GeGnmep—1(G)
We want to define wt(G) satisfying
Y wi(r) = [¢7H(G)Wi(G)

T€p~1(G)



Defining wt(G) satisfying Wt(G) = =iy X reg-1(a) WH(T)
Recall and wt(r) = Py,

All edges and the fixed points remain the same except those in isolated

normal blocks.
= or

Put weight XZT” on each isolated normal block.

2 inb(G)
WH(G) = <X 2+Y> Xfix(G/)yedge{G/)

Here G’ denotes the block graph obtained from G by removing the isolated
normal blocks.

Note that wt(G) is an integer if (x,y) = (1,1) or (1, -1).



The weighted sum of involutions, t,(X,y)

Y wi(m) = [0 H(G)wt(G) = 212 " Ow(G)
T€$~1(G)

on(X,y) := the weighted sum of G € &, without 2-block-cycles
The weighted sum of G € &, with exactly i 2-block-cycles is equal to

(LZEJ) 2 ”yagn 4(xy)

=3 3 wm= |s*

GE@nqu&‘l(G) GEBy

In particular, if (x,y) = (1, —1) then

W1, -1 — 2121132 (k) ((2|I<+7[2J)H

i=0 2i + L%J)" Qaitr (1, —1)



Properties of g, (X, y)

Recurrence relation:
Gon1(X,Y) = X+ Gen(X,Y) + Ny - Gon—1(X, )

X2
O2n (X7 y) = 2

4 2(” 5 1) Y - Ganoa(Xy) + 3(" 3 1) Y- gn-s(x.Y)

Y gon—2(%,) + (N — 1)xy - gn_3(x,Y)

Using the recurrence, we obtain the following.
® Letn=8k+rwhere0<r < 8. Then
(-1)l2) mod4 ifr=012
ML) =4 2 mod4 ifr=3,4,5,7,
0 mod 4 ifr =6.
@ If n > 8then gn(1,—1) is even.
@ If k > 2then ordk(gu42(1, —1)) > 2.



ordy(tn(1, —1))

Using the recurrence, we obtain t,(1, —1) forn < 9.

n 0[1]2]3[4]5]6]7 819
@ - [1[1]0]1|-1|1|2]-1|-6]-2

Recall

k r
t(1,—1) =2l "L 372 (k> %@w(l -1).

Using the properties of g.(1, —1) and some elementary number theory, we
can obtain ordx(ta(1, —1)).

n Ordz(tn) OrdZ(tn(17 _1))
4k k k
4+1 |k k

4k+2 | k+1 k+ 3+ ordx(k)
4k +3 | k+2 k+1




Even involutions and odd involutions

A permutation = is even if sign(7) = 1, and odd if sign(w) = —1.

Note that
ta(1,—1) = > sign(m).

wELn

teVe" .= the number of even involutions in Z,
9% .— the number of odd involutions in Z,

even 1 odd 1
= 5 (th+ta(1, 1)), t = > (th — ta(1, 1))
n orch(ta) | orde(tn(1, —1)) | ordx(t2®" | ordx(t3%)
4k k k K+ xoad(k) | ??
d+1|k k ?? k + ordb(K) + xeven(K)
4+2 | k+1 k+ 3+ orda(k) | k k
4k+3 | k+2 k+1 k k
xever(K) is 1 if k is even, and O otherwise.

Xoad(K) is 1 if k is odd, and O otherwise.



Case p > 3: «P = 1, fixed points and p-cycles

@ p: aprime number > 3

® 7p(n) : the number of 7 € G, with 7° = 1
o BnApiz {ﬂ'EGnZﬂ‘p:l}
@ 71 € Gnpis a directed graph consisting of fixed points and p-cycles.




7 to the directed block graph ¢p(7)

@) ® % @
® XE ® @




7 to the directed block graph ¢p(7)
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7 to the directed block graph ¢p(7)
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7 to the directed block graph ¢p(7)

@) ® % @
® \® ® @

: S boo=T\

Bs Bs By Bio




Finding |¢,*(G)|
®,,p := the set of directed block graphs ¢p(7) for m € Gnp

() = [Gnpl = D |65 (G)l
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® inb(G) := the number of isolated normal blocks

@ Connected components C and C’, not contained in an isolated normal
block, are called identical if they have the same sequence of visiting
blocks.

@ Divide all connected components of G, not contained in an isolated
normal block, into identical classes.

@ type(G) := (€1, C2, ..., q), where ¢ denotes the number of components in

an identical class.
@ In the example, inb(G) = 2 and type(G) = (3,2,2,1,1,1,1)



Finding |¢,*(G)|
Bl Bz B4 B7 BS

) o

Bs
o
O O o o v o O o O
o (]
o ° o«%
Bs Bs Bo Bio
Letn=pk+rand G € &, .
Let type(G) = (c1,C2,...,Cl).
Then I )
(1_|_ (p _ 1)!)|nb(G) (p!)k—lnb(G)r!
cl---g!

65 (G)| =

@ ¢ < p and equality holds only if there are p cycles in p blocks.
1+ (p—-1)!=0 modp

ordh (| (G)]) > {EJ L [p—J

w32



Thank you for listening!



