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A simplicial complex A on vertex set Q2 is a collection of subsets
of Q such that
FeA GCF=GeA.

The elements of A are called faces of A and for aface F € A
dim(F) := #F — 1 is the dimension of F.

dim A :=max{ dim(F) | F € A} is the dimension of A.
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Combinatorial invariants for simplicial complexes

The vector §& = (&, &, ... 8 1),
where f2 = #{ F € A | dim(F) = i}, is called the j-vector of A.

The h-vector of A is the vector b = (h§, hi*, ... h§ aLq)s
where

_0<i<dim A+1 i xdim AT — > o<i<d fA (x — 1)dmA+T=i,
We call g& := (g8, 92, . .., gf‘dimAHJ) the g-vector of A, where
2

g =1andgh =hA —h2 for1 <i< |9MAEL]
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The barycentric subdivision

The barycentric subdivision sd(A) of a simplicial complex A is
the simplicial complex on vertex set A := A\ {0} whose
simplices are flags

AogA1 C...gAt

=

of elements Aj € Afor0 <j <t
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M-sequence

Given an integer d > 0 any a € N can uniquely be written in the
form p p P
_ (Ka d—1 i
- <d> i (d—1> e (1)
where kg > kg1 > - > ki > j > 1.

We define a<¢> := (") + (") +---+ (41]) and set
0<9> — 0.

A sequence (o, ..., at) € N1 is called an M-sequence if
a=1anda 1 <a ' for1<i<t—1.
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The classical g-theorem and the g-conjecture

Theorem (Stanley, Billera, Lee)

(ho, ..., hg) is the h-vector of a d-dimensional simplicial
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(ho, hy — ho, ho — hy 5000 T h\_%J — hL%J_1) is an M—Sequence.

Conjecture (McMullen)

Let A be a simplicial sphere. Then its g-vector is an
M-sequence.
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g-Theorems for barycentric subdivisions of
certain classes of simplicial complexes

Theorem (K., Nevo)

Let A be a (d — 1)-dimensional Cohen-Macaulay simplicial
complex. Then the g-vector of its barycentric subdivision sd(A)
is an M-sequence.

In particular, the g-conjecture holds for barycentric subdivisions
of simplicial spheres, of homology spheres and of doubly
Cohen-Macaulay complexes.

Furthermore, hfd(m < hz,dfﬂ,- forany 0 < i< [952].
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The refined Eulerian statistics on permutations

Let Sy be the symmetric group on {1,...,d}.
Foro e Sylet D(o) :={ie[d—1]|o(i) > o(i+ 1)} be the
descent set of o and set des(o) := #D(0).

Ford>1,0<i<d-1and1 <j<dwe set

A(d, i) :=#{ o€ Sy |des(o) =i, (1) =j}.
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New Inequalities for
the refined Eulerian statistics (1)

Corollary

(I) A(dajvr) SA(dvd_2_j7r)

ford>1,1<r<dand0<;<|%3].
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New Inequalities for
the refined Eulerian statistics (1)

Corollary

(i) A(d,j,r) < A(d,d—2—j,r)
ford>1,1<r<dand0<j
(i) A(d,0,r) <A(d,1,r)<..
and
A(d,d —1,r) <A(d,d—2,r) <... < A(d,[9],r)
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New Inequalities for
the refined Eulerian statistics (1)

Corollary

(i) A(d,j,r)<A(d,d—2—j,r)

ford > 1, 1<r<dand0<j§L%J.
(i) A(d,0,r) <A(d,1,r)<... <A, % ],r)
and
A(d,d —1,r) <A(d,d—2,r) <... < A(d,[9],r)
ford>2and1<r<d.

<r<
For d even, A(d, [ 95t], r) may be larger or smaller than
A(d7 ’Vd21 —I ) r)'
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New Inequalities for

the refined Eulerian statistics (2)

Corollary

(i) A(d,j,1) <A(d,j,2) <...<A(d,),d)
for (9] = |22 <j<d-1.




Eulerian Numbers

New Inequalities for

the refined Eulerian statistics (2)

Corollary

(i) A(d,j,1) <A(d,j,2) <...<A(d,j,d)
for[ 1= Ld—J</<d—1
(i) A(d,j,1) > A(d,},2) > ... > A(d,),d)

for0 <j< [%52].




Eulerian Numbers

New Inequalities for

the refined Eulerian statistics (2)

Corollary

(i) A(d.j,1) <A(d,j,2) <...<A(d,],d)
for [§]=[%<j<d-1
(i) A(d,j,1) > A(d.j,2) >...> A(d,j,d)

for0 <j< [%52].
(i) A(d, %51,1) <
>

if d is odd.
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New Inequalities for

the refined Eulerian statistics (2)

Corollary

(i) A(d.j,1) <A(d,j,2) <...<A(d,],d)
for [§]=[%<j<d-1
(i) A(d,j,1) > A(d.j,2) >...> A(d,j,d)

for0 <j< [%52].
(i) A(d, %51,1) <
>

if d is odd.
(iv) A(d,j,1)=A(d,j+1,d)
for0<j<d-2
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@ Theorem (Brenti, Welker):
Let A be a (d — 1)-dimensional simplicial complex and let
sd(A) be its barycentric subdivision. Then

d
WU =N A+ 1, r o+ 1)he
r=0

for0 <j <d.



Eulerian Numbers

What the proof essentially relies on

@ Theorem (Brenti, Welker):
Let A be a (d — 1)-dimensional simplicial complex and let
sd(A) be its barycentric subdivision. Then

d

sd(A .

WU =N A+ 1, r o+ 1)he
r=0

for0 <j <d.

@ algebraical 'version’ of the combinatorial g-theorem for the
barycentric subdivisions of (d — 1)-dimensional simplicial
complexes
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Example for the refined Eulerian numbers

i 0 0 0 0 O
26 16 8 4 2 1
66 66 60 48 36 26
26 36 48 60 66 66

1 2 4 8 16 26

0O 0 0 o 0 1



Thank you for your attention!

Questions?
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