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Motivation

Received query from Joris Van der Jeugt
(working with Stijn Lievens and Neli Stoilova)

Studying representations of the orthosymplectic Lie
superalgebra osp(1]2n) built using parabosons

Identified Fock space modules V(p) for any p € N

Constructed unitary irreducible infinite-dimensional
representations V(p) = V(p)/M(p) where M(p) isthe
maximal submodule of V(p), and found that

s for p>n irrep V(p) =V(p)
o for p<mn irrep V(p)=V(p)/M(p)

Also calculated the characters of both V(p) and V(p) J
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Van der Jeugt’s conjecture

fProposition [Van der Jeugt, Lievens and Stoilova, 2007] T
Let © = (z1,29,...,2,), then

chV(p) = (w19 - 2P/ Z sx(z)

AL(N)<p
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Van der Jeugt’s conjecture

fProposition [Van der Jeugt, Lievens and Stoilova, 2007] T
Let © = (z1,29,...,2,), then

chV(p) = (w19 - 2P/ Z sx(z)

AL(N)<p

Conjecture [Van der Jeugt, Lievens and Stoilova, 2007]

> o) = )

AL(N)<p - hcicn( = 20) Thgjapen (1= zizj)

with the sum over all partitions n which in Frobenius notation

take the form 77:< o )
G 4p a+p a+p

 with ¢, = (] —rp +1)/2 o
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Macdonald’s Theorem

Joris Van der Jeugt asked if the result was known T
If so where could it be found, if not could | supply a proof?

Angele Hamel reminded me of:
Theorem [Macdonald 79]

n—j

n+p+j—1‘

:E’l, :E’l,

sx(x) =
Atf%ép ngz‘gn(l — ;) H1§j<k§n(xj — x) (1 — zjzy)
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o

Macdonald’s Theorem

Joris Van der Jeugt asked if the result was known T
If so where could it be found, if not could | supply a proof?

Angele Hamel reminded me of:
Theorem [Macdonald 79]

n—j

n+p+j—1‘

:E’l, :E’l,

sx(x) =
Atf%ﬁp ngz‘gn(l — ;) H1§j<k§n(xj — x) (1 — zjzy)

Need to compare this with an immediate

B 2y (1) 5y ()
M%ﬁp sx(T) = [Ticic, (T —24) H1§j<k§n (1 —z;2,) J
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Strategy

Try to recast the numerator of Macdonald’s formula as a T
signed sum of Schur functions

Use conjugacy to recover Van der Jeugt’s formula

Try to identify the origin of the row length restriction
¢(\) < pin Macdonald’s formula

Try to identify the origin of the column length restriction
/(\) < pin Van der Jeugt’s Conjecture
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o

Strategy

Try to recast the numerator of Macdonald’s formula as a T

signed sum of Schur functions
Use conjugacy to recover Van der Jeugt’s formula

Try to identify the origin of the row length restriction
¢(\) < pin Macdonald’s formula

Try to identify the origin of the column length restriction
/(\) < pin Van der Jeugt’s Conjecture

First some preliminaries on

» Schur functions and Schur functions series

s Partitions, Young diagrams, Frobenius notation

» Determinantal identities and modifications

SLC61-2008
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Schur functions

Let n be a fixed positive integer T
Let © = (z1,29,...,2,) be asequence of indeterminates

Let A\ = ()\1,)\2,...,>\n) with A > A > 2> )0, >0
be a partition of weight || and length /(\) < n

Then the Schur function s,(z) is defined by:
Aj+n—j
X

1

1<i,j<n

sy(x) =

w”_j|
v 1<4,9<n

where ‘SC?_j |1§i,j§n — H1§i<j§n (xz — xj)
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Schur functions

Let n be a fixed positive integer T
Let © = (x1,29,...,2,) be a sequence of indeterminates

Let A\ = ()\1,)\2,...,>\n) with A > A > 2> )0, >0
be a partition of weight || and length /(\) < n

Then the Schur function s,(z) is defined by:
Aj+n—j
X

1

1<i,j<n

sy(x) =

w”_j|
¢ 1<i,5<n

n—j _ R
Where ‘xz |1§i,j§n _ H1§i<j§n (CCZ :C])

These Schur functions form a Z-basis of A,,, the ring of
polynomial symmetric functions of x4, ..., x,. J
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Partitions and Young diagrams

f #® Young diagrams F* consists of |\| boxes arranged in T
¢(X\) rows of lengths \; for ¢ =1,2,...4(\)
# Conjugate partition )\ is the partition defined by the /(')
columns of F* of lengths X for j=1,2... ¢(X)

® Frobenius notation If F* has r boxes on the main
diagonal, with arm and leg lengths «a, and b, for

k=1,2,....r, then \ = izt has rank r(\) =r
by by ---b,

with a; >as > --->a, >0 and by >by>--->b. >0
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Partitions and Young diagrams

f #® Young diagrams F* consists of |\| boxes arranged in T
¢(X\) rows of lengths \; for ¢ =1,2,...4(\)

# Conjugate partition )\ is the partition defined by the /(')
columns of F* of lengths X for j=1,2... ¢(X)

® Frobenius notation If F* has r boxes on the main
diagonal, with arm and leg lengths «a, and b, for

k=1,2,....r, then \ = izt has rank r(\) =r
by by ---b,

with a; >as > --->a, >0 and by >by>--->b. >0

A1 VDIV a1
A3 bo as

N : S
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Special families of partitions

-

® Let P be the set of all partitions, including the zero
partition A\ =0=(0,0,...,0).

® The zero partition is the unique partition of weight, length
and rank zero, ie. |0| =4(0) =7r(0) =0

#® Then for any integer ¢ let

a]_ a2 o o o a/,r
p— A p—
Py { <b162---br>ep
® Note: The zero partition belongs to P, for all integer ¢

o |
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for k=1,2,....r
and »=0,1,...
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Modification rules

For ne N let x = (z1,29,...,2,) and x = x5 -

Let kK = (K1,k2,...,k,) With K, €Z for i =1,2,...

Kj+n—j
X’

1<i,g<n

Let s.(x) =

‘x?_j ‘1§z’,j§n
Either s.(z) =0 or s.(r) = £x"s,(z) for some
partition A and some integer k

SLC61-2008
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Modification rules

For ne N let x = (z1,29,...,2,) and x = x5 -

Let kK = (K1,k2,...,k,) With K, €Z for i =1,2,...

Kj+n—j
x

1<i,g<n

Let s.(x) = —
‘xz‘ ‘1§z’,j§n

Either s.(z) =0 or s.(r) = £x"s,(z) for some
partition A and some integer k

Permuting columns leads to various identities, such as

s s.(x)=—s,(z) and s,(z) = (—1)7"s,(x) with
$ /,L:(/il,...,/{j_|_1—1,lij—|—1,...,/ﬁ)n)
L+ V:(/{j—i—l_jalil_i_l;---7/{j+17/{j—|—2---75n)
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Example

- w

® If n=4 and x=(0,4,0,9) then s.(z)
with A = (6,4,2,1) since

]

|
—_
N——"
w
_l_
—

Va
N\

=
N—"

3 .2 3 .2
‘%‘ x; xil‘ ‘x X xil‘

where just the :th row of each determinant has been
displayed

#® Alternatively, one can proceed iteratively using the
previous identities

S0400(T) = — Se151(x) = + Sea21()
| |
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Diagrammatically

-

0000000000

EX s.(7) = s0400(7) = —86151(T) = +5p4a21(7) = +5x(7)

_|_

-



Diagrammatically

fEX: $k(T) = S0400(7) = —86151(T) = +56a21(7) = +5x(7) -

0000000000



Diagrammatically

fEX: $k(T) = S0400(7) = —86151(T) = +56a21(7) = +5x(7) -

]

_|_
]
_|_

2
® Note \ = (6421) = (21>

o |
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Frobenius notation and modifications

f’ Let x; =0 unless j € {bi+1,bo+1,...,b.+1} T
® Let by > by > --- > b, > 0 without loss of generality

o Let Ii(]) —ar+by+1 If 7 =>0.+1 SO that
k= (0, ap4-b,41, 02701 o by+1, 0727 g 4b4-1)
® Then,if a; >ay > -+ >a, >0,

Sm(x) _ (_1)b1+b2+---+b7~ S)\(x)

- al a2...ar
A= (191 by - - br)
L and r =r(\) J

SLC61-2008 -p. 12

with



Example

For x =(0,4,0,9) we have x =0 unless j € {2,4}
Hence r =2, by =3, b, =1, with by > b, > 0

Since ky=a;+b;+1=9 and ke =as+b, +1 =4 we
have a1 =9, ag = 2 with a; > ap > 0

Hence we have s, (z) = sgi9(x) = (—1)%t! 86401 ()

| | 52
In Frobenius notation A = (6,4,2,1) = (3 1>
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Example

-

For x =(0,4,0,9) we have x =0 unless j € {2,4}
Hence r =2, by =3, b, =1, with by > b, > 0

Since ky=a;+b;+1=9 and ke =as+b, +1 =4 we
have a1 =9, ag = 2 with a; > ap > 0

Hence we have s, (z) = sgi9(x) = (—1)%t! 86401 ()

| | 52
In Frobenius notation A = (6,4,2,1) = (3 1>

5 |

1
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Schur function series

- N

# Littlewood [1940] Foralln>1and z = (z1,22,...,2,):

ZS)\(ZE) = H(l—l”i)_l H (1 — wjag)

A 1<i<n 1<j<k<n
d s = ] Q-
A even 1<5<k<n
> sz = ] @—zm)
M even 1<5<k<n
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Schur function series

- N

# Littlewood [1940] Foralln>1and z = (z1,22,...,2,):

ZS)\(ZE) = H(l—l”i)_l H (1 — wjag)

A 1<i<n 1<j<k<n
d s = ] Q-
A even 1<5<k<n
> sz = ] @—zm)
M even 1<5<k<n

#® A partition is even if all its non-zero parts are even

® The infinite sums over )\ involve no restriction on
either Z(\) or 4(X\), but s)(z)=0 if /() > n.

|
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Inverse Schur function series

-

# Littlewood [1940] Foralln >1and z = (z1,29,...,x,) T

S ()R @) = [T =a) T] (-

AePg 1<i<n 1<j<k<n
Y =)MPs@) = ] (@ - aym)
AEP; 1<j<k<n
Y )Ms@) = ] @ —aym)

AEP_4 1<j<k<n
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Inverse Schur function series

Littlewood [1940] Foralln > 1and z = (zq,x9,...,2,) T

S )@ = T -w) [ -z

AePg 1<i<n 1<j<k<n
Y =MEs@) = ] @ - aym)
AEP; 1<j<k<n
Y )Ms@) = ] @ —aym)

AEP_4 1<j<k<n

These series are finite for all finite n

For finite n both /(\) and /()\) are restricted,
since for \ € P, these differ by ¢ o
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Determinantal identities
f ® Littlewood [1940] Foralln >1and x = (21, 22,...,2,) T

n—j _ n+j—1
|CC7; CCZ | _ Z (_1)[\)\\4-7“()\)]/2 S)\(ZE)
n—j
‘:z:,&. ‘ AEPo
w?’_j — w?’ﬂ
G
|5’573 ‘ AEP
n—j n+j—2
L T Y () sy ()
n—j
Ly ‘ AEP_1
® the determinantsareall n xn with 7,7 =1,2,....n

1 if Pis true

# and, for any proposition P, , = {
0 if Pis false J

o
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General determinantal identity

f.o Lemma K[2008] Foralln>1andz = (zy,29,...,2,) T

n—j
’fi + qxj>—t L

n—j

n+t+75—1 |
1

Z (—1)IA=rNEDI2 (7 g (1)
AEP:

s where t Is any integer, and q is arbitrary
s and the determinants are all n x n
s Sothats,7=1,2,....n
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General determinantal identity

f.o Lemma K[2008] Foralln>1andz = (zy,29,...,2,) T

R DO -
e | — Z (=1)IA=rNED2 r) g ()
|CIZ'7; ]| AEP;

s where t Is any integer, and q is arbitrary
s and the determinants are all n x n
s Sothats,7=1,2,....n

#® The special cases:
L correspond to Littlewood’s previous formulae

|
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Algebraic proof

N RO i B e DO B
;| - |
— znjz q" se(T) = Z (— 1)(9 —1)++(j2—1)+(1—1) q" sx(x)
r=0 &k ANEPy



Algebraic proof

n—j n+t+7—1 n—j 27—1+t4+n—3
|xz' _|_qxj>—t xz’ ‘ L ‘xz +qxj>—t xz’ |

n—j n—j

=D > @ sela) =y (1)U ¢y (1

r=0 &k ANEPy

® k;=27—1+t for j € {j1,42,...,7-} and x; =0 otherwise
® with n> 4, >75>->74,>1— ot
A:<j1—1+t jo— 1+t -+ jr—1+t) .
J1—1 22—1 - -1
® r=r())
| Al =2((h =)+ Ge—D+--+0Ur—1) +r(t+1) o
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Example withn =4 andt = 2

B 2! g, 2] o

4—y

‘w?Jrqx? v} +qa]  wi+qa} 1+qa)

3 2
‘ x; xy x|

= Sg000 + ¢ (53000 + S0500 + S0070 + S0009)
+¢% (83500 + S3070 + So570 + S3000 + S0509 + S0079)
+¢° (83570 + S3500 + S3079 + Sos79) + " S3579

= 1+ q(s3— 841+ S511 — Se111)
+C]2 (—844 + S541 — S552 — S6411 T S6521 — 86622)

\— +C]3 (—s555 + Ses51 — Se652 + S6663) + (]4 56666 J
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Example with n = 4 and ¢t = 2 contd.

a1 a9 - - QA
fln Frobenius notation s,(z) = ( b ) we have T
biby --- b,

()= () ()G

0 ) )G )G ) i) ()
() G )G ) ().
)

o |

0000000000




Example withn =4 andt = —2

A—j 14
‘ T, G X sy X,
—
T J|

‘ 2 x? my+qxi 14qx?

3 2
‘@; T T 1‘

_ 2
= S0000 + ¢ (So030 + So00s) + ¢~ S0035

= 1+ q(s111 — S2111) — q* 52222

(D))
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Row length restricted Schur function series

- N

Z sx(x) with z = (x1,22,...,2,),n>1,p>0
AL(N)<p
ajn—j o le7.1+p+j—1|
= - : Macdonald

H1§i§n(1 — ;) H1§j<k§n($j — o) (1 — zja8)
|xn—j . xn+p+j—1‘ / |:E?_j|

1 1

H1§z‘§n(1 — ;) H1§j<k§n(1 — T;Ty,)
ZuePp (_1)[IM|—T(M)(29—1)]/2 s,(2)

— Lemma: g=-1,t=p
H1§i§n(1 — ;) H1§j<k§n(1 — T;Tg)

e, (DI E=D2 g ()
D vep, (DTS, (1)

o
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Column length restricted Schur function series

- .

# Using the conjugacy involution w : s)(x) — sy (x) forall

#® andnotingthat \ ¢ P, — X\ € P_, for all ¢, we have

SLC61-2008 -p.2



Column length restricted Schur function series

- .

# Using the conjugacy involution w : s)(x) — sy (x) forall

#® andnotingthat \ ¢ P, — X\ € P_, for all ¢, we have

ZSA(ZC) with © = (xy,29,...,2,),n>1,p >0
AL(N)<p

Zﬂep (—1)[|M|—T(M)(P—l)]/2 Su(a:)
B — Conjugac
> vep, (DI WIS, () jugacy

=@ =112 ¢ (o
= . 2y, (71) A7) Van der Jeugt

..—[1§i§n(1 — ;) H1<j<k<n(1 — T;Ty,)

n—1 n 1 TL
_ o J _ (_1)19 X jop T p+i— ]| ;= _(_1)p
ngzgn(l ZCZ) H1§]<k§n(1 :ijk) t = —p
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So far

- N

® We have recast the numerator of Macdonald’s formula as
a signed sum of Schur functions

#® We have then used conjugacy to prove Van der Jeugt’s
conjecture
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So far

-

We have recast the numerator of Macdonald’s formula as
a signed sum of Schur functions

We have then used conjugacy to prove Van der Jeugt’s
conjecture

We have not exploited all of Littlewood’s series

We have only used two special cases of the
Lemma: ¢=—-1, t=p and ¢g=—(—1)?, t=—p

But there exist further row (and as we shall see column)
restricted Schur function series

|
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Row length restricted Schur function series

heorem [Macdonald 79; Désarmeénien 87, Stembridge 90,

-

Proctor 90; Bressoud 98, Okada 98]

Foralln > 1, x = (21, 2o, ..

o

Z sx(x)

AL(N)<p

Z sx(x)

Aeven A(N)<2p

Z sx(x)

A even A(N)<p

., x,) and p > 0:

- -
o N ‘

1 1

‘5’3?_] H1§i§n(1 — ;) H1§j<k§n(1 — T;Tg)

n—j _ N2ty ‘

x’& 1

Ly H1§j§k§n(1 — T;Tk)

n ) —2 n—1 n+p+17—2
! _xiﬂ?-l-J ‘_|_%|:Cij_|_xipj ‘

x?_j‘ H1§j<k§n(1 — T;T)

|
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Row length restricted Schur function series

sting the Lemma for given ¢ and ¢ as indicated, we find T

Corollary Forall x = (z1,22,...)

q = _17t — P
Z o1 (@) Zuepp (—1)l=rw =112 5 (1)
)\ p—
AL(N)<p IIlSﬁSn(l'_'xi)111§j<k§n(1"'xjxk)

g=—-1,t=2p+1

—NHul=r()Zp)]/2 ¢ (4
Z S)\(:E) ZMEP2p+1( ) u( )

Aeven 4 (N)<2p Hlﬁjgkgn(l o 'fjajk)

q=xl,t=p—1
ul=r(wel/2 g (1)

Z S)\(ZIZ‘) Z,LLEPp_lzfr(,u) even (_1)
L A even 4(N)<p H1§j<k§n(1 o xjxk) J
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Row length restricted Schur function series

fLittIewood’s inverse Schur function series formulae then give: T
Corollary Forall z = (z1,22,...)

q — _17t — P
Z Zﬂep (_1)[|u\—’f(u)(p—1)]/2 s, ()
S)\(ZE) - ; vi+r(v
AN <p Zye% (—1)llHr@l/2 g ()

g=—-1,t=2p+1

> () = Sl

—1)\Iv|/2
Aeven £(N)<2p ZVEP1 ( 1)| / S,/(.f)

(—1)lpl=r(w)(2p)]/2 s,.()

gq=*x1,t=p—1
Z,LLEPp_llr(,u) ven (_1)[Iu|—r(u)p]/2 s,.()

> i) - -
L A even £(N)<p ZVEP—l (_1)‘ / S,/(ZIZ')

|
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Column length restricted Schur function series

- N

# Using the involution w : sy(x) — sy (z) for all A

#® andnotingthat \ ¢ P, — X\ € P_, for all ¢, we have

Corollary Forall z = (z1,22,...)

Z . > ep (L)@@ g ()
T T e, GO (a)

B Zuep_%_l (_1)[|M|—T(M)(2p)]/2 s, ()
Y osax) = Svem (—1)P1725,(2)

A even 4 (A)<2p

- —1 [[pe] =r(r)p]/2 S . (T
Z 8/\(33) ZMEP_p_H.’r(,u)even ( ) ,u( )

_1)\Iv|/2
\— Aeven 4(A)<p ZVEPl ( 1)‘ / S,/(ZIZ') J
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Column length restricted Schur function series

fLittlewood’s Inverse Schur function series formulae then give: T
Corollary Forall z = (z1,22,...)

S ep (—D)IH=r D)2 ()

A:K(A)gi)\(x) B Hléz‘én(l — ;) H1§j<k§n(1 — Xy
ZMEP_zp_l (—1)llel=r@)l/2 g ()
\ even ;e(x);;(x) ) H1§j<k§n(1 — T;T)
Zuep_pﬂ:r(u) oven (—D)IHTTUIAZ g (1)
X even :E(A););(x) B ngjgkgn(l — T;T)

L #® Note: The first of these was Van der Jeugt's Conjecture J
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Column length restricted Schur function series

fUSing (CIat) — (_(_1)]9’ _p)’ (Zl:lv —p T 1) and (17 _2p T 1) In—‘
our Lemma, we find

Theorem Forall n>1, = (x1,29,...,2,) and p > 0:

277 = (1P, 2T

D a@) = =5 ——
AN < L | ngz‘gn(l o 5’7@) H1§j<k§n(1 — fjfk)

AL(N)<p
1|,.n=J o n—j P+
g sx(x) = 5‘% — Nz |+2 ‘:z: T Xz Ti
A o n—
] — .
Aeven £(A)<p |x2 | ngjgkgn(l SC]CIZ'k)
n ] n-— 2p47—2
—I_X 71>2p+1 |

sa(r) = T
A/ever%)\)gm/: | Ly ]| H1§j<k§n(1_:€]xk) J
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Row length restricted Schur function series

Alternative expressions giving each restricted series
as a product of an unrestricted series and a correction factor

forall © = (x1,2,,...) take the form

Z sx(z) = ZS/\(@ . Z(_l)[lnl—rm)(p—l)w s,(2)

Al(N)<p A HEP,

Z sx(z) = Z sx(z) - Z (—1)ll=rG@/2 g (1)
Aeven :4(N)<2p A even nEP2p11

Z sx(z) = Z sx(z) - Z (—1)llel=rrl/2 g ()
A even 4 (A)<p A even PEP,_1:7(1) even

o |

SLC61-2008 -p.31



Column length restricted Schur function series

Alternative expressions giving each restricted series
as a product of an unrestricted series and a correction factor

forall © = (x1,2,,...) take the form

ZS/\(@ — ZS/\(@ . Z (—1)ll=rn =12 ¢ ()

Al(N)<p A HEP_,

Z sx(z) = ZS/\(@‘ Z (—1)lel=rm@)/2 g ()
A even :4(A)<2p A even HEP_2p_1

Z sx(z) = Z sx(x) - Z (—1)llel=rrl/2 g ()
Aeven £(A)<p A even pEP_py1:7(p) even

o |
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Row length restricted Schur function series

Alternative expressions giving each restricted series
as a product of an unrestricted series and a correction factor

forall © = (x1,2,,...) take the form

Z sx(z) = ZS/\(@ . Z(_l)[lnl—rm)(p—l)w s,(2)

Al(N)<p A HEP,

Z sx(z) = Z sx(z) - Z (—1)ll=rG@/2 g (1)
Aeven :4(N)<2p A even nEP2p11

Z sx(z) = Z sx(z) - Z (—1)llel=rrl/2 g ()
A even 4 (A)<p A even PEP,_1:7(1) even

o |
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Rank restricted Schur function series

- N

#® The row length restricted series takes the form

Z sx(z) = ZSA(Q;) . Z (—1)lul=rn =12 ¢ ()

#® The column length restricted series takes the form

Z sx(z) = Z sx(z) - Z (=)= =112 g ()

Al(N)<p A HEP_,
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Rank restricted Schur function series

- N

#® The row length restricted series takes the form

Z sx(z) = ZSA(Q;) . Z (—1)lul=rn =12 ¢ ()

#® The column length restricted series takes the form

Z sx(z) = Z sx(z) - Z (=)= =112 g ()

Al(N)<p A pEP_,

#® Conjecture The rank restricted series takes the form

s =Y s S () )

Ar(A)<p A pEPo:r(p)=p+1

o |
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So far

- N

#® \We have obtained three determinantal formulae for
column length restricted partitions analogous to those for
row length restricted partitions
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So far

We have obtained three determinantal formulae for
column length restricted partitions analogous to those for
row length restricted partitions

We have not explained why the various determinants lead
to row or column length restrictions

To do this we need to exploit the fact that they define
characters of particular representations of classical
groups as emphasized by Okada

Then we may look for an alternative way of evalauting
these characters through the use of Howe dual pairs of
groups

SLC61-2008
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Classical groups and their characters

fLet r=(r1,%2,...,2,) and T = (T1,Ta,...,Tp)

with z; =¢% and 7; =2; ' =e ™ for i =1,2,...,n
Ai+n—j
A __

ch VGL(”) o ‘xn—j‘
i
Aj+n—j+3:  _Xj+n—j+i

\ i — 4
chVioentry = njtl  _njil

1 1

Ai+n—j+1 _Ai+n—74+1
‘xzj J :Cij J

A _
ch Vépany = =)

\— ch VS%\O(%?/) — |x?—] 4 fn—] |

SLC61-2008
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Characters expressed in terms of Schur function

- N

ch Vé\L(n) = S)\(ZC)

ch V;O(Zn—l—l) — Z (—1)(|“‘_T(“))/2 Sx/ulT,T)
nEPo
AF1P _
chVgoinsry = ch VSAO(Qn) Z (=) 552, T)
HEP_1
ch V;p(Qn) — Z (_1)|M/2 SA/M(’f?f)
peEP_1
ch v90(2n) = Z (—1)lm/2 Sx/u(®,T)
pEP1

Chvsoén) - ChVSAO(%) Z (_1)(|M|+T(M)>/2 Sx/ulT,T)

N -
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Row length restricted series and characters

fTheorem [Macdonald, Désarménien, Stembridge, Proctor, T
Bressoud, Okada]

T vy = (v/2)
_ U v _ DP/2 p/2)™ _
sa(z) = ‘xn—j ~ xn—l—j—l‘ = X" ch Vg5 541) (7,7, 1)
Nl(V)<p i i
iy .
s ac] ) o )
g sy(z) = T =X bV, (2, T)
R

Aeven £(A)<2p

iy 9 iy 9
x? J _ $?+p+J | 4 x? J _|_$?+p+3 |

Z sx(z) = |xn—j_|_xn+j—2|
[2 [2

A even :£(\N)<p

_ xP/2 ng(/;?z;_l,(—)”(p/?)(m)f)

\_ where x = z2y-- 2, = chVg,(2) J
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Proof of formulae in terms of characters

f # Start from the original determinantal formulae T

® In each determinant permute columns under
j—n—7+1
# Extract factors (—1)" by changing signs
of all terms of the form 2% — a?

1 1

® Extract factors

1, p 1
n—s+s n—s;
s x, * % and =z, °?
s 2P and a7
n—1+2Z _
s z;, ' and 7!

from each row of numerator and denominator

L determinants J
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Howe dual pairs of groups

fDefinition [Howe 85] T
® Letgroups G and H acton a linear vector space V
#® Let their actions mutually commute

® As arepresentation of G x H, let
V = @rer Vo @ V4P

s k varies over some index set K
® Vé(k) and VH"(’“) are irreps of G and H

s V2" and VA vary without repetition

® Insuch a case we say that G and H form a (Howe)
L dual pair with respectto V. J

SLC61-2008 —p. 40



Howe dual pairs of classical groups

f.o In some cases V isanirrepofagroup ' D> G x H T

#® On restriction to the subgroup G x H

ch Vi = ch Vg™ chvi®

ke K

SLC61-2008 -p. 41



Howe dual pairs of classical groups

f.o In some cases V isanirrepofagroup ' D> G x H T

#® On restriction to the subgroup G x H

ch Vi = ch Vg™ chvi®
ke K

Ex: [Howe 89, Hasegawa 89] For V the spinirrep of an
othogonal group with character ch V2, dual pairs are defined
through each of the following restrictions:

SO(2n) x O(2p)

SO(2n + 1) x O(2p)

SO(2n) x O(2p + 1)

SO2n+1) x O(2p+1)

Sp(2n) x Sp(2p) .

SLC61-2008 -p. 41
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Notation for p"-complements

-

® For any partition A C n? we have )\ C p"
® Insuchacase, let Xt=(p—X,....,p—=X,,p— X))

® Then )\ is also a partition

SLC61-2008 —p. 42



Notation for p"-complements

For any partition A C n? we have )\ C p"
Insuchacase,let XT=(p—-X_.....p—X,,p—\))

Then )T is also a partition
Ex: If p=4, n=5 and XA = (4,3,1)
then X = (3,2,2,1) and \' = (4,3,2,2,1)

P = Y = Y o=

Note: 0T =p" = (p,p,...,D)

SLC61-2008
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The spin module and Howe dual pairs

fTheorem [Morris 58,60; Hasegawa 89; Terada 93; Bump T
and Gamburd 05] On restriction to the appropriate subgroup:

ch V()A(4np) = Z ch VSO 2n) ch V(;\(2p)
ACnP
A
ch V()A(4np_|_2p) — Z ch VSO (2n+1) ch VO(2p)
ACnP
A AT
ch VO(4np—|—2n) — Z ch VSO(Qn) ch VC;\(QPH)
ACnP
A AT AR
ch VO(4np—|—2n—|—2p—|-1) — Z ch VSO(Q’”"‘D ch VO(ZP‘H)
ACnP
Ch V()A(Zlnp) — Z Ch VSp(Qn Ch V;S%\p

\— = (2p) J
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Exploitation of Howe duality

f.p Let (G, H) be aHowe dual pairwith F O G x H s.uchT

that ch VZ ,; = S, ch VA™ ch VA"

® The character chVé(k) IS just the coefficient of chVIj;(k)

in any formula we can devise for ch V2,
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Exploitation of Howe duality

- N

® let (G,H) beaHowe dual pairwith "D G x H such
that ch VZ ,; = S, ch VA™ ch VA"

® The character chVé(k) IS just the coefficient of chVﬁ(k)

in any formula we can devise for ch V2,

® In the case of the spin character identities all that is
needed are:
» dual Cauchy formula

» expressions for classical group characters in terms of
Schur functions [Littlewood 1940]

» some modification rules [Newell 1951]

o |
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Spin characters and their decomposition

fln terms of appropriate parameters T

ch VOA(Q,,,L)(:L‘,E) = H (x} +x;, %) = X2 H (14 x;)
1=1 1=1

ch VO (anp)(TY, TY, TY, TY)

101 1

_1 1 1
(z7y; +x; %y 2 )@}y ® +x; %))

l\DIr—k
l\.’)lr—\

|
s
1~

1 1

<.
I

(

|
s
=

(i + 7T +y; +7;)
L

(

QS
1

p

P H H L+ ay)(L+ag,) =x7" Y sel(x) sc(y.7)
- o .
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Application to Howe dual pair contd.

- -

=x P Z ser(w) se(y,y) =x77F Z ser(@ )ChVéL@ (¥.7)

(Cn2p CCn?2p

— x P j{: 80(10 2{: Ctrvggém Cny)
(Cn?2p B:6'even

et 3 ([ F o) 47507
nCn?2p B:6'even

—xt Y ng( 5 sya)ss(0) ) Vi (07
nCn?2p d even

=Y ch Vi om(@,T) ch Vi, (y,7) dual pair Theorem

ACnP
where W,, restricts any sum of Schur functions s,(z) to

Lthose having v, =4(v') < 2p J
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Character formula

flt follows that T
ch Ve p@n) r,T)= X P Z En\ W2p< Z Sy () 55(x)>

nCn?pP J even

where the modification rules for Sp(2p) characters are such
that

- { +1  if ch Vg o, (y,y) =£ch Vép@p (y,7)
0 otherwise

SLC61-2008 - p. 47



Character formula

flt follows that T
ch VSp(Zn) T x " Z EnA WQP( Z Sy (2) 55(@)

nCn?pP J even

where the modification rules for Sp(2p) characters are such
that

- { +1  if ch Vg o, (y,y) =£ch VSAp(Qp (y, )
0 otherwise

To be more precise [K and Wybourne 00]

Cth(Qn) r,T)=x"? S‘ S‘ 1)l2 W, (S(A,Q)/(:E) 55(1‘))
L a€P_1 deven J
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Character formula
f.o Here (A, a) = (A1,..., A, 0., ) T

# Standardisation is necessary If A\, < o

#® For given X\ only a finite number of terms o € P_; give
non-zero contributions
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Character formula
f.o Here (A, a) = (A1,..., A, 0., ) T

# Standardisation is necessary If A\, < o

#® For given X\ only a finite number of terms o € P_; give
non-zero contributions

Example

#® If A =0 thenonly the case o =0 survives. In this
case \' = (p") and

ch Vg;(%)(:t,f) = x 7 WQP(Z 55(:5))

d even
= x? Y sg(x) ashbefore

0 even:£(6")<2p

SLC61-2008 —p. 48



Character formula

f ® Howe duality thus leads directly to a formula for one of T
the row length restricted Schur function series

# It involves a character of rectangular shape, since AT = p"
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Character formula

Howe duality thus leads directly to a formula for one of T
the row length restricted Schur function series

It involves a character of rectangular shape, since \' = p”

If A\ =m then only the case o = 0 survives. In this
case A =p"/1m = (p"™™, (p—1)™) and

chVE o' (7)) = x77 ng(z s1m (2) 85($)>

d even

= x 7 Z Su(T)

HE (2p)™:oddrows(p)=p

This is a formula for a character of near rectangular
shape, previously derived by Krattenthaler [98] J
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Character formula

If A= 1™ then two terms survive. In this T
case \'=p"/m = (p" ', p—m) and

n—1 —m L
ch Vg0 (%, T)

= Wy (3 (50 0) — 312 (o) () )

0 even

This gives another character of near rectangular shape

Some care is required to effect the cancellations
necessary to express the character as a sum of wholly
positive terms, see [Krattenthaler 98]

Further examples can easily be generated, but they
Involve more complicated cancellations J
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Character formula

If A= 1™ then two terms survive. In this T
case \'=p"/m = (p" ', p—m) and

n—1 —m L
ch Vg0 (%, T)

= Wy (3 (50 0) — 312 (o) () )

0 even

This gives another character of near rectangular shape

Some care is required to effect the cancellations
necessary to express the character as a sum of wholly
positive terms, see [Krattenthaler 98]

Further examples can easily be generated, but they
Involve more complicated cancellations J
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The spin module and Howe dual pairs

Thus we have recovered the formula for the symplectic T
group characters as a sum of row length restricted Schur
functions specified by even partitions

Similar formulae for orthogonal group characters may be
recovered in the same way using Howe dual pairs

In each case the row length restriction owes its origin to
the bijective correspondence between irreps of the dual
groups specified by AT and )\

SLC61-2008 -p.51



The spin module and Howe dual pairs

Thus we have recovered the formula for the symplectic T
group characters as a sum of row length restricted Schur
functions specified by even partitions

Similar formulae for orthogonal group characters may be
recovered in the same way using Howe dual pairs

In each case the row length restriction owes its origin to
the bijective correspondence between irreps of the dual
groups specified by AT and )\

We would like to identify other Howe dual pairs that might
lead to characters expressible as our sums of column
length restricted Schur functions

Such characters are necessatrily infinite dimensional
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The metaplectic module and Howe dual pairs

f ® We need an infinite-dimensional analogue of the spin T
representation of the orthogonal group

#® This is provided by the metaplectic representation of the
symplectic group
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The metaplectic module and Howe dual pairs

f ® We need an infinite-dimensional analogue of the spin T
representation of the orthogonal group

#® This is provided by the metaplectic representation of the
symplectic group

Ex: [Howe 89] For V' the metaplectic irrep of a symplectic
group with character ch V2, dual pairs are defined through
each of the following restrictions:

Sp(4np) 2 Sp(2n) x O(2p)
Sp(dnp+2p) 2O Sp(2n) x O(2p+1)
Sp(dnp) O SO(2n) x Sp(2p)

SLC61-2008 —-p.52



Metaplectic dual pair character formula

-

fTheorem [Moshinsky and Quesne 71, Kashiwara and Vergne
/8, Howe 85, K and Wybourne 85]
On restriction to the appropriate subgroup:

A . p(A) A
ch Vepanp) = D ch Vgpamy ch Vo(2p)
AN+ <2p, A1 <n
A p+3(N) A
ch VSp(4np—|—2n) — Z ch VSp(QQn) ch VO(Zp—I—l)
AN A <2p+1, N <n
A . p(A) A
hVipuny = D, hVigh, chVie,

A:A] <min(p,n)
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Metaplectic characters and their decomposition

fln terms of appropriate parameters

ch Vs%@n)(l“ ,T) =

.
I
[

—= I
':1@
5
s

=

<

N——"

Z

¢:4(¢)<min(n,2p)

SLC61-2008
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Application to Howe dual pair contd.

= X" > sc(z) s¢(y,7) .

¢:4(¢)<min(n,2p)
=x" > se(m) h Vg, 4, 7)

¢:4(¢)<min(n,2p)

5 _
x> scl@) Y ch Vg, (5,7)

¢:4(¢)<min(n,2p) d even

P Z | £2p( Z Sp() 35(:c)> ch Vo (¥: V)

n:4(n)<min(n,2p ) even

B Z ch ngggn)(wvf) ch V(;\(2p)(yay) dual pair

AN A, <2p, N <n

where L., restricts any sum of Schur functions s,(x) to

Lthose having v; = {(v) < 2p J
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Character formula

flt follows that T
ch ngggm(”} T) = X7 Z En.x LQP( Z sy() 85($)>

n:£(¢)<min(n,2p) 5 even

where the modification rules for O(2p) characters are such
that
O(2p) (y7 y) = £ch v(;\(Qp) (y7 g)

{ +1  if chV/
En — .
0 otherwise
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Character formula

flt follows that T
ch V§£?§n>(fc,f) = x' Z En,A £2p< Z sy(2) 55(@)

n:£(¢)<min(n,2p) 0 even

where the modification rules for O(2p) characters are such
that

- { +1 if ch V{5, (y,9) = £ch VS(Qp)(y,ﬁ)
| 0 otherwise

In the special case A = 0 this gives

ch VI o\ (2,T) = xP sz(z 55(3;)> =x ) ss(z)
0 even:£(5)<2p J

SLC61-2008 —p. 56
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The metaplectic module and Howe dual pairs

f #® Thus we have obtained a formula for a particular T

symplectic group character as a sum of column length
restricted Schur functions specified by even partitions

#® Our other column length restricted Schur function formula
may be also be identifed with characters in the same way

#® In each case the column length restriction owes its origin
to the bijective correspondence between irreps of the
dual groups specified by p(\) and A
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Dual pairs in spin modules

f.o The spin modules A of O(N) give rise to the following T
dual pairs of subgroups G x H:

gy iy iy

SLC61-2008
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Dual pairs in spin modules

f.o The spin modules A of O(N) give rise to the following T
dual pairs of subgroups G x H:

O(4np) O SO(2n) x O(2p)
O(4np +2p) 2O SO(2n+1) x O(2p)
O(dnp+2n) 2 SO(2n) x O(2p+1)
Odnp+2n+2p+1) 2O SO2n+1)x0O(2p+1)
O(4np) 2 Sp(2n) x Sp(2p)

#® The dual pairs may be found by

s verifying that the actions of G and H mutually
centralize one another

» determining multiplicity free common highest weight
L vectors of G and H [Hasegawa 89] J
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Dual pairs in spin modules

f # Each dual pair gives rise to an identity of characters of T
the form ch V5 = i ch VE™ ch VY
#® Such identities have been derived by

s Using the Laplace expansion of ch V5,
e orthogonal subgroup case [Morris 58, 61]
e symplectic subgroup case [Bump and Gamburd 05]

s Using a Robinson-Schensted-Knuth-Berele procedure
In the symplectic subgroup case [Terada 91]
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Dual pairs in spin modules

Each dual pair gives rise to an identity of characters of T
the form ch V5 = i ch VE™ ch VY
Such identities have been derived by

s Using the Laplace expansion of ch V5,
e orthogonal subgroup case [Morris 58, 61]
e symplectic subgroup case [Bump and Gamburd 05]

s Using a Robinson-Schensted-Knuth-Berele procedure
In the symplectic subgroup case [Terada 91]

Here, in the symplectic subgroup case, we offer an
alternative derivation based on a jeu-de-taquin procedure

|
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Semistandard Young tableaux

- N

® Let 7*(n) be the setof gl(n)-tableaux T obtained by
filling the boxes of F* with entries
from {1 <2 < ... <n} such that they

T1 weakly increase across each row from left to right;

T2 strictly increase down each column from top to bottom;
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Semistandard Young tableaux

- N

® Let 7*(n) be the setof gl(n)-tableaux T obtained by
filling the boxes of F* with entries
from {1 <2 < ... <n} such that they

T1 weakly increase across each row from left to right;

T2 strictly increase down each column from top to bottom;

® Ex: For n=6, A= (3,3,2) we have

11213
T =\|3/4|4| € T°%(6)
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Schur functions and tableaux

-

® For z = (xy,29,...,2,) and
any k= (K, ka,-..,kn) let o =o' 2x5? ... afin
® Then

ch VQL(n) = sy(x) = Z et (1)

TeT (n)

where wgt(T), = #keT for k=1,2,...,n

SLC61-2008
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Schur functions and tableaux

- N

® For z = (xy,29,...,2,) and
any k= (K, ka,-..,kn) let o =o' 2x5? ... afin
® Then

ch VQL(n) = sy(x) = Z et (1)

TeT (n)

where wgt(T), = #keT for k=1,2,...,n

® Ex: Forn=6, A=(3,3,2)

11213
T=13]44 Ve T = g w2 2 as

- e -

—p.61
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Symplectic tableaux

~ ® Let SpT*(n) be the set of sp(2n)-tableaux 7' obtained |
by filling the boxes of F* with entries
from {I<1<2<2<---<m<n} suchthatthey

S1 weakly increase across each row from left to right;
S2 strictly increase down each column from top to bottom;

S3 k and k appear no lower than the kth row.
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Symplectic tableaux

~ ® Let SpT*(n) be the set of sp(2n)-tableaux 7' obtained |
by filling the boxes of F* with entries
from {I<1<2<2<---<m<n} suchthatthey

S1 weakly increase across each row from left to right;
S2 strictly increase down each column from top to bottom;

S3 k and k appear no lower than the kth row.

® Ex: Forn=4, A=(3,3,2,1)

c SpT3321 (4)

O |
=~ QO | N

=~ | |

SLC61-2008 —p. 62



Symplectic characters and tableaux

f.. Let © = (z1,29,...,2,) and T = (T1,T2,...,Tp) T
with 7, =z, ' for k=1,2,...,n
#® Then

ch vbe\p(Qn) — 8]9/\(33, f) — Z CCWgt (T)
TeSpT (n)

where wgt (1), = #ke€T —#kcT for k=1,2,....n
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Symplectic characters and tableaux

f.. Let © = (z1,29,...,2,) and T = (T1,T2,...,Tp) T
with 7, =z, ' for k=1,2,...,n
#® Then

ch vbe\p(2n) — 8]9/\(33, T) — Z CCWgt (T)

TeSpT™(n)

where wgt (1), = #kcT —#keT for k=1,2,....n
® Ex: For n=4, A=(3,3,2,1)

_0-1,1-1_2-2 _2-0 _ _—1_2
wegt (T) = o) " xy a3 “xy] " =] )

|

SLC61-2008 - p. 63
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Dual palir identity

f #® The identity to be proved takes the form T

Ch VOA(ZJan) — Z Ch VSp 2TL Ch V;S)'\p(2p) — Z Ch VSp 2TL Ch VSp 2}9

ACnP ACp™
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.

Dual palir identity

The identity to be proved takes the form T

Ch V()A(Zlnp) — Z Ch VSp 2TL Ch V;S)'\p(2p) — Z Ch VSp 2TL Ch VSp 2}9

ACnP ACp™
where ch VS”\ ) ch Vsp(2p = spa(z,T) spat (¥, Y)

and
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Pairs of symplectic tableau

- N

® Let R(n,p) be the set of tableaux R = (T'S")
composed, for some X C (p"), of T € SpT*(n)
and S e SpT™ (p) reoriented so as to constitute a
rectangular tableaux of shape F®")

® Ex: n=4, p=5, A=(3,3,2,1), \ =(4,4,2,1,0)

11213 1112 11213 (4|2
213 o' 1A |4 2131314 |1/
3|4 1|4 34|44 |1
4 5/ 4154121
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Observation

Z spa(@, @) spat (Y, 7)

ACp™
DD IMELED W
ACP™ TeSpT™(n) SESpTAT(n)

= Y (zy)e®

ReR(n,p)

0000000000



Observation

Z spa(@, @) spat (Y, 7)

ACp™

Y Y e Y g
ACP™ TeSpT™(n) SESpTAT(n)

_ Z (ZC y)wgt (R)

ReR(n,p)

® Ex: n=4, p=5, A=(3,3,2,1), \ =(4,4,2,1,0)

342
3

4 1 W _ _
A4 11 (xy) gt (R) :5’311@21 yly4ly5

572 |7 o
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New rectangular tableaux

f.o Let D(n,p) be the set of tableaux D obtained by filling T
the boxes of F®") with entries from
(T<l<2<---<m<n<l <l<2 <. .<p <p?

In such a way that:
D1 each unprimed entry k£ or k liesinthe kth row
counted from top to bottom;
D2 each primed entry k' or % liesinthe kth column

counted from right to left.
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New rectangular tableaux

f.o Let D(n,p) be the set of tableaux D obtained by filling T

o

the boxes of F®") with entries from
(T<l<2<---<m<n<l <l<2 <. .<p <p?
In such a way that:
D1 each unprimed entry k£ or k liesinthe kth row
counted from top to bottom;
D2 each primed entry k' or % liesinthe kth column

counted from right to left.

L1

/ /
5_ 4 2 € D(4,5)
3|4 21

REINEE N

SLC61-2008 —p. 67

2N 1

-/

DO

® Typically D =

W 1IN |




Metaplectic character

p
[]@+z+y+m)= > (zy=® .

i=1 j=1 DED(n,p)

-

:j:

( y) (ajlaaj%"'7:En7y17y27"'7yp)
wgt (D); = #k — #k for i =k with k=1,2,....n
® wgt (D); = #k’ 4E for i=n—+kwith k=1,2,....p

SLC61-2008 —p. 68
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Metaplectic character

no P
HH (s +Ti+y; +7;) = Z (2 )"t (D)

1=1 y5=1

DeD(n,p)

( y) (ajlaaj%"'7:En7y17y27"'7yp)

wgt (D); = #k — #k for i =k with k=1,2,....n
wgt (D); = #k — #k for i =n+kwith k=1,2,...

21

)
DO

I'I'I
X
|
W
aalt

O [ [ [N |
N2
—=

I -1 0 1

—1

0 (aj)y)wgt(D)

0~ 1 9 1
) — L1 Ty Y1Ys Ys

» P

-

Note: Entry inthe (i, 7)th box is any one of {z’,i’,j’,}/} J

SLC61-2008

—p. 68



Lemma
fLemma Forall n.,p e N

D (wy)=®= %  (aye®

ReR(n,p) DeD(n,p)

0000000000



Lemma
fLemma Forall n.,p e N

D (wy)=®= %  (aye®

ReR(n,p) DeD(n,p)

# Construct a weight preserving bijection
between R(n,p) and D(n,p)

® Use jeu de taquin to map each R € R(n,p) to
corresponding D € D(n, p)

® Move each primed entry &' or k' north-west to its own
column, the £th, and then north while moving each
unprimed entry ¢ or i to its own row, the ith.

L # To right of kth column maintain S1-S3 and S17-S3

SLC61-2008

|
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Legitimate moves for &’

f.p k' in position (i,5) with i >1 and j <k T
( k/
f a<b
al|b
b

SLC61-2008

k/

f a>0



Legitimate moves for &’

f.o k' in position (i,5) with i >1 and j <k T
( k/
f a<b
al|b
b
&
a |k b
If a>0b
/
K a
# ' inposition (1,5) with 7 <k
alk'| < K

o

SLC61-2008




Legitimate moves for &’

f.p k" in position (i, k) with ¢ > 1
/

b & k if b<jq
K’ b

0000000000



-

Legitimate moves for &’

® ' inposition (i,k) with ¢ > 1

» Note

k/

k/

/
b & k if b<jq
K’ b

allowed by S17 | 1./| L./| forbidden by S2T

SLC61-2008



Legitimate moves fork’

~ » % inposition (i,7) with i >1 and j <k

;

—/

b

SLC61-2008

f a<b

f a>0



Legitimate moves fork’

~ » % inposition (i,7) with i >1 and j <k

o

® [ inposition (1,7) with 7 <k

;

—/

alk

\

—/

f a<b
alb
— b if a>0
k| a
—/
< |k la

SLC61-2008




Legitimate moves fork’

® ¥ inposition (i,k) with i > 1
—

E & if 0<1
k b

0000000000



-

Legitimate moves fork’

® [ inposition (i,k) with ¢ > 1

—/

if <

b
k b
allowed by 1t | 7" |7/

SLC61-2008

forbidden by S21



No transformations necessary

® Note

7 | ¢ | and allowed by S1

-
-

SLC61-2008



No transformations necessary

® Note

7 | ¢ | and allowed by S1

-
-

» Note

and

forbidden by S2

N | .

SLC61-2008



Weight preserving transformations

- N

# ' inposition (i,k) sothat £ isin kth column,
but blocks % from moving to kth column

_/ —_

Kk| < |1

No

SLC61-2008 -p.7
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Weight preserving transformations

# ' inposition (i,k) sothat £ isin kth column,
but blocks % from moving to kth column

—/

#  in position (z,k) sothat ¢ isin ¢th row,

Kk| <

N

but blocks ¢ from moving to ith row

-

SLC61-2008

—/
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

SLC61-2008 —-p. 76



Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

11213142
21313741
314441
45/2/5/_/
N
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

11213142
21313741
314441
45/2/5/_/
N

SLC61-2008 —-p. 76



Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

Lo | WOl
.
2

2
3
514

4
|

~~
H |
~~
~~

=~ Qo] DO |

|

SLC61-2008 —-p. 76



Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

DO
Lo | W
D
2

=~ Qo] DO |
v
[N
~|

SLC61-2008 —-p. 76



Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

Lo | WOl
.
2

ol
=~ QO [ DO | DD
>
|

|

SLC61-2008 —-p. 76



Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

Lo | WOl
D
2

ol
=~ QO [ DO | DD
>
|

|

SLC61-2008 —-p. 76



Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

1124132
512134 |1
3130441
414421
| -

SLC61-2008 —-p. 76



Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

1142
519213
3134

—/ /| =/

41414121
L o

SLC61-2008 —-p. 76
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Ay
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~~




Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

1142
519213
3134

—/ /| =/

41414121
L o

SLC61-2008 —-p. 76
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

11412132
50 2 4|4

Ay

8]
o
P~

! | =/

. 4141421 N

SLC61-2008 —-p. 76




Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

114" 2
9

312
514" 214

Ay

L I\ | L
ri r
~~

3

3
41471217
- N
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

114" 2
9

312
514214

Ay

ll\l L
™ F
~

3

3
41471217
- N

SLC61-2008 —-p. 76




Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

—/

114|214 |2
514121311

31341
41471217
- N

SLC61-2008 —-p. 76




Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

11414 |2 |
514121311
31334 |1
A4 2T
- N

SLC61-2008 —-p. 76



Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

1144 |22
514121311
31334 |1
A4 2T
- N
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

11111122

514121311

31334 |1

A4 2T
-
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

11111122

514121311

31332 |1

A4 2T
-
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

1111122
51412131
3131431
44Z/g/,—/
| - |

SLC61-2008 —-p. 76



Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

11111122
514121311
314 (3|31
—/ | =/ | =/
u 4141421 N
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

11111122
514121311
314 (3|31
—! | =/ | =/
u 4141421 N
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

1111122
1421311
3141331
414427
| - -
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

1111122
1421311
3141331
4141427
| - -
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

111111(212
1421311
3141331
4141427
| -
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

111111(212
1421311
3141331
4141427
| - -
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

111111(212
14121311
3141331
4141427
| -
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

111111212
541212 |1
3141321
4141427
| -
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

111111212
514’1212 |1
314321
41414127
| -
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

111]11(2]1
514121212
314321
41414127
| -
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Map from R € R(n,p)to D € D(n,p)

f o Identlfy largest primed entries. Move topmost such entry, T
k' or k', North-West by a sequence of interchanges with
nearest neighbours until it reaches kth column and then
North as far as possible in this column, while moving
unprimed entries, 7 or ¢, South to the ith row and
changing any vertical pairiito & k'.

1111121
514121212
314321
41414127
| -
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Bijection
f ® Thus we have a map from R € R(n,p) to D € D(n,p) T
llustrated by:

11213412 1111121
R:2331’1’®5’4’2§’§:D
34411 317321
415141211 4114127

0000000000



Bijection
f ® Thus we have a map from R € R(n,p) to D € D(n,p) T
llustrated by:

112342 101121
Lo (21337 54222
314|441 304321
41514 12'|1 4144121

® Every step is reversible - the map Is bijective
# The map is weight preserving

L #® Hence our dual pair character identity is proven J
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Skew Young diagrams

Given partitions )\ and . such that all boxes of F* are T
contained in F* we write ;1 C ).

Removing the boxes of F* from F* leaves the skew
Young diagram F*/*

S S S

Ex: A= (5,4,2), p=(3,1), FMt= 4

SLC61-2008 -p. 78



o

Skew Young diagrams

Given partitions )\ and . such that all boxes of F* are T
contained in F* we write ;1 C ).

Removing the boxes of F* from F* leaves the skew
Young diagram F*/*

S S S

Ex: A= (5,4,2), p=(3,1), FMt= 4

Let 7% (n) be the set of gi(n)-tableaux T obtained by
filling the boxes of FM# with entries
from {1 <2 < ... <n} such that they

T1 weakly increase across each row from left to right

T2 strictly increase down each column from top to bottom

|

SLC61-2008 -p. 78
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Skew Schur function

® For = (xy,29,...,2,) With n €N
Sx/u(x) = Z e ()
TeT > k(n)

where wgt(T), = #keT for k=1,2,...

SLC61-2008
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Skew Schur function

® For = (xy,29,...,2,) With n €N

spl)=Y 2"

TeT > k(n)

where wgt(T), = #keT for k=1,2,...,n

® EX: n=6, A=(5,4,2), pn=(3,1)

x % %23
™= 4 |1]4]|4
115

eV (D) = 22 gy wg 22 2y
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Schur function expansion

- -

® For o= (xy,29,...,%m), ¥y = (Y1,Y2,...,y,) With m,n € N

sx(z,y) = Z Su() $x/u(y)

b
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Schur function expansion

-

® For o= (xy,29,...,%m), ¥y = (Y1,Y2,...,y,) With m,n € N

sx(z,y) = Z Su() $x/u(y)

-

b

® Ex: m=4, n=6, A=(5,4,2), p=(3,1)

113]13]2

3

wgt (1) 2

(zy) = T1 X574 YL Y2 Y3 Y3 Us

SLC61-2008 -p. 80



Cauchy formula and its inverse

f.o Let m,n be positive integers T
® Thenforall x = (z1,29,...,2,) and vy = (yi,y2,...,Yn)
d>_os@ s = [T a—aw)™
A i=1 j=1
> )M sa@)svy) = [ —2w)
A i=1 j=1

SLC61-2008 -p. 81



Cauchy formula and its inverse

Let m,n be positive integers T

Then forall z = (z1,22,...,2,) and y = (y1,%2, -, Yn)
> s@) say) = HH (L= wiy;)™
> (D) si(@) snly) = HH (1 —z;y;)

The first sum over X Is infinite with non-zero terms
arising for all /(\) < min{m,n}, and no restriction on ¢(\’)

The second sum over X is finite, with A C n™, since
sx(x) =0 1f £(A) >m and sy(y) =0 if {(N)>n J
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Determinantal identity

f’ For o = (z1,29,...,2m), ¥y = (Y1, Y2, - .-, yn) With m,nENT

m n

Y )M sa@)sv(w) = [T]] @ ==2w)
A i=1 j=1
. yfz:rll—z
- m_j n—>b .
LN

® The (m+n) x (m+n) determinant is partitioned after the
nth row

o |
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Determinantal identity

f’ For o = (z1,29,...,2m), ¥y = (Y1, Y2, - .-, yn) With m,nENT

m n

Y )M sa@)sv(w) = [T]] @ ==2w)
A i=1 j=1
. yfz:rll—z
- m_j n—>b .
LN

® The (m+n) x (m+n) determinant is partitioned after the
nth row

#® Proof Use either Laplace expansion to obtain Schur
functions directly, or three Vandermonde identities to
obtain product form
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Row length restricted Cauchy formula

fTheorem [Kwon 08, Hamel and K. 08] T
Let o = (x1,...,Zm), ¥y= (Y1,---,yn) With m,n > 1.
Then forall p > 0 we have

Z sx () sx(y) = (12 - - Yn)” spn(2,7)

AL(N)<p
J—14+x,.,,P
Yna1—i ol
B 1
|xzm_]‘ ’yg,—b‘ H:il HZzl (1 o CC@‘ya) mAN—j+Xx ;P
xz’—n B

1

= : —Dlh s (2) s
T Ty 20 @) =0

Lwhere o= (+p") and 7= (" +p") with r =r(() J
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Proof

B n

® For v = (x1,29,...,%m), Y= (Y1,y2,...,y,) and p € N

spr(@,7) = ) sc(®) spryc(y) = (7)™ )

SLC61-2008 4



Proof

-

® For v = (x1,29,...,%m), Y= (Y1,y2,...,y,) and p € N

spr(2,7) = Y 5c(x) spnyc(y) = (7))
¢Cp™ TeTP" (m+n)

® Ex: Typically, for m =6, n =4, p=>5, and order
1<2<3<4<bH<6<4<3<2<1 wehave

N

Sl oo

Wl O DN |
DO| [ =] | > (DO
|

=D | =] | O
= (DOl | Lol

SLC61-2008
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Proof

- N

#® However, separating the blue entries from the red entries
and taking the complement of each column of the latter

with respectto 1234 gives
1121354 11111

— = 1 S1o| [—=1T==1=|1]1|2]3
210414143 212121212
T ==~ 2|44 T —I=1=112|3]|3
50414122 - 333334
3121111 4141444
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-

Proof

#® However, separating the blue entries from the red entries
and taking the complement of each column of the latter

-

with respectto 1234 gives
1121354
2141443 ! 510
T -1 |24 |4
504141212 -
312111111

#® Hence, setting y = y1y2 - - - 1, we have

spr(2,7) =y 7 Y se(x) se(y)

o

SLC61-2008

| [ Qo] D] | ]

] [ Qo] D] |

| [ Qo] D] | ]

| [ Qo] D] | ]

] [ Qo] D] |

¢Cpn
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Proof

flt follows that Z sc(x) s¢(y) = y? spn(z,7)

G:4(¢")<p
—m-~+n—j+p : —m-+n—j J—1 : J—1+p
Ynt1—i - Yny1— Yn+1—i + Ynyi1—i
m-+n—7j-+p m-+n—j m-+n—j-+p m-+n—j
Lin - Lin Li_n Li_n
— ~x/P —
-7 +n—j g | j-1
—m—+n—7) . —MmM-Tn—7 o )
Ynt+1—i b Yt Yn+1—i
m—+n—j . m-+n—7j m-+n—j
;o T Tin
Ynt1—i

L |x?l_j| ) Hzil HZ:1 (1 = zy,)

SLC61-2008
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Lemma [K. 2008]
=

® Let o= (vy,...,7,) and y = (y1,...,n)

#® Then for each pair of integers p and ¢ we have

yn—l—l—i . Xj>n—q yn—l—l—i
1
m—] n—j|
Ly ’ ‘ Yi ’ ‘
m—+n—7j+p lem—i—n—]
Xj<n—|—p —Nn 1—n

# where the large determinantis (m +n) x (m +n), and is
L partitioned after the nth row and nth column J
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Lemma contd.

- N

.DIfC:(al " ar> e (n™)
by by --- b,
® with a; <n, by <m and r =r((), then
<a1+p az+p - ar+p>
s (+p =
by by .- b,
, <b1+q botq - br"‘Q)
s (+p =
a1 a9 Q-

s with a, > max{0,—p} and b, > max{0, —q}
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Lemma contd.

- N

o I]‘Cz(OL1 " ar> e (n™)
by by --- b,
® with a; <n, by <m and r =r((), then
+p agtp - apt
’C+prz<a1pa2p a p)
by by --- b,
bi+q ba+q --- b+
‘<,+pT:<1q 2+q q)
a1 a9 Q.

s with a, > max{0,—p} and b, > max{0, —q}

Proof: By Laplace expansion

o |
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Examples of key determinant

f’ m=3, n=4, p=2, q=1

0000000000



Examples of key determinant

f.. m=3 n=4, p=2, ¢g=1 T

Ly wi Wi oWl i Ui
Lys w3 w3 o3y v
Loy oy s f oy oy W
L N N 7 R
8 ozl 2% 2? vy w1
S L 7 S T5  ry 1
5 xl 2b @l A
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Examples of key determinant

f’ m=3, n=4, p=-2, g=1

0000000000



Examples of key determinant

f.. m=3, n=4, p=-2, q= T

| V7 VA G 1 S G 1)
L ys ¥5 ¥ i o¥3 Y Y3
Loy ys ¥ Y Yy Y
L R T /- A T R T S 11
vt — - vy w1
r5 Ty — = T5  my 1
rs Ty — = R
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Examples of key determinant

f’ m=3, n=4, p=2, q=—1

0000000000



Examples of key determinant

f.. m=3, n=4, p=2, q=—1 T

Ly wi owi ¢ — Ui W
Ly ws Y5 ¢ — U W
Loy oy o o~ Y W
O A
8 ozl 2% 2? vy w1
S L 7 S 5wy 1
5 xl 2b ol e

SLC61-2008 -p. 91



Examples of key determinant

f’ m=3, n=4, p=-2, q=—1

0000000000



Examples of key determinant

f.. m=3, n=4, p=-2, ¢q=—1 T

L ys yi vyi ¢ — Y U3
Loys w3 y3 1 — Y3 W3
L v v v o~ Y Y
T A R N U
x‘ll xi’ - = :z;% ry 1
x% m‘;’ - = m% ro 1
xgl x% - = 513% rg 1

SLC61-2008 -p. 92



EX1l: m=3, n=4, p=2, g=1

f (1234567)
EX. ™=

2 3 5 71 46

0000000000



fEx. T = (

—_— e

Y4
Y3
Y2
Y

EX1l: m=3, n=4, p=2, g=1

1234567)
2 3 5 71 46

SLC61-2008

Y4 yZ
Y3 Ys
Y2 Yo
Y1 Yp




EX1l: m=3, n=4, p=2, g=1

fEX. 7T:<1 2 3 45 6 7) 1) — (—1)f = _1 o

2 3 5 71 46

(18

ll 3+2 042 5 2
w | o = — :(6,471)
2 0 2 0

<’=(3,2,1,1)=(2 O)
30

L

2-+1 0+1 31
* T — = (4,3,1,1)
3 0 30

SLC61-2008 -p. 9%



EX2: m=3, n=4, p=-2, q=—1

f (1234567)
EX. ™=

3 46 71 2 5

0000000000



fEx. T = (

—_—

Y4
Y3
Y2
Y

EX2: m=3, n=4, p=-2, q=—1

1234567)
3 46 71 2 5

SLC61-2008

ys v s
ys Y5 U
Ys Us Y5
vyt i
(y) |ya=?




EX2: m=3, n=4, p=-2, q=—1

B G I S e

3 46 71 2 5

=13

ull 3—2 2—2 10
B (52290 -
2 1 2 1

2 1
C’=(3,3,2,2)=( )
3 2

L

2—1 1-1 10
- T:( ):( >:(2,2,2,2)
3 2 3 2
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Proof of second part of Theorem

f #® Just note that for p > 0 T
]_1+X i>nP —1 . —1
Yna1—i o yfz+1—7; : yiﬂtf

m—+n—j—+p m—+n—j
ZCZ_n mi—n . mi—n
j_l . j—l‘l‘p
Yn+1—i « Xjsn—p Ynt1—i
mAn—j+p m+n—j
Xj§n+p 1—n . Li_n

L ® Then use the Lemmawithp =g >0 J
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Row length restricted Cauchy formula

f’ Forall z = (z1,29,...), ¥y = (y1,%2,...) andp >0 T

S (@) i)

AL(N)<p

D I e pn

xiya)

0000000000



Row length restricted Cauchy formula

f’ Forall z = (z1,29,...), ¥y = (y1,%2,...) andp >0 T

> sal@) say)
AL(N)<p
I Hn11(1— DD s (@) e (v)

#® This expresses the row length restricted series as a
product of the unrestricted series times a correction factor

o |
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Column length restricted Cauchy formula

f.o Using the involutions w, : sy(z) — sy (z) and T
wy : Sx(y) — sy (y) forall A, either separately or
together, we obtain three more restricted formula.

SLC61-2008 -p. 99



Column length restricted Cauchy formula

f.o Using the involutions w, : sy(z) — sy (z) and T
wy : Sx(y) — sy (y) forall A, either separately or
together, we obtain three more restricted formula.

® Using w,w, we find that for all z, y and forall p >0

ALV <p

- Z sx() sa(y) - Z(_l)m S(c4pry (T) S(cr4pry (Y)
A C

- Z sx() sa(y) - Z(_l)w Sn—pr (T) Sy —pr (Y)

where the sum over 7 Is restricted to those 7 such that
L both n —p" and n’ —p" are partitions J
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Column length restricted Cauchy formula

f #® Using our Lemma with both p and ¢ set equal to —p, with T
p > 0 gives

Theorem Let z = (z1,29,...,2,) and y = (y1,Y2,---,Yn)
with m,n > 1. Thenforall p > 0 we have

S @) s :
SA\T) S\\Y = —
AL(N)<p |x:n ]‘ (7 HZL HZ:1 (1 — 24ya)
—1 . i 1—
y;71+1—7; v X jsntp y;yz—l—l—];
m+n—j—p . xm+n—j

ngn—p Li_n - 1—n
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Generalisation to the supersymmetric case

- N

# All our restricted row and column length formula involving
symmetric functions may be generalised to the case of
supersymmetric functions

SLC61-2008 —-p. 101



Generalisation to the supersymmetric case

- N

# All our restricted row and column length formula involving

symmetric functions may be generalised to the case of
supersymmetric functions

#® Characters of Lie groups and algebras may be expressed
In terms of symmetric Schur functions

#® Characters of Lie supergroups and superalgebras may be
expressed in terms of supersymmetric Schur functions

SLC61-2008 —-p. 101



Supersymmetric functions

-

® Let m, n be fixed positive integers

® let x=(x1,29,...,2,) aNd vy = (y1,%2,- -, Yn)

# A function f(x/y) is said to be supersymmetric if it is
» symmetric under permutations of the z;
s symmetric under permutations of the y;

s Independentof ¢t If x;, =t= —y; forany ¢ and j

SLC61-2008 - p. 102



Supersymmetric functions

Let m, n be fixed positive integers

Let © = (z1,29,...,2,) and y = (y1,y2, ..., Yn)

A function f(xz/y) is said to be supersymmetric if it is
» symmetric under permutations of the z;

s symmetric under permutations of the y;

s Independentof ¢t If x;, =t= —y; forany ¢ and j

For each partition A the supersymmetric Schur function
sx(x/y) may be defined by

sx(@/y) =) sul@) swpw(y)

b
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Semistandard supertableaux

~ ® Let T*(m/n) bethe setof gi(m/n)-tableaux T obtained |
by filling the boxes of F* with entries
from {1<2<...<n<1 <2 <...<n'} such that
unprimed entries

T1 weakly increase across each row from left to right

T2 stricly increase down each column from top to bottom
and primed entries

T'1 strictly increase across each row from left to right

T'2 weakly increase down each column from top to bottom

o |
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-

o

Semistandard supertableaux

® Let 7%(m/n) be the setof gi(m/n)-tableaux T obtained
by filling the boxes of F* with entries
from {1<2<...<n<1 <2 <...<n'} such that
unprimed entries

T1 weakly increase across each row from left to right

T2 stricly increase down each column from top to bottom
and primed entries

T'1 strictly increase across each row from left to right

T'2 weakly increase down each column from top to bottom

31334
® Ex: m=4, n=6, A= (5,4,2), 41123

5 |

SLC61-2008 —-p. 103




Supersymmetric Schur function

f.o Since  s\(z/y) = Z Sul@) Sy () T

p

with su(z) = Z et (1)
TeTH(m)

and  syy)= ) ye®
TeT> /1 (n)

we have sy (x/y) = (2 1) Vet ()
TeT>(m/n)

SLC61-2008 —p. 104



Supersymmetric Schur function

f.o Since  s\(z/y) = Z Sul@) Sy () T

Py

with su(z) = Z et (1)
TeTH(m)

and  syy)= ) ye®
TeT> /1 (n)

we have sy (x/y) = Z (2 1) Vet ()
TeTX(m/n)

® Ex: m=4, n=6, A= (5,4,2)

113]3|3|4
W 2
al1|2 |3 ()" D =y 2224 o) Yo vy Yl Y

s |
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Littlewood-Richardson coefficients

- N

® let x=(x,...,2,) With m N

#® In A,, thering of symmetric polynomial functions

(@) su(0) = 3 &, s,()

v

where the coefficients ¢}, are non-negative integers —
the Littlewood-Richardson coefficients
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Littlewood-Richardson coefficients

-

® let x=(x,...,2,) With m N

-

#® In A,, thering of symmetric polynomial functions

(@) su(0) = 3 &, s,()

v

where the coefficients ¢}, are non-negative integers —
the Littlewood-Richardson coefficients

® let x=(z1,...,20), v=W1,...,y,) With m,n €N

® In A,/ thering of supersymmetric polynomial
functions

sx(z/y) su(z/y) = Y & sula/y)

L where the same Littlewood-Richardson coefficients occur.

|
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Constraints on supersymmetric Schur functions

f.. Notice that s,(z) = s,(z1,...,2,) =0 if A} >m while T
su(z/y) = su(@1, . Tm/Y1s - ) =0 0 A >m

SLC61-2008 —-p. 106



Constraints on supersymmetric Schur functions

f.. Notice that s,(z) = s,(z1,...,2,) =0 if A} >m while T
su(z/y) = su(@1, . Tm/Y1s - ) =0 0 A >m

® thatis s,(x) # 0 iff F” lies within a horizontal strip of
depth m

ExX: m=4 F" =

® and s,(z/y) # 0 iff F¥ lies within a hook with arm
width m and leg width n

ExX: m=2, n=3 F'=

SLC61-2008 —-p. 106



upersymmetric row and column restricted identiti

f.’ With respect to the bases s)(z) and s)(x/y) the T

rings A, and A,/ coincide modulo the horizontal
strip and hook shape restrictions on A

# It follows that any identity expressed in terms of Schur
functions s,(x) takes exactly the same form in terms of
supersymmetric Schur functions s,(z/y)

#® However, the generating functions for Schur function
series require amendment for the corresponding
supersymmetric Schur function series
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Supersymmetric Schur function series

Hi Ha (1 + xiya)
[1;(1 — i) Hj<k(1 —zjar) [T —=va) [lpee(l —v5ve)

Z sx(z/y)

AL(N)<p

[T T1, (1 + ziy.) ZMEPP (— 1)l =r () e-1)]/2 su(z/y)
L =) [ —aja) [T —va) Tlpee(X — o ve)

Z sx(z/y)

AL(N)<p

[T T1, (1 + ziy.) Zﬂep_p (—1)lul=rp-1)/2 su(z/y)
L B [1;(1 — i) Hj<k(1 —zjar) [, —=va) [lpee(l —v5ve) J

0000000000




Supersymmetric Schur function series

Hz’ Ha (1 + xiya) —‘

jgk(l — L k) Hb<c(1 — Ub¥Ye)

Z S)\($/y) — H

A even

Z sx(z/y)

Aeven 4(N)<2p

Hi Ha (1 4 %Lya) ZM€P2p+1 (_1)[\M|—T(M)(2p)]/2 Su($/y)
ngk(l — X T) Hb<c(1 — b Ye)

Z sx(z/y)

A even 4(A)<2p

H’i Ha (1 _|_ xzya) ZILLEP_Qp_l (_1)[|N|_T(M)(2p)]/2 Su(x/y)
Hj<k(1 — L k) Hbgc(l — Up¥Ye)

|
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Supersymmetric Schur function series

- -
_ Hz Ha (1 + zy.)

M even ]<k(1 — L xk) Hbgc(l — Yo yc)

Z sx(z/y)

A even 4(N)<p

Hz' Ha (1 + xiya) ZMEPp_l:r(,u)even (_1)[|,u|—7“(,u)p]/2 S,U(x/y)
Lot —zj2e) Tl< (T — v ue)

Z sx(z/y)

Aeven £(MN)<p

Hz' Ha (1 + xiya) Z/LEP_p+1:r(/L)even (_1)“,&‘—7“(,&)1?]/2 S,U(aj/y)
ngk(l — T T,) Hb<c(1 — Yb Ye)

o |
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Supersymmetric form of the Cauchy identities
f’ Let v = (z1,...,2n), Y= W1, Un)y 2= (21,..., 24), T

( ) with m,n,d,e € N, then

S sa(e/y) sa(ofw) = i) W (H 0 2

x L1k (1 — ;2 115, (1 —yj )

sx(@/y) sx(z/w) =

sa(@/y) sx(z/w) -

(_1)“7‘ Sn—pr (T/Y) Syr—pr(2/ u

0000000000



Dual pairs of Lie supergroups

f #® Howe’s original work on dual pairs encompassed Lie
supergroups, such as GL(m/n) and OSp(m/n)

#® Thus all our supersymmetric identities should be placed
within this context

® They may be derived from the following dual pairs [Cheng
and Zhang 04, Kwon 08]
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Dual pairs of Lie supergroups

f #® Howe’s original work on dual pairs encompassed Lie
supergroups, such as GL(m/n) and OSp(m/n)

#® Thus all our supersymmetric identities should be placed
within this context

® They may be derived from the following dual pairs [Cheng
and Zhang 04, Kwon 08]

Ex: Dual pairs supercentralising one another in the given
module
S(C™™ @ CYe) GL(m/n) x GL(d/e)
A(C™™ @ C¥e) © GL(m/n) x GL(d/e)
S(CV" @ CY : OSp(m/n) x O(d)
- S(C" @ CY) : 0Sp(m/n) x Sp(d) .

SLC61-2008 -p. 112



Jacobi-Trudi identities

So far we have discussed infinite series of Schur T
functions, including their expression in determinantal form

These have been used to provide generalisations of
formulae of both Littlewood and Cauchy

All the formulae have arisen from the expression of a
Schur function as ratio of two alternants

It IS natural to ask if similar results can be obtained from
the expression of a Schur function in Jacobi-Trudi form
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Jacobi-Trudi identities

f #® For partitions A and u, we write u C X if u; < \; for all 4. T

o If u C ) then the skew Young diagram F*/* is defined to

be FA\F*-.

Ex: F5443/431  _

SLC61-2008
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Jacobi-Trudi identities

f #® For partitions A and u, we write u C X if u; < \; for all 4. T

o If u C ) then the skew Young diagram F*/* is defined to
be FA\F*-.

Ex: F5443/431  _

Schur functions:

sx(z) = | ha,—itj(x) | = | sx—ij(T) |

SLC61-2008 -p. 114



Jacobi-Trudi identities

f #® For partitions A and u, we write u C X if u; < \; for all 4. T

o If u C ) then the skew Young diagram F*/* is defined to
be FA\F*-.

Ex: F5443/431  _

Schur functions:
saA(x) = | ha—irj(T) | = | sxn—irj(x) |

Skew Schur functions:

S/\/M(aj) — ‘ h)\i_ﬂj_i+j($) | — ‘ SAz'—/Lj—i-l-j(aj) ;

o |

SLC61-2008 -p. 114



Bressoud-Wel identities

- N

® Bressoud and Wei [1992] For all integers ¢ > —1.:

2= ‘ P iy () + (D)2 Ry () |

= 37 (—ler@-nlz g

o EPy

SLC61-2008 -p. 11



Bressoud-Wel identities

- N

® Bressoud and Wei [1992] For all integers ¢ > —1.:

272 By g () + (=)D 0y () |

— Z ol @ H=D1/2 g (1)

o EPy

# Hamel and K [2008] For all integers ¢ and all g:

| Ax,—iti(T) + @ Xjs—t haj—i—jr1-t(T) |

= 37 (@02 @) ()

oEPy

SLC61-2008 -p. 115



Algebraic proof

ais3(8) + 0 s e () N
r=0 &k
_ Z J —1)+-4(j2—1)+(j1—1) qr ‘hAi—’i+j—Uj(x)|
oEPy



Algebraic proof

f | Aoy =it () + @ Xjs—t Py—imjr1—e(T) | T
_ Z; Z q

_ (_1)(jr—1)+'“+(j2—1)+(j1—1

h>\¢—73—|—j—f€j ($) |

) q ‘ h/\i—’i+j—0j (ZC) |

® k;=2j—1+t for j € {j1,J2,...,J-} and x; = 0 otherwise
® wWith n>j; > jo> > j. 21— ypcot
(j1—1+t Jo— 1+t - jr—1+t)
0O — . . ' Ept
1—1 J2—1 - =1

® r=r(o)
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Combinatorial proof

f # Lattice path interpretation of determinant T

! hAi—H—j(fC) + G Xj>—t hAi—qz—jJrl—t(fU) ‘

n

— Z (_1)77 H (h)\,b-—i—l—w(i)(ﬂ?) + q X (i)>—t h%—i—w(z’)—l—l—t(x) )
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Combinatorial proof

f # Lattice path interpretation of determinant T

! hAi—H—j(x) + G Xj>—t hAi—qz—jJrl—t(fU) ‘

n

— Z (_1)77 H (h)\,b-—i—l—w(i)(ﬂ?) + q X (i)>—t h%—i—w(z’)—l—l—t(x) )

#® Each 7 defines a set of n-tuples of north-east paths

® For :=1,2,...,n the ith path goes
s from Py =(n+1-m(),1) or P, =(n+t+m(c),1)
s t0o Q;=n+14+ X\ —1i,n)
s each step east at height £ carries weight z;,

L » each path from P;(i) (rather than P, ;) carries weight qJ

SLC61-2008 —-p. 117



An n-tuple of lattice paths

f n=4, t=2 1 2 3 4 T

® Ex1 7'(':( )
3 1 2 4

A= (6,4,4,2)
® Contribution (—1)*T%¢* (23) (1) (z123) (z374)

0000000000



An n-tuple of lattice paths

- n=4, t=2 2 3 4 -

1
® Ex1 T = ( )
A= (6,4,4,2) 3 1 2 4

® Contribution (—1)*T%¢* (23) (1) (z123) (z374)

T 2 O
T3 T3 T3
L2
L1
P, Py P P P Py P Py
L 0 1 2 3 4 5 6 7 8 9 10 Q

SLC61-2008 - p. 118



Combinatorial proof contd.

|7 Z (—1)7T H (hAi—fH—w(z')(aj) + q Xr(i)>—t hAi—i—w(i)ﬂ—t(f’/’) ) T

TES), 1=1



Combinatorial proof contd.

|7 Z (—1)7T H (hAi—i+7r(i)(5E) + q Xr(i)>—t hAi—i—w(i)ﬂ—t(fE) ) T

TESH 1=1
o Path from P.; to @Q; contributesto hy, ;i) ()
® Path from P;(i) to @, contributesto hy,_;_r@y11—¢()

#® Sign changing involution removes contributions from
Intersecting paths

o All paths in n-tuple non-intersecting implies = =

( 1 2 r r+1 r—+ 2 n )
(1) «(2) --- =w(r) w(r+1) w(r+2) -+ x(n)

with (1) > m(2) > --- > x(r) for P ,Q; paths
L and 7(r+1)<7w(r+2)<---<m(n) for P;Q,; paths J
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Combinatorial proof contd.

Eastward distance P, to ); = )\, for 1 =1,....n
Let distance P; to Pjr(i) —og; for e=1,....r
Let distance P, to P, =o; for e =r+1,...,n

Then, In Frobenius notation
( m(1)—1+t wn(2)—2+t -+ w(r)—r+t
O‘ p—
m(l) —1 m(2) — 2 ‘o m(r)—r

SLC61-2008
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Combinatorial proof contd.

Eastward distance P, to ); = )\, for 1 =1,....n
Let distance P; to Pjr(i) —og; for e=1,....r
Let distance P, to P, =o; for e =r+1,...,n

Then, in Frobenius notation

() =1+t w(2) =2+t - w(r)—r+i
0_< t()—1 w2 =2 - wlr)—r )
Now re-interpret ith path monomial as contribution
to «th row of an s,,,(x) semistandard tableau, so that

our determinant reduces to

D oep, (—1)m=D (@ @) =D+ =1) gr hi—itj—o, (T) ‘

as required
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Semistandard skew tableaux

f ® Each n-tuple of non-intersecting paths defines a T
semistandard skew tableaux

n=4, t=2, 1 2 3 4

A= (6,4,4,2) 3 1 2 4
4 Q4 . . Q3 Q2 . . 1
; 5 s 0/0{0(0]|0]2
010]01]0
, - O(1|3|3
1 ‘ 34
Py P; Py P Py P Py Pi
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Semistandard skew tableaux

f ® Each n-tuple of non-intersecting paths defines a T
semistandard skew tableaux

n=4, t=2, 1 2 3 4

A= (6,4,4,2) 3 1 2 4
4 Q4 . . Q3 Q2 . . 1
; 5 s 0/0{0(0]|0]2
010]01]0
, - O(1|3|3
1 ‘ 3[4
Py Py Py P Py Py Py Pi
4 2
9 /L:(5,4,1): SV O’
2 0
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An n-tuple of lattice paths

o n=4, t=—2 (123456)T
mw =

®» EXxX2
A= (5,4,4,3,3,2) 5 3 1 2 4 6

® Contribution (—1)*"¢* (z126) (z122) (23) (24) (x376) (T175)



An n-tuple of lattice paths

o n=4, t=—2 (123456)T
mw =

® EXx?2
A= (5,4,4,3,3,2) 5 3 1 2 4 6
® Contribution (—1)*"¢* (z126) (z122) (23) (24) (x376) (T175)

Qs gy B QG QL@

Lq

X3 €3 X3

)
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Semistandard skew tableaux

o n=4, t=-2 (123456)T
7'(':

» EX.2
A= (5,4,4,3,3,2) 5 3 1 2 4 6
. Qo ‘6Q5 (4 . @3 Q2 ‘6Q1
5
' ' ' 0(0]0]1]6
. O0(01)2
! . 0[0]3]3
0(0]4
2 01316
1 1 1 119

p P P P P P P, P PP
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Semistandard skew tableaux

®» EXxX2

f n=4, t= -2, (
Tmw =

A= (5,4,4,3,3,2)

Qo §) @5 (4 @3 Q2

6

1
5/

o

L] B

1| I
P P P P, P P P, P P P

2 0
L’ u=(3,2,2,2,1)=( >€7>2
4 2

SLC61-2008

2 3 4 5 6
I 2 4 6

DO

DD =W =[O

=l jen] jan) an) fan) Na»)

Q| O OO O

)T
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Cauchy-type Jacobi-Trudi expansion

fTheorem [Hamel and K, 2008] T
® let x=(zq,...,2,) and y = (y1,.--,Yn)
® Let A and p have lengths /(A\) <m and {(u) <n

® Then for each pair of integers p and ¢ we have

h#nﬂ—z’—l-i—j (y) X j>n—gq hﬂn—{—l—i‘l‘i_j_Q(y)

X j<n+p hAi—n_i+j_p(x) h)\i—n_i+j (.f)

= > (D sy 0 (%) Sy ()

- o |
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Cauchy-type extension

f # where the determinantis (m +n) x (m +n), and is T
partitioned after the nth row and nth column

» andif§:<a1 a2 ar) c (n™)
by by --- b,

® with a; <n, by <m and r =r((), then

ar+p Gg+p - Gt
. C+p7“=( 1+p  az+p p)
by by .- b,
bi+q botq -+ b+
jcl+q,r:<lq 2+q q)
a1 a9 a,

s with a, > max{0,—p} and b, > max{0, —q}
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Example

f.o m=3,n=4p=-2,q¢q=—-1\X=(53,2), p= (4,3,2,2)T
® Let {k} = hi(z) and {k} = hi(y) for all integers k

SLC61-2008 -p. 12



Example

f.o m=3,n=4p=-2,q¢q=—-1\X=(53,2), p= (4,3,2,2)T
® Let {k} = hi(z) and {k} = hi(y) for all integers k

{2r {0y - = = -
{3+ {2y {1y {0} + - - -
{5y 4y 33 {2y = - {1} {0}
{7y {6} {57 {4t - — {3p {2}
B3y 4 - —  {5) {6 {7}
{0y {1 - - {2 8y {4

| - — = — A0} {1} {2} |

0000000000



Typical term in Laplace expansion
f.. 7r:<1 23490 7) (—1)”:(—1)0+1+1+2:+1T

1 346 2 5 7

0000000000



Typical term in Laplace expansion
f.. 7r:<1 23490 7) (—1)”:(—1)0+1+1+2:+1T

1 346 2 5 7

2y 0y - =
4 15 AT
B3y A1F 0y =
® <AL 2 4
1) 31 21
— 0} 2
17) 157 {4 13}

0000000000



Typical term in Laplace expansion
f.. w:(l 23490 7) (_1)w:(_1)0+1+1+2:+1j

1 346 2 5 7

2r 0y = =
4 15 AT
B3y A1F 0y =
® <AL 2 4
1) 31 21
— 0} 2
17) 157 {4 13}

® (GG ) =
(1-1,3-2,4—3,6—4|5-2,6—5,7—7) = (0,1,1,2]3,1,0)

s c=1o=( " ) =(])= pE=a

6—4—-1 1

e () =1 o

0000000000



Determination of ( + p" and (' + ¢"

- N

0000000000



|dentification of constituent determinants

- N

® Recallthat A\ = (532) and p = (4322)
® while ¢(+p" = (110) and (' 4+ ¢") = (1110)

14y {5} {7}
® | {1} {2} {1} | = ssa2/100(2)
- 0} {2}

0000000000



|dentification of constituent determinants

- N

® Recallthat A\ = (532) and p = (4322)
® while ¢(+p" = (110) and (' 4+ ¢") = (1110)

14y {5} {7}
® | {1} {2} {1} | = ssa2/100(2)
- 0} {2}

{2t {0y — -
9 {3} {1} {O} B = 84322/1110(9)

1 By 2p 1}
73 15F 4y )

0000000000



Conclusions

- N

#® Both the classical Schur function series of Littlewood and
the Cauchy identity may be restricted with respect to row
lengths or column lengths through determinantal formulae

# |n each case the correction factors to the original
multiplicative formulae may be expressed as a signed
sum of Schur functions or pairs of Schur functions
specified by partitions having a particularly simple form in
Frobenius notation

® Each row or column restricted Schur function series is
nothing other than the character of some (rather simple)
finite or infinite-dimensional irrep of a classical group

o |
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Conclusions

f #® To evaluate these characters (and thereby derive the T
restricted Schur function series) use may be made of
Howe dual pairs with respect to spin and metaplectic
representations of (the covering groups) of the orthogonal
and symplectic groups

# All the Schur function identities may be extended to the
case of supersymmetric Schur functions

#® The dual pair approach enables many other characters to
be evaluated, although in doing so it is usually necessary
to invoke classical group modification rules

o |
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