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Littlewood-Richardson number symmetries

@ A product of Schur functions s,s, can be expressed as a nonnegative
integer linear sum of Schur functions:

A
SuSy = Z AN
A
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Littlewood-Richardson number symmetries

@ A product of Schur functions s,s, can be expressed as a nonnegative
integer linear sum of Schur functions:

A
SuSy = Z AN
A

° cﬁ‘y = Cuu AV
e Each Littlewood-Richardson coefficient ¢, , v is a non-negative
integer that may be evaluated by counting combinatorial objects with

boundary data (u,v, \Y):
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@ A product of Schur functions s,s, can be expressed as a nonnegative
integer linear sum of Schur functions:

A
SuSy = Z AN
A

o Cﬁ‘y =1 Cuu V-
e Each Littlewood-Richardson coefficient ¢, , yv is a non-negative
integer that may be evaluated by counting combinatorial objects with

boundary data (u,v, \Y):

Littlewood-Richardson tableaux
Berenstein-Zelevinsky triangles
Knutson-Tao-Woodward Hives
Knutson-Tao-Woodward puzzles
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Littlewood-Richardson number symmetries

@ A product of Schur functions s,s, can be expressed as a nonnegative
integer linear sum of Schur functions:

A
SuSy = Z AN
A

o Cﬁ‘y =1 Cuu V-
e Each Littlewood-Richardson coefficient ¢, , yv is a non-negative
integer that may be evaluated by counting combinatorial objects with

boundary data (u,v, \Y):

Littlewood-Richardson tableaux
Berenstein-Zelevinsky triangles
Knutson-Tao-Woodward Hives
Knutson-Tao-Woodward puzzles
Purbhoo mosaics

vV vy vy VvYyy
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Littlewood-Richardson number symmetries

@ Littlewood-Richardson coefficients c,,, 5 are invariant under the
action of Zy @ 53 as follows: the non—identity element of Z;
transposes simultaneously p, v and A, and S3 permutes y, v and A

Chvd=CQuv=Cxp
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Littlewood-Richardson number symmetries

@ Littlewood-Richardson coefficients c,,, 5 are invariant under the
action of Zy @ 53 as follows: the non—identity element of Z;
transposes simultaneously p, v and A, and S3 permutes y, v and A

Cuvd=CQuv=Cxypu

Cuv = Cop
Sud=Crv=CQuvp
Cuv = Cutpt At

@ The previous Littlewood-Richardson rules manifest at most three of
the six S3-symmetries.
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Cuvd=CQuv=Cxypu

Cuv = Cop
Sud=Crv=CQuvp
Cuv = Cutpt At

@ The previous Littlewood-Richardson rules manifest at most three of
the six S3-symmetries.
None of them manifests neither the conjugation symmetry nor the
commutativity.
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transposes simultaneously p, v and A, and S3 permutes y, v and A

Cuvd=CQuv=Cxypu

Cuv = Cop
Sud=Crv=CQuvp
Cuv = Cutpt At

@ The previous Littlewood-Richardson rules manifest at most three of
the six S3-symmetries.
None of them manifests neither the conjugation symmetry nor the
commutativity.

@ While for tableaux we have several operations to our disposal
revealing the Litlewood-Richardson symmetries this is not the case for
the other models...
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Littlewood-Richardson number symmetries

@ Littlewood-Richardson coefficients c,,, 5 are invariant under the
action of Zy @ 53 as follows: the non—identity element of Z;
transposes simultaneously p, v and A, and S3 permutes y, v and A

Cuvd=CQuv=Cxypu

Cuv = Cup A
Spud=Crxv=CQuvyp
Cuv = Cutpt At

@ The previous Littlewood-Richardson rules manifest at most three of
the six S3-symmetries.

None of them manifests neither the conjugation symmetry nor the
commutativity.

@ While for tableaux we have several operations to our disposal
revealing the Litlewood-Richardson symmetries this is not the case for
the other models...

@ Purbhoo has defined the operation migration on mosaics a sort of jeu
de taquin moves on puzzles.
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Linear time reductions

@ Let § : A — B be an explicit map. J has linear cost if 6 computes

d (A) € B in linear time O ((A)) for all A € A, where (A) is the
bit—size of A.
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@ Let § : A — B be an explicit map. J has linear cost if 6 computes

d (A) € B in linear time O ((A)) for all A € A, where (A) is the
bit—size of A.

> A tableau A is encoded through its recording matrix (c;j), where ¢ is
the number of j's in the ith row of A.
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Linear time reductions

@ Let § : A — B be an explicit map. J has linear cost if 6 computes
d (A) € B in linear time O ((A)) for all A € A, where (A) is the
bit—size of A.
> A tableau A is encoded through its recording matrix (c;j), where ¢ is
the number of j's in the ith row of A.

@ A function f reduces linearly to g, if it is possible to compute f in
time linear in the time it takes to compute g; f and g are linearly
equivalent if f reduces linearly to g and vice versa. This defines an
equivalence relation on functions.
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Linear time reductions

@ Let § : A — B be an explicit map. J has linear cost if 6 computes
d (A) € B in linear time O ((A)) for all A € A, where (A) is the
bit—size of A.
> A tableau A is encoded through its recording matrix (c;j), where ¢ is
the number of j's in the ith row of A.

@ A function f reduces linearly to g, if it is possible to compute f in
time linear in the time it takes to compute g; f and g are linearly
equivalent if f reduces linearly to g and vice versa. This defines an
equivalence relation on functions.

» A map 3 is an a-based ps-circuit J if there is a parallel sequential
algorithm which uses only a finite number of linear cost maps and a
finite number of application of map a.
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Linear time reductions

@ Let § : A — B be an explicit map. J has linear cost if 6 computes
d (A) € B in linear time O ((A)) for all A € A, where (A) is the
bit—size of A.
> A tableau A is encoded through its recording matrix (c;j), where ¢ is
the number of j's in the ith row of A.

@ A function f reduces linearly to g, if it is possible to compute f in
time linear in the time it takes to compute g; f and g are linearly
equivalent if f reduces linearly to g and vice versa. This defines an
equivalence relation on functions.

» A map 3 is an a-based ps-circuit J if there is a parallel sequential
algorithm which uses only a finite number of linear cost maps and a
finite number of application of map a.

> A map ( is linearly reducible to «, write § — «, if there exist a finite
a—based ps-circuit J which computes 3. We say that maps « and 3
are linearly equivalent, write o ~ 3, if « is linearly reducible to 3, and
0 is linearly reducible to a.

O. Azenhas, A. Conflitti, R. Mamede (CMUCLinear time equivalent Littlewood-Richardson SLC62, February 23, 2009 7 /61



Linear reduction of LR-symmetry maps

o Pak-Vallejo Theorem The following maps are linearly equivalent:
(1) RSK correspondence.
(2) Jeu de taquin map.
(3) Littlewood—Robinson map.
(4) Tableau switching map s.
(5)
(6)
(7)

5) Schiitzenberger involution E for normal shapes.
6) Reversal e.
7) Fundamental symmetry map
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Linear reduction of LR-symmetry maps

@ Pak-Vallejo Theorem The following maps are linearly equivalent:
(1) RSK correspondence.
(2) Jeu de taquin map.
(3) Littlewood—Robinson map.
(4) Tableau switching map s.
(5) Schiitzenberger involution E for normal shapes.
(6) Reversal e.
(7) Fundamental symmetry map

p- LR(Ma v, )‘) - LR(VHUH)‘)‘

@ First and second fundamental symmetry maps are identical
(Danilov-Koshevoy);
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Linear reduction of LR-symmetry maps

@ Pak-Vallejo Theorem The following maps are linearly equivalent:
(1) RSK correspondence.
(2) Jeu de taquin map.
(3) Littlewood—Robinson map.
(4) Tableau switching map s.
(5) Schiitzenberger involution E for normal shapes.
(6) Reversal e.
(7) Fundamental symmetry map

p- LR(Ma v, )‘) - LR(VHUH)‘)‘

@ First and second fundamental symmetry maps are identical
(Danilov-Koshevoy);
first and third fundamental symmetry maps are identical.
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Pak-Vallejo's question

@ The conjugation symmetry on LR tableaux is any bijection

0: LR(:U’u v, >‘) - LR(”Lta Vta)‘t)‘
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Pak-Vallejo's question

@ The conjugation symmetry on LR tableaux is any bijection
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@ Conjugation symmetry maps
» White-Hanlon-Sundaram bijection o""> (1992)
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Pak-Vallejo's question

@ The conjugation symmetry on LR tableaux is any bijection

0: LR(:“’: v, >‘) - LR(/'Lta Vta)‘t)'

@ Conjugation symmetry maps
» White-Hanlon-Sundaram bijection o""> (1992)
» Benkart-Sottile-Stroomer bijection ¢5>° (1996)
> 072 (1999)

° QWHS, QBSS and QAZ

are identical.
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Pak-Vallejo's question

BS5 and 9”2 linearly reducible to any of the following

e Are o, o
maps?
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maps?

55 and 0”4 linearly reducible to any of the following

Pak-Vallejo Theorem The following maps are linearly equivalent:
(1) RSK correspondence.

(2) Jeu de taquin map.

(3) Littlewood—Robinson map.

(4) Tableau switching map s.

(5) Schiitzenberger involution E for normal shapes.

(6) Reversal e.

(7) Fundamental symmetry map
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Pak-Vallejo's question

o Are o°, oB

maps?

55 and 0”4 linearly reducible to any of the following

Pak-Vallejo Theorem The following maps are linearly equivalent:
(1) RSK correspondence.

(2) Jeu de taquin map.

(3) Littlewood—Robinson map.

(4) Tableau switching map s.

(5) Schiitzenberger involution E for normal shapes.

(6) Reversal e.

(7) Fundamental symmetry map

p: LR(p,v,\) — LR(v, 1, A).
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LR-coefficient conjugation symmetry map is linearly

reducible to the Schiitzenberger involution
Partitions
e Fix positive integers 0 < d < n and consider a d x (n — d) rectangle.
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LR-coefficient conjugation symmetry map is linearly
reducible to the Schiitzenberger involution
Partitions

e Fix positive integers 0 < d < n and consider a d x (n — d) rectangle.
ed=4n=10

1=(4,2,1,0) & 0010010101

A¥ = (6,5,4,2) & 1010100100
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Conjugate partitions

@y

n-d=4
n-d=6

A'=(3,21,100 0101011011
1=(4,2,1,0) & 0010010101

(A)'=(4,4,3321) 1101101010
A¥ = (6,5,4,2) & 1010100100
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Littlewood-Richardson rule

@ C, . ) is the number of semistandard Young tableaux with shape
AV/p and content v, with the following property:

> |If one reads the labeled entries in reverse reading order, that is, from
right to left across rows taken in turn from bottom to top, at any
stage, the number of i's encountered is at least as large as the number
of (i +1)'s encountered, #1's > #2's....
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Benkart-Sottile-Stroomer bijection ¢5>°

QBSS : LR(:U’a v, >‘) -

LR(p*, ", AY)
T

o(T) = [Y()lk N [T ax

—
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Benkart-Sottile-Stroomer bijection ¢5>°

QBSS : LR(,U,, v, >‘) - LR(:U’tthv)‘t)
T = o(T) = [Y()lk N [T ax
] > Facts: [Haiman] Consider two equivalence relations on a pair of tableaux. Two

tableaux are Knuth equivalent if one can be obtained from the other by a sequence
of (reverse) jeu de taquin slides. They are dual Knuth equivalent if such a (any)
sequence results in tableaux of the same shape.
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Benkart-Sottile-Stroomer bijection ¢5>°

QBSS : LR(,U,, v, >‘) - LR(:U’tthv)‘t)
T = o(T) = [Y()lk N [T ax
] > Facts: [Haiman] Consider two equivalence relations on a pair of tableaux. Two

tableaux are Knuth equivalent if one can be obtained from the other by a sequence
of (reverse) jeu de taquin slides. They are dual Knuth equivalent if such a (any)
sequence results in tableaux of the same shape.

> Tableaux of the same (anti) normal shape are dual equivalent. A pair of tableaux
that are both Knuth and dual Knuth equivalent must be equal.
If D is a dual Knuth equivalence class and K is a Knuth equivalence class, both
corresponding to the same straight shape. Then, there is a unique tableau in DN K.
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0P°° bijection
@ LR(uv A)— LR(ut At v?)

4 5
1[3 14
2 3
T = 1] . T = P
21112 23|45
3[4]1 1(2]1
Ttuy() = 1/5] 11
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0P°° bijection
@ LR(uv A)— LR(ut At v?)

4 5
1[3 1[4 ~
2 3 o<t
T = 1, 7T = 2] ., Tt = —[o]
2|1]1)2 2|3]415
3]4]1 121
TEUY(A)? = 1[5] - 1] = ZuY@) —
o LR(u' A\t vt) — LR(u' vt AY)
1/1/1]2 1/1/1]2
1[2]1 1[2]1
ZUY(@t)? = 1] 1]1 B3 (T)u Y(AY)
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Bijection ¢4

@ LR(pvA)— LR(Av )

LR(p,v,A) ——  LR(p,v*,\) —— LR\ v, p)
T — Te — Tee
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Bijection ¢4

@ LR(pvA)— LR(Av )

LR(p,v,A) ——  LR(p,v*,\) —— LR\ v, p)
T — Te — Tee

@ LR(pv ) — LR(A! vt ut)

LR(u,v, ) -4 LR, vt pt)
T — T
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Bijection ¢4

@ LR(pvA)— LR(Av p)
LR(p,v,A) ——  LR(p,v*,\) —— LR\ v, p)

T — Te — T
@ LR(pv A) — LR(A vt put)

LR(u,v, ) -4 LR, vt pt)
T — T*

A LR(u,\) S LRt N) % LR(Awp) Yo LR(uf, vt N
T Tee

N Tee

— T® —_—
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Bijection ¢

o LR(j, v, \)-5LR(X, wt, b)),

O. Azenhas, A. Conflitti, R. Mamede (CMUCLinear time equivalent Littlewood-Richardson



Bijection ¢

o LR(j, v, \)-5LR(X, wt, b)),

4 Cu,/)\:C)\t,/tNt
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Bijection ¢

o LR(u, vy, N)-HLR(NE, vt pt);

) Cuy)\:C)\tVtut

°
5
4
213
111[3]3 112]3
2122 1]2
T= L[1]1] ¢, pe_ 1
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Bijection ¢

o LR(u, vy, N)-HLR(NE, vt pt);

) Cuy)\:C)\tVtut

°
5
4
213
111133 1(2]3
21212 1|2
T= 1{1|1] _*, T = 1
1112223311 2, 1231231245
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Complexity of bijection ¢

Algorithm (Bijection ¢.)

Input: LR tableau T of skew shape \/p, with X\ = (A1 > ... > Ap),
w=(p1>...> pn), and filling v = (v1 > ... > vy), having A= (a,-’j) € Mpxn(N) (aij=0
if j > i) as (lower triangular) recording matrix.
Write A, a copy of the matrix A.
For j := n down to 2 do
Fori:=1 to n do

Begin
If i = j then Ziy,' = 3,",' + A1 — A
else
If j > i then S,"j =0 else:;,-,j = 3,',]' +;;,j+1.
End

So far the computational cost is O (n2) = 0 ((A)).

Remark: Foralll1<i<nand0<j<n-—i+1, we have

Ajgj41,i — Aitj,i > Aikjtl,i-
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Complexity of bijection ¢ continued

Algorithm (Bijection ¢.)

Set a matrix B = (bi,j) € My, xx, (N) such that b; j =0 for all i,j.
Fori:=1 to n do

Begin
Set ¢ := 0.
For j :=0 to n do
Begin
ri= ajtj,i — Qi+j,i-
Fort:=1 to Ajtji do br+t,c+t = br+t,c+t + 1.
c:=c+ ajij-
End
End

This part has total computational cost at most equal to

Of > &) =00A\ul)=0(A~Iul)=0(T)).

1<ij<n

Output: B recording matrix of the output tableau.

O. Azenhas, A. Conflitti, R. Mamede (CMUCLinear time equivalent Littlewood-Richardson
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Relative Complexity of map g = o4 = 085 = oVH>

Theorem The conjugation symmetry maps 08%°, o"H5 and ¢4 are

identical, and linear equivalent to the Schiitzenberger involution E,

T ce Tee ¢ Teo’
7] 7]
P evacuation PE.
E

O. Azenhas, A. Conflitti, R. Mamede (CMUCLinear time equivalent Littlewood-Richardson SLC62, February 23, 2009 21 /61



Relative Complexity of map g = o4 = 085 = oVH>

Theorem The conjugation symmetry maps 08%°, o"H5 and ¢4 are
identical, and linear equivalent to the Schiitzenberger involution E,

T &% T b, Tees
7] 7]
P evacu(_at)ion PE.
E
Word of Te** = (gow)*°.

g0 = 515251

w = 11(1(12)2)(1332) — 22(1(12)2)(1332) — 2211(2(213)3)2 — 3311(2(213)3)3
- 33(1(12)2)1333 — oow = 3311222333
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Relative Complexity of map g = o4 = 085 = oVH>

Theorem The conjugation symmetry maps 08%°, o"H5 and ¢4 are
identical, and linear equivalent to the Schiitzenberger involution E,

T &% T b, Tees
7] 7]
P evacu(_at)ion PE.
E
Word of Te** = (gow)*°.

g0 = 515251

w = 11(1(12)2)(1332) — 22(1(12)2)(1332) — 2211(2(213)3)2 — 3311(2(213)3)3
- 33(1(12)2)1333 — oow = 3311222333

—£,1112223311
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Relative Complexity of map g = o4 = 085 = oVH>

Theorem The conjugation symmetry maps 08%°, o"H5 and ¢4 are
identical, and linear equivalent to the Schiitzenberger involution E,

T &% T b, Tees
7] 7]
P evacu(_at)ion PE.
E
Word of Te** = (gow)*°.

g0 = 515251

w = 11(1(12)2)(1332) — 22(1(12)2)(1332) — 2211(2(213)3)2 — 3311(2(213)3)3
- 33(1(12)2)1333 — oow = 3311222333

1112223311-251231231245.
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The Z; & S3-symmetries are linearly equivalent modulus
the fundamental symmetry

Cuvd=CQuv=CAp
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The Z; & S3-symmetries are linearly equivalent modulus
the fundamental symmetry

Cuvd=CQuv=CAp
Cv = Cuop X
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The Z; & S3-symmetries are linearly equivalent modulus
the fundamental symmetry

Cuvd=CQuv=CAp
Cv

= Cuop X
Cud=Curv=CQuyp
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The Z; & S3-symmetries are linearly equivalent modulus
the fundamental symmetry

Cuvd=CQuv=CAp
Cv Cuop X

Cud=Curv=CQuyp
= Cutyt)\t
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Contents

© Reduction of LR-symmetry maps: An outline

@ LR-coefficient conjugation symmetry map is linearly reducible to the
Schiitzenberger involution /fundamental symmetry

© LR-tableaux, Knutson-Tao-Woodward puzzles, and Purbhoo mosaics:
conjugation symmetry maps coincide
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Puzzle rule

@ A puzzle of size n is a tiling of an equilateral triangle of side length n with puzzle pieces

each of unit side length.
» Puzzle pieces may be rotated in any orientation but not reflected, and
wherever two pieces share an edge, the numbers on the edge must
agree.

O. Azenhas, A. Conflitti, R. Mamede (CMUCLinear time equivalent Littlewood-Richardson SLC62, February 23, 2009 24 / 61



Puzzle rule

@ A puzzle of size n is a tiling of an equilateral triangle of side length n with puzzle pieces
each of unit side length.
» Puzzle pieces may be rotated in any orientation but not reflected, and
wherever two pieces share an edge, the numbers on the edge must
agree.

Y

£

A
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Puzzle rule

o (Knutson-Tao-Woodward) ¢, ,, » is the number of puzzles with p, v
and A appearing clockwise as 01-strings along the boundary.

£

£
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A bijection between Puzzles and LR tableaux: Tao's
bijection

| W]
| W]

N
N
N
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Rotation and reflection

° CuvX=CQpuv=CQipu

@ Cpux = Gty xt = Cpt it it = Cpt pt it

Cuva=Coap=Cipyv

. Azenhas, A. Conflitti, R. Mamede (CMUCLinear time equivalent Littlewood-Richardson
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o 0B%% = rotation-+reflection+fundamental symmetry

@ Cuv = Cput \tpt Cut Xttt = Cpt pt 2t
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0P°° bijection
@ LR(uv A)— LR(ut At v?)

4 5
1[3 14
2 3
T = 1] . T = P
21112 23|45
3[4]1 1(2]1
Ttuy() = 1/5] 11
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0P°° bijection
@ LR(uv A)— LR(ut At v?)

4 5
1[3 1[4 ~
2 3 o<t
T = 1, 7T = 2] ., Tt = —[o]
2|1]1)2 2|3]415
3]4]1 121
TEUY(A)? = 1[5] - 1] = ZuY@) —
o LR(u' A\t vt) — LR(u' vt AY)
1/1/1]2 1/1/1]2
1[2]1 1[2]1
ZUY(@t)? = 1] 1]1 B3 (T)u Y(AY)
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Purbhoo mosaics

A mosaic is a tiling of a hexagon by the following three shapes such that all rhombi are packed
into the three nests A,B, and C.

B
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Mosaics are in bijection with puzzles
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Migration
@ Migration is an operation that takes a flock to a new nest. The
rhombi must move in the standard order.(The standard order in a tableau is

the numerical ordering of the entries with priority by the rule left=smaller, right=larger, in

case of eq uality.)

SLC62, February 23, 2009 32 /61
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Migration
@ Migration is an operation that takes a flock to a new nest. The
rhombi must move in the standard order.(The standard order in a tableau is
the numerical ordering of the entries with priority by the rule left=smaller, right=larger, in

case of equality.)
@ Choose the target nest. Rhombi move in the chosen direction of
migration, inside a smallest hexagon in which <} is contained:

4L -y A&

The move is such that the rhombus is either in its initial magion,
or its final orientation.
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Migration(= j.t.)/ 053

N(W

RN IR
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Migration(= j.t.)/ 053

N(W

RN IR
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Migration(= j.t.)/ 053

oo RO
Wb
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Migration(= j.t.)/ 053

N

W
Ol
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Migration(= j.t.)/ 053

N

o w
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Migration(= j.t.)/ 053
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Migration(= j.t.)/ 053
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Migration(= j.t.)/ 053

N
=
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Migration(= j.t.)/ 053

_ 5

[2]13[4]2 1

[«]1]1]1 L

[o]e]1[5] 2
4

1

3 1
2 1
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Migration(= j.t.)/ 053
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Migration(= j.t.)/ 053
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Migration(= j.t.)/ 053
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Migration(= j.t.)/ 053
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