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Asymptotic analysis of random objects

Levels of complexity:
1. Asymptotic enumeration
2. Distribution of (shape) parameters

3. Asymptotic shape (= continuous limiting object)
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I. RANDOM TREES

e Catalan trees and Cayley trees

e Functional equations and algebraic singularities
e A combinatorial central limit theorem

e [ he degree distribution of random trees

e Unrooted trees

e Systems of functional equations

e Pattern in trees



Random Trees

Catalan trees
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A

rooted, ordered (or plane) tree




Random Trees

Catalan trees. g, = number of Catalan trees of size n;

G(x) =

> gna"

n>1

RIS

Gx) =2z(1+G@) +G@)* +--) = 1_2(:1;)
1—-+v1—-4z 1,2n—2 4n—1
Gla) = 2 — =\ 1 Nﬁ'n3/2

(Catalan numbers)




Random Trees

Catalan trees with singularity analysis (to be discussed later)




Random Trees

Number of leaves of Catalan trees

gn k. = Number of Catalan trees of size n with k leaves.

T,

xG(x,u)
1 —G(x,u)

G(z,u) = zu + 2(G(z,u) + G(z,u)° 4+ - = zu +

— G(w,u)Z%( —I—(u—l)a:—\/1—2(u—|—1)x—|—(u—1)2m2)

— gn,k:%(n)(n_ 1) ~4—nexp (—(kl_g 2) for kzg



Random Trees

Number of leaves of Catalan trees

T

p(u)

G(z,u) = g(x,u) — h(a:,u)\/l —

for certain analytic function g(x,u), h(x,u), and p(u).

—>  gup =777



Random Trees

ofoRG S 0-&
Y \
olG ® @

labelled, rooted, unordered (or non-plane) tree



Random Trees

n
Cayley Trees. r, =number of Cayley trees of size n; |R(z) = > frnx—l
n:

Ao+/i\+m+ﬁ/\+m

)2 )3
R(z) == (1—I—R(af;)—|—R(2!) —|—R(3!) _|_> — 4 o12(@)

—> |rp = n L by Lagrange inversion




Random Trees

Number of leaves of Cayley trees

rnk = humber of Cayley trees of size n with k leaves.

.

R(x,u)?
21

R(x,u) =x2u—+x <R(:U, u) +

_I_

R(z,u)3

3!

—|—> = zelt@W) 4 p(u—1)

—> R(x,u) =777




Functional equations

Catalan trees: G(x,u) = zu + 2G(z,u) /(1 — G(x,u))

Cayley trees: R(z,u) = rel(zu) 4 x(u—1)

Recursive structure leads to functional equation for gen. func.:

A(z,u) = P(x,u, A(z,u))




Functional equations

Linear functional equation: ®(z,u,a) = ®g(z,u) + adPq(x, u)

Do (z, u)
1 — Py(x,u)

— A(z,u) =

Usually these kinds of generating functions are easy to handle, since
they are explicit.



Functional equations

Non-linear functional equations: ®.,(x,u,a) # 0.

Suppose that |A(x,uv) = (z,u, A(x,u))|, where ®©(z,u,a) has a power
series expansion at (0,0, 0) with non-negative coefficients and
¢aa(x7u7a) # O

Let g > 0, ag > O (inside the region of convergence) satisfy the system
of equations:

ag = P(xg,1,ag9), 1= Pu(xp,1,a0)|

Then there exists analytic function g(x,u), h(x,u), and p(u) such that
locally

X

p(u) |

A(xz,u) = g(x,u) — h(m,u)\/l —




Functional equations

Idea of the Proof.

Set |F(xz,u,a) = &(x,u,a) —a|l. Then we have

F(xg,1,a09) =0
Fo(xp,1,a09) =0
Fr(zo,1,a0) # 0
Faa(z0,1,a0) # O.
Weierstrass preparation theorem implies that there exist analytic func-
tions H(xz,u,a), p(xz,u), g(x,u) with H(zg,1,a9) # 0, p(xg,1) = q(xp,1) =
O and

F(z,u,a) = H(z,u,a)((a — a0)® + p(z,u)(a — ag) + q(z,u)) |




Functional equations

F(z,u,a) =0 <= (a — ao)2 + p(z,u)(a —ag) + qg(xz,u) = 0|

Consequently

_p(@w) | w?(w,u)?

A(x,u) = ag 5 4

o Q($7u>

X

p(u)

~

= |g(x,u) — h(a:,u)\/l —

where we write

r,Uu 2
p( ;1 ) —q(z,uv) = K(z,u)(z — p(u))

which is again granted by the Weierstrass preparation theorem and we
set

PO g ey = K )

g9(z,u) = ag —



Random Trees

Catalan Trees G(z,u) = zu + 137_%?:;“3)

i

— G(z,uv) =g(x,u) — h(w,u)\/l —

p(u)
T 1
G(x,1) = G(x) = g(z, 1) — h(x, 1>¢1 -t =
Cayley Trees T'(x,u) = rel (z,u) + x(u—1)
—> T(x,u) =g(z,u) — h(a:,u)\/l _ 7
p(u)
x 1
T(x,1) =T(x) —g(:zc,l)—h(a:,l)\/l—p(l)7 (1) ==



Algebraic Singularities

Singular expansion

T

A(z) = g(z) — h(z),/1 -
- (90+91(w—p)+92(m—p)2_|_...)
_I_<ho+h1($_p)‘|‘h2(a?—p)2—|-...> 1_%

5 2
:aO'l'al(1_£>2+a2(1—§>2—|—a3<1_£> 4.
P 0 P

R R (R

NIW



Algebraic Singularities

Singular expansion

A(z) =|g(z) — h(z)

- (90+91($—p)+92(:I:—p)2_|_...>

+ (ho + hi(z = p) + ho(z = p)* +- )

=ao+a1<

1 -2

%
)+l
P

=ao+a1<

-I-CLQ(

1 -2

5
:c) + a3 <1
P

x
1 — =

I

)+




Algebraic Singularities

Singularity Analysis

Lemma 1 Suppose that

y(x) = <1 — £>_ :
0

Yn = (—1)"(_;)5’35” =

T hen

Remark: This asymptotic expansion is uniform in o if o varies in a
compact region of the complex plane.



Algebraic Singularities

Singularity Analysis

Lemma 2 (Flajolet and Odlyzko) Let
y(x) = ) yna”

n>0
be analytic in a region

A ={z:|z] <zo+mn, |arg(z —z0)| > &},
rg>0,1n1>0, 0<6<7m/2.

Suppose that for some real «

y(z) =0 ((1-x/20)™%)  (z€A),

T hen

yn = O (:Uanno‘_1> .




Algebraic Singularities

A-region




Algebraic Singularities

Singularity Analysis

Suppose that

A(z) = g(z) — h(z), |1 - =
P

1
= ao + a1 (1—f)2+a2<

P

for x € A then

1+

)l

1 — =

an = [z"] A(x) =

h 3
(p) =3

2ym

(1o

1

n

)]

I

I

)

3
2

|



Algebraic Singularities

Singularity Analysis

Suppose that

T

p(u)

L 3
— ao(w) + a1 (w) <1 —~ p(u)> + ao(u) (1 — p(u)> + O ((1 - p(U)> )

forx €¢ A = A(u) then

Al(z,u) = g(x,u) — h(w,u)\/l —

an(u) = [2"] A(z,u) = h(g(% u)p(u)_nn_% <1 + O (%)) .




Probabilistic Model

an ... humber of objects of size n

Qp f e number of objects of size n, where a certain parameter has

value k

If all objects of size n are considered to be equally likely then the
parameter can be considered as a random variable X,, with distribution

Ank

P{X, =k} = 2k |

an,




Probabilistic Model

Generating functions and the probability generating function

A(z,u) =) an,kxnuk
n,k

—  |Eu’n|= Y P{X, = k}u"
k>0

T A w)|_ an(u)
[z"] A(x, 1) an




Probabilistic Model

Generating functions and the probability generating function

A(x,u) = g(x,u) — h(a:,u)\/l —

p(u)

_ =" Az, u)

[z7] A(z, 1)
B h(g(\’t/t)#u)p(u)—nn—% (1 +0 <%))
— h(g(j%)p(l)_nn—% (1+0(2))

_ [ o), w) <p<1>>”(1+0(1

S |
~_
~_

h(p(1),1) \p(u)




Probabilistic Model

Quasi-Power Theorem (Hwang)

Let X,, be a sequence of random variables with the property that

EuXn = A(u) - B(u)™ - (1 +0 (f))

n

holds uniformly in a complex neighborhood of v« = 1, |\, — oo| and
on — oo, and A(u) and B(w) are analytic functions in a neighborhood
of u =1 with A(1) = B(1) = 1. Set

un=B'(1) and ¢°=B"(1)+ B'(1) - B'(1)~

V Xn = 2An 4+ O (1 4+ An/on)

— |EXn=u M +0O 14+ A\n/dn)

~»
~»

VvV Xn

» N(0,1)| (o2 # 0).




Probabilistic Model

Sums of independent random variables

Xn=2£&81 +& + -+ &, where §; are i.i.d.
B(u) = Eub

—  EuXn = Ebttéat+én

— FE sl . Eus2... . Euén
= B(u)".



Probabilistic Model

COMBINATORIAL CENTRAL LIMIT THEOREM

Suppose that a sequence of random variables X,, has distribution

P{X, = k} = 2

an
where the generating function A(x,u) = Zan,k:c”u’“ satisfies a func-
n,k
tional equation of the form |A(z,u) = ®(z,u, A(x,u))|, where ®(x,u,a)
has a power series expansion at (0,0,0) with non-negative coefficients
and ®gq(x,u,a) #= 0.

Let g > 0, ag > O (inside the region of convergence) satisfy the system
of equations:

ag = P(zq,1,a0), 1= Pa(z0,1,a0)|




Probabilistic Model

COMBINATORIAL CENTRAL LIMIT THEOREM (cont.)
Set

Py
p= :
o2 = 2 —— (CDQ(CD Dy — P2,) — 2P Py (DPaa Dy — PazDan)
% % 3 T aa~+ruu au r¥u aa ¥ ru axr~¥au
.foq)xcbaa

+ D2 DDy — cng)),

(where all partial derivatives are evaluated at the point (zg,ag,1))

Then we have

EX,=pun4+0(1)| and |VarX, = oc°n4+ O(1)

and if 02 > 0 then

Xn—EX,
vVar X,

. N(0,1)]|.




Random Trees

Leaves in Catalan trees

The number of leaves in Catalan trees of size n satisfy a central limit

theorem with mean ~ %n and variance ~ %n

Leaves in Cayley trees

The number of leaves in Cayley trees of size n satisfy a central limit
theorem with mean ~ 1n and variance ~ <€i2 -+ l) n

e



Random Trees

Nodes of out-degree d in Catalan trees

L

— L _ Y
G(%u)_l—G(a:,u)_l_x(u 1)G(x,u)

The number Xf,(ld) of nodes with out-degree d in Catalan trees of size n
2

satisfy a central limit theorem with mean ~ pyn and variance ~ aan,
where
1
Hd — >d+1

1 1 (d—1)2

> _ _
and 09 = Sgr1 T Sa(arn) T o2dk3




Random Trees

Nodes of out-degree d in Cayley trees

R(z,u)®
d!
The number of nodes with out-degree d in Cayley trees of size n satisfy
a central limit theorem with mean ~ pyn and variance ~ afln, where
1 > 14 (d—1)?
O'd —

= — and
Hd =

R(x,u) = zelt(@u) 4 x(u—1)

e2(d!)2 + ed!



Random Trees

Degree distribution for Catalan trees

Pn,d --- Probability that a random node in a random Catalan tree of
size n has out-degree d:

EX?Q,d) — NPn.d

_ 1
Pq -— lim Pn.d — ~d+1 — HKd

n—oo

Probability generating function of the out-degree distribution:

1

. d

p(w) = ) pjuw = ——
4>0 2 —w




Random Trees

Degree distribution for Cayley trees

Pn,d --- Probability that a random node in a random Cayley tree of size
n has out-degree d:

]EXT(Ld) — N Pn.d

, 1
pq = 1M pp g = — = pqg

n—00 ed!

Probability generating function of the out-degree distribution:

pw) = Y pguw? = ¢~
d>1




Random Trees

Maximum degree

A, ... maximum out-degree

xPD = xld+D) L x(d+2) L qumber of nodes of out-degree
> d.

An>d — xPDs o




Random Trees

First moment method

X ... a discrete random variable on non-negative integers.

—> |P{X >0} <min{l,E X}

Proof

EX =Y kP{X =k}> ) P{X =k} =P{X >0}
k>0 k>1



Random Trees

Second moment method

X is a non-negative random variable with finite second moment.

(E X)?
E (X?2)

— |P{X >0}>

Proof

EX=F (X : 1[X>0]) < \/E(Xz)\/E (1Fxsq)) = VE(X?)/P{X > 0}.




Random Trees

Tail estimates and expected value
o P{A, > d} < min{1,E X"}

(B X3
E (X5 )2
EXTN2  varxFP

— P{A,<d}<1-

Ex$D)2  ExFD)2

d>0



Random Trees

Maximum degree of Catalan trees

IEXffd) -

2d+1’

(>d)\2 1 1 (d —1)2
Var (Xp~ )" ~n <2d—|—1 + ~>2(d+1) = 22d+3

) n
— P{An>d}§m|n{l,ﬁ},

P{A,<d}=1-P{A, > d)

1 1 (d—1)2
- 1 5a+1 T >2(d+1) ~ 22d+3 2d+1
>~ - 1 ~
n 52(d+1) n

—> |Ayp IS concentrated at logon




Random Trees

Maximum degree of Catalan trees (Carr, Goh and Schmutz)

P{A, < k} = exp (-2~ (kl092nt1)) 4 o(1)

E A, = logsn + O(1)




Random Trees

Unrooted trees

pn ... Nnumber of different embeddings of unrooted trees of size n in
the plane, |P(z) = ) ppa"|
n>1

~

Py =2 Y Ze (G(),G(E2),...,G")) - %G@)Q + %G(wz)
k>0

where G(z) = z/(1 — G(z)) = (1 — /1 —4x)/2 and

1 k/d
Zg(@raz,. ) = 12 p(d)ay
d|k

is the cycle index of the cyclic group €, of k£ elements



Random Trees

Unrooted trees

Cancellation of the /1 — 4x-term:;:

1—-—+v1-4 1
G(z) = > T —> P(x) = ao—l—a2(1—4:13)—|—6(1—4g3)3/2+...

_ 1 52 1
— pn—8ﬁ4n (1+0(n™h)




Random Trees

Degree distribution of unrooted trees

fld) ... humber of nodes of degree d in trees of size n
P(z,u) =z Y Zg, (G(z,u), G(2?,4?),...,G(a",u"))
k#d

—|—£I?’LLZ¢d(G(£I3,u),G(;U2’u2)’...,G(:pd’ud))
1 2, 12 o
QG(:c,u) + QG(CIZ ,u<),

where
X

d—1
I~ Gl + z(u — 1)G(z,u)* ",

G(x,u) =




Random Trees

Degree distribution of unrooted trees

Cancellation of the /1 — 4x-term:;:

T

p(u)

G(z,u) = g(x,u) — h(w,u)\/l —

NIW

— P(CE,U) = CLO(U) + CLQ(U) (1 — p(xu)> -+ a,3(u) (1 — p(xu>> + ...

— X,,gd) satisfies a central limit theorem with mean ~ py_1n and
variance ~ o2_;n, where

1 1 (d—1)2

1
od+1 T 22(d+1)  22d+3 -

Hd — >d+1

and UCQz =




Random Trees

Degree distribution of unrooted trees

Pnd - probability that a random node in a tree of size n has degree d:

EX?Q,d) — N Pn.,d

: 1
pag = 1M Pnaq = Hi—1 = 53

n— 00 2d

Probability generating function of the degree distribution:

w
p(w) = Z pdwd — > _w
d>1 —w




Random Trees

Maximum degree for unrooted trees

A, ... maximum degree of unrooted trees of size n

Ay is concentrated at logon

E A, = logsn + O(1)




Random Trees

Unrooted labelled trees

tn = rn/n = n™ "2 ... number of different unrooted labelled trees of
n
size n: |T(z) = )_ tnw—l :
n>1 n!

T(x) = zelt(®) _ %R(af;)z

~»

where R(z) = zelt(@)

Cancellation of the 1 — ex-term:

R() = g()-h(VI—ex = T(x) = agtar(1-42)+(1-e)®/ 4



Random Trees

Degree distribution of unrooted labelled trees

fld) ... humber of nodes of degree d in trees of size n
R d 1
T(x,u) = relt(@u) + z(u—1) (Z ) — ER(az,u)Q,
where
R(z,u)%1

R(x,u) = relt(@u) 4 z(u—1)



Random Trees

Degree distribution of unrooted labelled trees

Cancellation of the /1 — 4x-term:;:

I

p(u)

R(x,u) = g(x,u) — h(w,u)\/l —

NIW

— T(:U,U) = ao(U) —+ CLQ(u) (1 — pfu)) -+ a3(u) (1 — p(xu)> + ...

— X,,gd) satisfies a central limit theorem with mean ~ py_1n and
variance ~ o2_;n, where
1

— = 2 _
'ud_ed! and oj =

1+ (d—1)2 n 1
e2(d!)? ed!




Random Trees

Star pattern

O

O

x4

number of nodes of degree d in trees of size n

number of star pattern with d rays in trees of size n



Systems of Functional equations

COMBINATORIAL CENTRAL LIMIT THEOREM 11

Suppose that a sequence of random variables X,, has distribution

P[X,, = k] = -1k

an,

k

where the generating function A(z,u) = > a, ;z"u" is given by

n,k

A(z,u) = V(x,u, A1 (z,u),..., Ar(x,u))

for an analytic function W and the generating functions

Al(.ﬁlj, u) — Z a’l;n,kukxna s e 7A7“(x7 U’) — Z a’?“;n,kukxn
n,k n,k

satisfy a system of non-linear equations

Ai(z,u) = P(x,u, A1(z,u),..., Ar(z,u))|, (1 <5< 7).




Systems of Functional equations

COMBINATORIAL CENTRAL LIMIT THEOREM 1II (cont.)

Suppose that at least one of the functions ij(a:,u,al,...,ar) IS non-
linear in a1,...,ar and they all have a power series expansion at (0,0,0)
with non-negative coefficients.

Let g9 > 0, ag = (ap,0,---,ar0) > 0 (inside the region of convergence)
satisfy the system of equations: (® = (Pq,...,Pr))

ag = ®(xg,1,ag9), 0 =det(l— Pa(zq,1,aq)|

Suppose further, that the dependency graph of the system
a= ®(x,u,a) is strongly connected (which means that no subsystem
can be solved before the whole system).



Systems of Functional equations

COMBINATORIAL CENTRAL LIMIT THEOREM II (cont.)

Then there exists analytic function g;(z,u), h;(z,u), and p(u) (that is
independent of j) such that locally

Aj(z,u) = gj(z,u) — hj(:v,u)\/l — p(xu) :
and consequently (for some g(xz,u), h(xz,u))
A(x,u) = g(x,u) — h(:c,u)\/l — ool

Consequently the random variable X,, satisfies a central limit theorem
with

EXnp~nul and VaanNnJQ :

where 1 and o2 can be computed.



Patterns in Trees

Pattern M

O—O



Patterns in Trees

Pattern M




Patterns in Trees

o

Occurrence of a pattern M

I



Patterns in Trees

Occurrence of a pattern M ©




Patterns in Trees

el

Occurrence of a pattern M ©

s N
i \
N ~\~ e N
i \ i \
\ /
~ - ~ -
[
; -

O S




Patterns in Trees

el

Occurrence of a pattern M ©

N LT
N




Patterns in Trees

el

Occurrence of a pattern M °in a labelled tree

10 -




Patterns in Trees

Cayley’s formula
o n”~1 .. number of rooted labelled trees with n nodes
tn = n"2 ... number of labelled trees with n nodes

Generating functions

R(z) = > rnﬁ:

|
n>1

R(x) = relt (@)

t(z) = ) tni—T:

n>1

T(z) = R(z) — %R(:p)Q




Patterns in Trees

T heorem
M ... be a given finite tree.
Xn ... number of occurrences of of M in a labelled tree of size n

—> X, satisfies a central limit theorem with

EXn~upun and VX, ~ on.

©n > 0 and o2 > 0 depend on the pattern M and can be computed
explicitly and algorithmically and can be represented as polynomials
(with rational coefficients) in 1/e.



Patterns in Trees

Partition of trees in classes (L1 ... out-degree different from 2)




Patterns in Trees

Recurrences | Az = xAgAos + tAgA3 + cAQA,

?‘%: :/‘ +£§%;:/‘
a % B —
SR NP

n

€T
Aj(z) = Z%’;ng
n.k )

aj., ... humber of trees of size n in class j



Patterns in Trees

Recurrences | A3 = xuAgAos + xuAgAsz + xuAgAg

5 5

QZ'n k
Aj(w,u) = Zaj;n,kg“
n,k

aj.nk .-~ Number of trees of size n in class j with k occurrences of M



Patterns in Trees

10 00 "
AO:Ao(aZ,u)ICU—FwZAZ'—FQZ Z L (ZA) ]

1=0 n= 377’I
1
Al = A1(z,u) = 5:&42,

Ay = Ax(z,u) = xApgAz,
Az = Az(z,u) = zAg(A2 + Az + Ag)u,
Ag = Ag(z,u) = 2Ag(As + Ag + A7 + Ag + Ag + A1g)u?,

1
Ag = Ag(x,u) = ExA%u

Ag = Ag(w,u) = vA1(Az + Az + Ag)u?,
A7 = A7(z,u) = 2A1(As + Ag + A7 + Ag + Ag + A1g)u’,

Ag = Ag(z,u) = Sa(Aa + A3 + A0)%u?,

Ag = Ag(z,u) = x(Ax + Az + A4)(As + Ag + A7 + Ag + Ag + A1o)u”,
1

A10 = Ar0(z,u) = Jw(As + Ag + A7 + Ag + Ag + A10)%u.



Patterns in Trees

o

Final Result for M =

Central limit theorem with

5

= — =0.0311169177...
H 8e3

and
> 20e3+ 72e? + 84e — 175

= 0.0764585401....
32¢6

o



Contents 2

II. RANDOM PLANAR GRAPHS

e Short history on random planar graphs

e Classes of planar graphs

e Asymptotic enumeration of planar graphs
e T he number of edges of planar graphs

e \Vertices of given degree

e [ he degree distribution of planar graphs

e T he maximum degree of planar graphs

Several parts are joint work with Omer Giménez and Marc Noy (Barcelona).



Random Planar Graphs

“History”

R, ... labelled planar graphs with n vertices with uniform distribution

Xn ... humber of edges is a random planar graph with n vertices

Denise, Vasconcellos, Welsh (1996)

Xn ... number of edges in random planar graphs R,
(Note that 0 < e < 3n for all planar graphs.)



Random Planar Graphs

“History”

McDiarmid, Steger, Welsh (2005)

P{H appears in R, at least an times} — 1

H ... any fixed planar graph, o > 0 sufficiently small.




Random Planar Graphs

Consequences:

P{There are > an vertices of degree k} — 1

k > 0 a given integer, a > 0 sufficiently small.

P{There are > C™ automorphisms} — 1

for some C > 1.



Random Planar Graphs

Further Results:

P{R, is connected} >~ >0

[McDiarmid+Reed]

EA, =0(logn)

Ay, ... maximum degree in Ry



Random Planar Graphs

The number of planar graphs

[Bender, Gao, Wormald (2002)]
bn ... number of 2-connected labelled planar graphs

-
bp~c-n 2y5nl| v =26.18...

[Gimenez+Noy (2005)]
gn .... humber of all labelled planar graphs

_r
gn ~C-1Nn Q’yn’n! , 7:2722




Random Planar Graphs

Precise distributional results

[Gimenez+Noy (2005)]

e X, satisfies a central limit theorem:

EXp,~221...-n, VX,~c-n.

P{| X, —2.21...-n| >en} < e—c(e)mn

e Connectedness:

P{R, is connected} — e ¥ = 0.96...

number of components of R,, =: C,, — 1 4+ Po(v).



Random Planar Graphs

Degree Distribution

Theorem [D.+Giménez+Noy]

Let p, ) be the probability that a random node in a random planar
graph R, has degree k. Then the limit

liMm
n—>00

P -—

Pn.k

exists. The probability generating function

p(w) = Y ppw®
k>1
1
can be explicitly computed; |p; ~ ck~2¢"| for some ¢ > 0and 0 < g < 1.
p1 p2 p3 b4 Ps Pe
0.0367284 | 0.1625794 | 0.2354360 | 0.1867737 | 0.1295023 | 0.0861805




Random Planar Graphs

Classes of planar graphs
e Outerplanar graph: no K4 and no K273 as a minor.
e Series-parallel graph: no K4 as a minor.

e Planar graph: no Kg and no K33 as a minor.

Remark.

outerplanar C series-parallel C planar



Random Planar Graphs

Outerplanar Graphs

All vertices are on the infinite face.



Random Planar Graphs

Outerplanar Graphs

bn, ... number of 2-connected labelled outer-planar graphs with n
vertices
cn ... nhumber of connected labelled outer-planar graphs with n
vertices

gn ... number of labelled outer-planar graphs with n vertices

n xn

B(z)= Y bni—T, Clz)= Y cn%, Gz)= Y gn—

|
n>0 - n>0 - n>0 v



Random Planar Graphs

Outerplanar Graphs

G(x) = eC (@)

C'(z) = B EC@)
/ 1
B(x) =z 4+ 5% A(x),

A(z) = 2(1 + A(x))? + z(1 + A(z)) A(x)

. 1—337—\/1—6:U—I—a:2
— . .




Random Planar Graphs

Outerplanar Graphs

bn = b - (34 2v2)"n"3n! (1 + O (E)) ,

eyt (140 (1)
ol

5
gn=g-p "'n 2n!

p = yoe B W0) = 0.1365937...,
yo = 0.1707649...satisfies 1 = yuB” (vo),

1

b= ——_1/114243v2 — 161564 = 0.000175453...,
W

¢ = 0.0069760...,

g = 0.017657...



Random Planar Graphs

Series-Parallel Graphs

Series-parallel extension of a tree

Series-extension: . o —> — o o4

. ® ® —
Parallel-extension: ~~



Random Planar Graphs

Series-Parallel Graphs

bn.m ... number of 2-connected labelled series-parallel graphs with
n vertices and m edges, bn = >, bn.m

cnom ... Number of connected labelled series-parallel graphs with n
vertices and m edges, cn = > ,, cn,m

gn,m ... Number of labelled series-parallel graphs with n vertices and
m edges, gn = >, gn.m

" " "
B(Qj,y) = Z bn,mmy ) C(CU,y) — Z Cn,mgy ) G(x7y> — Z gnammy
- n,m - n,m -

n,m



Random Planar Graphs

Series-Parallel Graphs

G(z,y) = /")

oC(x,y) — e <8B (x(?C(a:,y) y))

ox oz ox

OB(z,y)  x° 14 D(z,y)
oy 2 14y

D(z,y) = (1 4+ y)e5@¥) 1,




Random Planar Graphs

Series-Parallel Graphs
1
bn = b - p7""n 30l (1 +0 (—)) ,
mn

1
n

5 1
cn =c-py 'n 2n! (1 + O -

Y

)
)

. _5
gn =g po M 2n!(1—|—0(

p1 = 0.1280038...,
p> = 0.11021...,
b = 0.0010131...,
c = 0.0067912...,
g = 0.0076388...



Random Planar Graphs

Planar Graphs

bn.m ... number of 2-connected labelled planar graphs with n vertices
and m edges, bp = >, bnm

cnm ... Number of connected labelled planar graphs with n vertices
and m edges, ¢ = 3, cn.m

gn,m ... Nnumber of labelled planar graphs with n vertices and m edges,

gn — Em gnam

n n $n

€T €T
B(z,y) = ) bn,mmym, C(z,y) =) Cn,mgym, G(z,y) =) gn,mgym
n,m - n,m - n,m -



Random Planar Graphs

Planar Graphs

G(z,y) = exp (C(z,y)),
oC(x,y) — exp (83 (xﬁC’(a:,y) y))

ox ox ox
OB(z,y) _ x2 14 D(z,y)

oy 2 14y
M(z,D) og (LD D2
242D 09 14y 1+ 2D’

1 1

M (x, == 2( —+ —

) =\ 1y Y1y

U=zy(1l+ V)Q,
V =qy(1+U)2

LA+ 02+ V)2

(1+U+V)3

).



Random Planar Graphs

Planar Graphs

bp = b - pInn_%n! (1 + O (%)) 7
en =g i (140 (1)),
2)

—n I
gn=g-p, 'n 2n! (1—|—O<

py = 0.038109...,
pr» = 0.03672841...,
b= 0.3704247487...- 107>,
c = 0.4104361100... - 107>,
g = 0.4260938569... - 107°



Outerplanar Graphs

Generating functions

G(x) = ec(x),

C'(z) = B EC@)
/ 1
B(x) =z 4+ 5% A(x),

A(z) = 2(1 + A(x))? + z(1 + A(z)) A(x)

. 1—337—\/1—6:U—I—a:2
- dx .




Outerplanar Graphs

Dissections

A ... set of dissections
(unlabelled planar graphs, where all nodes are on the outer face, one
edge is marked, and there are at least 3 edges)



Outerplanar Graphs

Dissections

an ... number of dissections with n 4+ 2 nodes, n > 1,
(the nodes of the marked edge are not counted)

A(x) = > apz™ ... generating function of dissections
n>1

A(z) = 2(1 + A(x))? + z(1 + A(z)) A(z)




Outerplanar Graphs

Dissections

Quadratic equation:

3z -1, 1
C S A4 =0

A2
T 2x 2

Solution:

1—3:6—\/1—6ZE+£C2

Ale) = 4x

Radius of convergence: p; = 3 — 2v/2.

LLagrange inversion formula:



Outerplanar Graphs

Trees and outerplanar graphs




Outerplanar Graphs

2-Connected outerplanar graphs

5

bn, ... number of 2-connected vertex labelled outer planar graphs



Outerplanar Graphs

2-Connected outerplanar graphs

B(x) = Y bn%? ... exponential generating function of 2-connected
n>1 '
labelled outer planar graphs:

B'(zx) =z + %mA(x)

The derivative B/(x) can be also interpreted as the exponential gen-
erating function B®(x) of 2-connected labelled outer planar graphs,
where one node is marked (and is not counted).



Outerplanar Graphs

2-Connected outerplanar graphs.

(n > 3)



Outerplanar Graphs

2-Connected outerplanar graphs.

(n > 3)



Outerplanar Graphs

2-Connected outerplanar graphs.

(n > 3)



Outerplanar Graphs

2-Connected outerplanar graphs.

(n > 3)



Outerplanar Graphs

Connected outerplanar graphs.

C.(CIZ) — 63'(:130.(:6))

xC°

xC°

XCO XCO




Outerplanar Graphs

All outerplanar graphs.

G(x) = exp (C(x))

G



Outerplanar Graphs

Asymptotics

1—33:—\/1—6:1:—|-:1:2
4

A(x) =

Y

1—|—5x—\/1—6a3—|—w2
3 .

B'(z) =z + %a:A(a:) =

3
— |bp~b-(34+2V2)"n"2n!




Outerplanar Graphs

Asymptotics

Cl(x) = eB'(@C'(2)), v(z) = 2C'(x), P(x,v) = zeB

—> |v(x) = P(z,v(x))

—> |v(z) = 2C'(z) = g(z) — h(z),|1 — ;

with p = 0.1365937.... (Note that v(p) = pC’'(p) < 3 —2/2111)

3
2

— | C(z) = g2(z) + hao(x) (1 - %)

5
—> |cp~cp 'n 2n!




Outerplanar Graphs

Asymptotics

3
2

C(z) = g2(z) + ho(x) (1 - %) :

3
2

—  G(z) = @ = g3(z) + ha(x) (“%) |

., 5
— |gn~g-p "n 2n




Outerplanar Graphs

n
The number of edges G(x,y) = Z gn,mx—lym etc.
m.n n:

G(:E7 y) — €C($,y)7

3C(w,y):exp 0B xﬁC(w,y)’y |
ox ox Ox

0B(x,y)
ox

Az, y) = 22 (1 + A(z,9))? + zy(1 + A(z,y)) Az, y)

1
= xy + STy A(z,y),

1 xy2xy2 — \/1 — 2xy — 4a:y2 -+ w2y2
2zy(1 +y) |




Outerplanar Graphs

The number of edges

3
G(z,y) = go(z,y) + holz, y) (1 - i) .
p(y)

T heorem

The number of edges X,, in an outerplanar graph of size n satisfies a
central limit theorem with

EX,=pun4+0(1) and VX,=0c’n+0(1),
where = 1.56251... and ¢2 = 0.22399...



Series-Parallel Graphs

Generating functions

G(z,y) = /")

oC(x,y) — e <8B (x(?C(a:,y) y))

ox oz ox

OB(z,y)  x° 14 D(z,y)
oy 2 14y

D(z,y) = (1 4+ y)e5@¥) 1,




Series-Parallel Graphs

Series-parallel networks: series-parallel extension of an edge

Series-extension: . o —> - o o
RN

. ® ® —
Parallel-extension: ~~
0 00)

There are always two poles (0,c0) coming from the original two ver-
tices.



Series-Parallel Graphs

Series-parallel networks

Parallel decomposition of a Series-parallel network:

=S

Series decomposition of a series-parallel network

e




Series-Parallel Graphs

Series-parallel networks
dn.m ... humber of SP-networks with n + 2 vertices and m edges

sn,m ... humber of series SP-networks n + 2 vertices and m edges

n n

X X
D(xv y) — Z dn,m_lyma S(ZC,y) — Z Sn,m_lyma
n,m n: n,m n:

D(CE, y) = eS(:I:,y) — 1 —I— yes(xay)



Series-Parallel Graphs

2-connected SP-graphs

A SP-network network with non-adjacent poles (which is counted by
es($>y)) is obtained by distinguishing, orienting and then deleting any
edge of an arbitrary 2-connected series-parallel graph:

OB(x,y) _ 22 s5(ay)
oy 2
z? 1+ D(z,vy)
2 14y




Series-Parallel Graphs

Connected SP-graphs

All SP-graphs

G(z,y) = )



Series-Parallel Graphs

Asymptotics

D (z,y)? ) )

D(z,y) = (1 +y)exp (1 + 2D(z,y)

—  D(a,y) = g(z,y) — (=, y>\/1 _ T

with p(1) = p; = 0.12800....



Series-Parallel Graphs

Asymptotics

OB(x,y) x° 1+ D(x,y)

= by 2 1ty P@¥
= g2(z,y) — ho(z, ?/)\/ p(y)
i = B(z,y) = g3(z,y) + h3(z,y) (1_(—)>j

5
—> |bp~b-p(1) "n" 2n!




Series-Parallel Graphs

Asymptotics (C' := axC)

C'(z,y) = B @C@WY) | y(a,y) = 2C'(z,y), P(z,y,v) = 2BV

= |v(z,y) = P(z,y,v(z))

— o(a,y) = 2C'(z,y) = gala, y) — halz, y>\/1 _
pz(y)

with p>(1) = 0.11021.... (Note that v(p) = 0.1279695... < p1 !

3

— c<x,y>=g5<x,y>+h5<x,y>(1— z )
p2(y)

_n 2
—> |cn~cps; n2nl




Series-Parallel Graphs

Asymptotics

3
O y) = g5 (2. 1) + hs (1) (1 T )
p(y)

—  G(z,y) = @Y = go(a,y) + he(x, ) (1— - )
p2(y)

., _5
p— gnwganin




Series-Parallel Graphs

The number of edges

3
G(z,y) = g6(z,y) + he(z,y) (1 — L) :
p(y)

T heorem

The number of edges X,, in an series-parallel graph of size n satisfies
a central limit theorem with

EX,=pun4+0(1) and VX,=oc’n+0(1),
where © = 1.61673... and 02 = 0.55347...



Planar Graphs

Generating functions

G(z,y) = exp (C(z,y)),
oC(x,y) — exp (83 (xﬁC’(a:,y) y))

ox ox ox
OB(z,y) _ x2 14 D(z,y)

oy 2 14y
M(z,D) og (LD D2
242D 09 14y 1+ 2D’

1 1

M (x, == 2( —+ —

) =\ 1y Y1y

U=zy(1l+ V)Q,
V =qy(1+U)2

LA+ 02+ V)2

(1+U+V)3

).



Planar Graphs

3-connected planar graphs

M (xz,y) ... generating function for the number of 3-connected edge-
rooted planar maps according to the number of vertices and edges

Whitney’s theorem: every 3-connected planar graph has a unique
embedding into the plane.

— T°(x,y) = %M(az,y): ... generating function for the number of
3-connected labelled edge-rooted planar graphs



Planar Graphs

Planar networks

A network N is a (multi-)graph with two distinguished vertices, called
its poles (usually labelled 0 and oo) such that the (multi-)graph N
obtained from N by adding an edge between the poles of N is 2-
connected.

Let M be a network and X = (Ne,e € E(M)) a system of networks
indexed by the edge-set E(M) of M. Then N = M(X) is called the
superposition with core M and components Ne and is obtained by
replacing all edges e € E(M) by the corresponding network N (and,
of course, by identifying the poles of Ne with the end vertices of e
accordingly).

A network N is called an h-network if it can be represented by N =
M(X), where the core M has the property that the graph M obtained
by adding an edge joining the poles is 3-connected and has at least 4
vertices. Similarly N = M(X) is called a p-network if M consists of 2
or more edges that connect the poles, and it is called an s-network if
M consists of 2 or more edges that connect the poles in series.



Planar Graphs

Planar networks

Trakhtenbrot’s canonical network decomposition theorem: any
network with at least 2 edges belongs to exactly one of the 3 classes
of h-, p- or s-networks. Furthermore, any h-network has a unique
decomposition of the form N = M(X), and a p-network (or any s-
network) can be uniquely decomposed into components which are not
themselves p-networks (or s-networks).



Planar Graphs

Planar networks

K(xz,y) ... generating function corresponding to all planar networks
where the two poles are not connected by an edge.

D(x,y) ... generating function corresponding to all planar networks
with at least one edge

S(x,y) ... generating function corresponding to all s-networks

F(x,y) = D(xz,y) — S(xz,y) ... the generating function corresponding to
all non-s-networks (with at least one edge)

N(xz,y) ... generating function corresponding to all non-p-networks.



Planar Graphs

Planar networks

0B(x,y) 72
ay - ?K(way)a
D(xay) — (1 +y)K(x7y) T 17

K(z,y) = V@),
S(m7y) — $D($7y)(D(m7y) o S(x7y))a

T*(2, D(x,y)) _ }

2
. M(:c,D)zlog (1—|—D> xD

222D 14+y/) 142zD
OB(z,y) _ 2?1+ D(z,y)
oy 2 14y




Planar Graphs

Asymptotics

U(z,y) = zy(1 + V(z,y))?,
V(z,y) = y(1+ U(z,y))?

= U(z,y) =ay(1 +y(1 +U(z,9))?)’
= UG =g@w) — ), 1=
= V@) =020ey) ko)1
_ 221 : 1+ 0)2(A+V)?
M) =ty <1+xy+1+y_1_ (L+0+V)3 )

3
" = M(z,y) = g3(z,y) + h3(z,y) (1 N T(yw)>

due to cancellation of the \/1 — y/7(x)-term



Planar Graphs

Asymptotics

= |log

3
N —  D(z,y) = ga(z,y) + ha(z,y) (1 B R?y))

due to interaction of the singularities!!!

0B(z,y) _ «* 1+ D(z,y)
oy 2 14y

5
" =  B(x,y) = gs5(x,y) + hs(z,y) <1 - R:(Ey)>2

-
— bn ~ b - R(l)_nn_jn!




Planar Graphs

Asymptotics

3
B'(z,y) = ge(x,y) + he(z,y) (1 — R(y)> ,

C'(z,y) = B @' @y)y)

3

due to interaction of the singularities!!!

—> C(z,y) = gs(z,y) + hg(z,y) (1— - )j-
r(y)

-
—> |cp~cr(1l) "n 2n!




Planar Graphs

Asymptotics

CCmy)=wBCmy)+4@Cmy)<1— aj>§
r(y)

—  G(z,y) = @Y = go(a,y) + ho(x,y) (1— - )
r(y)

-
—> |gn~g-r(1) "n" 2n!




Planar Graphs

The number of edges

G(x,y) = Cy) — go(x,y) + ho(x,vy) (1 _ )5.
r(y)

T heorem

The number of edges X, in a planar graph of size n satisfies a central
limit theorem with

EX,=pun4+0(1) and VX,=oc’n+0(1),
where = 2.2132652... and 02 = 0.4303471...



Degree Distribution

Outerplanar graphs
Theorem

Xék) ... humber of vertices of degree k in random 2-connected, con-
nected or unrestricted labelled outerplanar graphs with n vertices.

— X7§,,k) satisfies a central limit theorem with

EXT(lk) ~ pupn  and Vquk) ~ a%n.



Degree Distribution

Outerplanar graphs p(w) = 3w
k>1

e 2-connected
2(3 — 2v/2)w?
(1-(V2-1)w)?

p(w) =

e connected or unrestricted:

2

2
. c1w C4W
p(w) = - cyn)? exp <C3w + (1 CQw)>

(with certain constants c¢q,c¢p,c3,¢c4 > 0).




Degree Distribution

Outerplanar graphs

T heorem

A, ... maximum degree of outerplanar graphs of size n

A
— " _, ¢ in probability
logn
EA, ~ clogn.

(Application of first and second moment method.)



Degree Distribution

Series-parallel graphs
Theorem

Xék) ... humber of vertices of degree k in random 2-connected, con-
nected or unrestricted labelled series-parallel graphs with n vertices.

— X7§,,k) satisfies a central limit theorem with

EXT(lk) ~ pupn - and Vquk) ~ a%n.



Degree Distribution

2-connected series-parallel graphs p(w) = ) piw":

p(w) =

B1(1,w)

B1(1,1)

~»

k>1

k

where Bi(y,w) is given by the following procedure ...



Degree Distribution

2
Eo(y)® _ (Iog 1+ Eo(y) Eo(y)) |

Eo(y) — 1 o 14+ R(y)
_V1-1/E(y) -1
) = Eo(y) ’
Er(y) = — ( 2R(y)Eo(y)?(1 + R(y)Eo(y))? )5
(2R(y)Eo(y) + R(v)2Eo(y)2)2 4+ 2R(y)(1 + R(y)Eo(y)) )

R(y)Eq(y)

Do(y,w) = (1 + yw)el+n<y>Eo<y>D°(y’w) -1,
(1 + Do(y, w))R(y)El(y)Do(y,w)

N W) — 1+ R(y)Eo(y) :
) = T o W) R EG
Bo(y,w) = R(y)Do(y,w)  R(y)*Fo(y)Do(y, w)?
’ 1+ R(y)Eo(y) 2(1+ R(y)Eo(y))
Bi(y,w) = R(y)D1(y,w)  R(y)*Eo(y)Do(y, w)D1(y, w)

T 1+ R(y)Eo(y) 1+ R(y)Eo(y)
~ R(y)*E1(y) Doy, w)(1 + Do(y, w)/2)
(1 + R(y)Eo(y))? '




Degree Distribution

Series-parallel graphs

T heorem

A, ... maximum degree of series-parallel graphs of size n

A
— " ¢ in probability

logn

EA, ~clogn.



Degree Distribution

Planar graphs

T heorem

Xék) ... number of vertices of degree k in random 3-connected, 2-
connected, connected or unrestricted labelled planar graphs with n

vertices.
— Equk) ~ DL N

For k < 2, quk) satisfies also a central limit theorem.



Degree Distribution

unrestricted planar graphs p(w) = ) _ ppw”:

k>1
p1 p2 p3 P4 ps 45
0.0367284 | 0.1625794 | 0.2354360 | 0.1867737 | 0.1295023 | 0.0861805
p(w) = —eBoLa)=Bo(LD g (1 ) 4 Bo(taw)=Bo(1,1) 1 T 1?2(17)1)33(1 )
’ B3(1,1 ’

where B;(y,w) are given by the following procedure ...




Degree Distribution

e Implicit equation for Dg(y,w):

_ VS(Do(t —1) +1t)

14+ Do=(1+4+yw)exp (4(3t—|— Do+ 1)

~ Dg(t* — 12¢% 4+ 20t — 9) + Do(2t* + 6t° — 6t + 10t — 12) +t* 4 6¢° + 9t2>
4(t+3)(Do+1)(3Bt+ 1) ’

201 _ 2
where t = t(y) satisfies y+1 = 1+ 2 X ( L t7(1 —t)(18 + 36t + 5t )).

T+301 1) P\ 2 B0 +20(1 + 3t)2
and S = (Do(t — 1) +t)(Do(t — 1) 4 t(¢t 4 3)?).

e EXxplicit expressions in terms of Dg(y,w) (SEVERAL PAGES !!!l):

Do(y,w), D3(y,w), Bo(y,w), Ba(y,w), B3(y,w)

e Explict expression for p(w):

p(w) = —eBoLw)=Bo(L1) B (1 1) + Bo(1w)—Bo(1,1)1 + Ba(l, 1)33(1,10)
B3(1,1)




Nodes of Given Degree

Dissections:




Nodes of Given Degree
e vo counts the number of nodes with degree 2,
e v3 counts the number of nodes with degree 3,
e v counts the number of nodes with degree > 3, and

e in all cases the two nodes of the rooted edge are are not taken
into account.



Nodes of Given Degree

o A;i(vo,v3,v) ... generating function of dissections with the prop-
erties that the left node of the rooted edge has degree ¢ and right
one has degree 7, 2<1,7 <3

o A, (vr,v3,v) ... generating function of dissections with the prop-
erties that the left node of the rooted edge has degree 7 and the
right has degree > 3,

o Asxco(vo,v3,v) ... generating function of dissections with the prop-
erties that both nodes of the rooted edge have degree > 3.



Nodes of Given Degree

The sum

A(vp,v3,v) = Aop + 2A23 + A33 + 2425 + 2435 + Acooo
is the generating function of all dissections (with the corresponding
counting in wvo,v3,v).

In particular,

1—3:13—\/1—6:c—|—:r:2
4dx '

Alx) = A(z,z,x) =



Nodes of Given Degree

Lemma 3

e i:jAQQ + v3A23 + VAo, @ ] ’

Aoz = v3Ao + v(A23 + Aoso)
= v2A23 + v3A433 + VA3,
Azz = v(Ano + Axz + Ang)?
+ v(Aoo + Aoz + Aoso) (A3 + A3z + Az0),
Aoso = 13423 + v(A33 + A300) + v(A200 + A300 + Acooco)
+ v2 Ao + V34350 + VAcooo,
Azoe = v(A23 + A33 + A300) (A200 + A300 + Acoco)
+ v(A22 + A3 + Aose) (A200 + A300 + Acoco);
Acooo = v(A23 + A33 + Azoo + A2ee + A300 + Acosc)?
+ v(A23 4+ A33 + A3c0 + A200 T A300 T Acoco) (A200 + A300 + Acoo)-



Nodes of Given Degree

Remark

All functions A;;(v2,v3,v) have a squareroot singularity due to the
COMBINATORIAL CENTRAL LIMIT THEOREM II!!



Nodes of Given Degree

o B?(v1,vp,v3,v) ... €xponential genenerating functions of 2-connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree i, 1 <7 < 3.

e B2 (v1,vp,v3,v) ... exponential genenerating functions of 2-connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree > 3.



Nodes of Given Degree

Lemma 4
By (v1,v2,v3,v) = vy,

o 1
B3 (v1,v9,v3,v) = 5 (voAoo + v3A23 + vA2),

o 1
B3(v1,v2,v3,v) = 5 (v2A23 + v3A433 + vA3),

1
B(;O(vla v2, U3, ’U) — 5 (UQAQOO + U3A3OO + UAOOOO) .



Nodes of Given Degree

Remark

All functions B?(v1,v2,v3,v) have a squareroot singularity since all
functions A;;(v2,v3,v) have squareroot singularities!!!



Nodes of Given Degree

o C?(v1,v2,v3,v) ... exponential generating functions of connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree i, 0 <7 < 3.

o C3 (v1,vp,v3,v) ... exponential generating functions of connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree > 3.



Nodes of Given Degree

Lemma 5

Co(v1,v2,v3,v) = 1,
CI(U].7’U27U37’U) — BI(W17W27W37W)7

° 1 ° °
CQ(U17U27U37U) — E(Bl(Wl7 W27 W37 W))2 _I_ BQ(W17 W27 W37 W)7
1
C:;(’U]_,’UQ,’U:D,,’U) — ?(BI(W17 W27 W37 W))3

1, .
-+ ﬁBl(W]_, WQ, Wg, W)BQ<W17 W27 W37 W)

+ B3(Wy, Wo, W3, W),

C(;O(’U]_, U2, U3, ’U) s eBI(W]-’WQ’W?)?W)_I_BE()+B§()+B;o(W17W27W37W)

—1— BI(Wq, Wy, W3, W) — B3(...) — B3(...)

1, . Wo Wa. W 1 We Wo. Wa. W

— F(Bl( 1, VV2,VV3, )>2 — 3|(BI( 1, Vv2,VV3, ))3
1 ., WYBE (W T Wa. TV

_ﬁBl([[17L[27”37 )BQ( 1, Vv2,VV3, )7

where on the right hand side



W1 = v1C8 + v2C7 + v3C3 + v(C3 + C3),
Wy = vpCJ 4+ v3CT +v(CS + C3 4+ C),
W3 = v3C3 +v(CT + C3 + C3 + C3,),

W = 0(Ch+ O + O3 + C3 + C%).




Nodes of Given Degree

Remark

All functions C?(v1,v2,v3,v) have a squareroot singularity due to the
COMBINATORIAL CENTRAL LIMIT THEOREM II!!!



Nodes of Given Degree

Counting nodes of degree 3:

C(v1,v2,v3,v) ... exponential generating function of all connected la-
belled outer planar graphs

Cy—3(z,u) ... exponential generating function that counts the number
of nodes with x and the number of nodes of degree d = 3 with wu:

Cy—3(z,u) = C(x,z,xu,x).

Also:
8Cd=3(x7 ’U,)
ox

HC
= 03 4+ CS+uCs+C%  and d—;(z”" W = e
u




Nodes of Given Degree

Central limit theorem

8C’d:a3;$,u) = O O3+ uCS + O
— =Wy, y>\/1 _r
ox p(y)

3
—> Cy=3(z,u) = go(z,y) + ho(x,y) (1 — i)
p(y)

—> T he number of nodes of degree 3 in outerplanar graphs satisfies
a central limit theorem.



Degree Distribution of Planar Graphs

C® = %—g ... GQF, where one vertex is marked but not counted
w ... additional variable that counts the degree of the marked vertex

Generating functions:

G*(z,y,w) all rooted planar graphs
C*(z,y,w) connected rooted planar graphs
B®(z,y,w) 2-connected rooted planar graphs
T*(z,y,w) 3-connected rooted planar graphs

Note that G*(x,y,1) = 2—G(x,y) etc.
xr



Degree Distribution of Planar Graphs

G*(z,y,w) = exp (C(=x,y,1)) C*(z,y,w),
C*(z,y,w) = exp (B®* (zC*(x,y,1),y,w)),

oB*
w (,y, w) = zyw exp (S(m,y, w) +
ow
1

D(z,y,w) = (1 + yw) exp (S(w,y,w) + 2D (s, 7. 0) X

x T* <a:,D(:1:,y, 1), g({;’;’ Z g)) ~1

S(x7 y7 w) — xD(:U7 y7 1) (‘D('CU7 y) w) T S(:E7 y? w)) 9
$2y2w2 1 n 1
2 l4+wy 14 xy
(w4 1)? (—w1(u,0,w) + (u = w+ 1)y fwz(u,0,0))
B 2w(vw + u?2 +2u+ 1)(1 +u + v)3 ,

1
22D (z,y, w)

T° (:U, D(x,y,1), D(z,y, w))

D(z,y,1) )

T*(z,y,w) =

u(z,y) = zy(l +v(z,v))?,  v(z,y) =y(1 +ulz,y))?



Degree Distribution of Planar Graphs

3-connected planar graphs

with

T*(z,y,w) = To(y, w) + To(y, w) X* + Tz(y, w) X> 4+ O(X*)

X:\/l_rw)




Degree Distribution of Planar Graphs

2-connected planar graphs

—> | D(z,y,w) = Do(y,w) + Do(y, w)X? + D3(y, w)X> + O(X?)

~

— | B*(z,y,w) = Bo(y,w) + Bo(y, w)X? + Bz(y,w)X> 4+ O(X*)

with

Xz\/l‘my)



Degree Distribution of Planar Graphs

Lemma

flz)y=>Y ani—T=fo-l-f2X2-|—f3X3 + O(X*), X=,/1—§,

n>0

H(x,z,w) = ho(z,w) + hQ(CE,’LU)ZQ + ha(x,w) 73|+ 0(24),
Z= |1-——
J f(p)

fr(z) = H(z,[f() [ w) = 3 [bp(w) [

I
n>0 n:

o bn(w) _ ha(p, w)
— lim = — +
nToC ap fo /3

ha(p, w) (_b)” |
Jo




Degree Distribution of Planar Graphs

Connected planar graphs

C®(z,1,w) = exp (B' (:cC/(:c), 1, w))

Application of the lemma with

f(z) = zC'(x)

and

H(z,z,w) = xeB’ (2 1w)
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III. CONTINUOUS LIMITING OBJECTS

e Weak Convergence

e [ he Depth-First-Search of Rooted Trees
e [ he Continuum Random Tree

e T he Profile of Galton-Watson trees

e [ he Schaeffer Bijection

e The ISE (Integrated SuperBrownian Excursion)



Asymptotics on Random Discrete Objects

Levels of complexity:
1. Asymptotic enumeration
2. Distribution of (shape) parameters

3. Asymptotic shape (= continuous limiting object)



Weak Convergence

Xn, X ... (real) random variables:

n—aoeo

for all points of continuity
of Fx(x) =P{X <=z}

— [ lim EG(Xn) = EG(X)

n—oo

for all bounded continuous
functionals G : R — R

— | lim Eei%n = [ X

n—aoeo

for all real t
(Levy's criterion)



Weak Convergence

Polish space: (S,d) ... complete, separable, metric space

Examples: R, R* C[0, 1], Mp(X) (probability measures on X)

S-valued random variable: X : Q2 — S| ... measurable function

S = R: random variable
S = R*: k-dimensional random vector
S = C|[0, 1]: stochastic process (X (t),0<t<1)

S = Mp(X): random measure



Weak Convergence

Definition

Xn, X :Q— S ... S-valued random variables ((S,d) ... Polish space)

x, -4 x

=

lim EG(Xn) = EG(X)

n—aoo

for all bounded continuous
functionals G: S — R



Weak Convergence

Stochastic process: random function
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Weak Convergence

Stochastic process

Xn : Q — C]0, 1] sequence of stochastic processes, X : Q2 — ([0, 1]
o X, 4 x = F(Xn) 4, F(X) for all continuous F': S — §'.
e X» L X —  X,(to) - X(tg) for all fixed tg € [0,1].

d d
o Xp — X = (Xa(t1),...,Xn(lg)) — (X(t1),..., X (1))
for all k> 1 and all fixed ¢q1,...,t, € [0, 1].

The converse statement is not necessarily true, one needs tightness.



Weak Convergence

Stochastic process
Xn : Q2 — C][0, 1] sequence of stochastic processes, X : Q2 — C[0, 1]

d
1. (Xn(t1),. .., Xn(tg)) — (X(¢1),. .., X(Tg)
for all k> 1 and all fixed tq1,...,t; € [0, 1]

2. E(|Xx(0)f) < C
for some constant C > 0 and an exponent 8 >0

3. E (| Xn(t) — Xn(s)|F) < C|t — s for all s,t € [0,1]
for some constant C > 0 and exponents o« > 1 and g > 0.

T hen

(Xn(t),0<t<1) -5 (X(®),0<t< 1),




Depth-First-Search

Rooted trees and discrete excursions

N
$

[ x()

Bijection between

Catalan trees +«—  Dyck paths

random trees of sizen <+«— random Dyck paths of length 2n



Depth-First-Search

Brownian excursion (e(t),0 <t < 1)

16

14 |

12 |

0.8 |-

0.6 -

04

0.2

-0.2

Rescaled Brownian motion between 2 zeros.

Random function in C[0,1].



Depth-First-Search

Kaigh’s Theorem

(Xn(t),0<t<2n) ... random Dyck path of length 2n.

1 d
— (\/T_nX”(znt)’O <t< 1) — (e(t),0 <t < 1).

Remark. This theorem also holds for more general random walks with
independent increments conditioned to be an excursion.



Real Trees

T ... tree, T ... embedding of T into the plane R?

— 7T is a metric space (and a real tree in the following sense):
Definition

A metric space (7,d) is a real tree if the following two properties hold
for every z,y € 7.

1. There is a unique isometric map hgzqy : [0,d(x,y)] — 7 such that

2. If ¢ is a continuous injective map from [0, 1] into 7 with ¢(0) = x
and ¢(1) = y then

q([0,1]) = hay([0, d(z, y)]).

A rooted real tree (7,d) is a real tree with a distinguished vertex
r = r(7) called the root.



Real Trees

Two real trees (77,d1), (7»,d>) are equivalent if there is a root-
preserving isometry that maps 77 onto 75.

T ... set of all equivalence classes of rooted compact real trees.

Gromov-Hausdorff Distance dgy(77,72) of two real trees 77,75 is
the infimum of the Hausdorff distance of all isometric embeddings of
71,7> into the same metric space.

Hausdorff distance: dyaus(X,Y) = max{sup inf d(x,vy), sup inf d(x, y)}
reX yE yeY z€X

T heorem

The metric space (T,dgH) is a Polish space.



Real Trees

g:[0,1] — [0,00) ... continuous, >0, g(0) =¢(1) =0

dy(s,) =9() +9) =2 dnt ()

dg(st)=1+2-2=1

s~t <= dg(s,t) =0 Ty =[0,1]/ ~

—> |(74,dg) is a compact real tree.




Real Trees

Construction of a real tree 7,

A

The mapping C[0,1] — T, g — 74 is continuous.



Real Trees

Catalan trees as real trees

(\CK - X(i)

n



Real Trees

Continuum random tree 75, (with Brownian excursion e(t))

1.6
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Real Trees

T heorem

(Xn(t),0<t<2n) ... random Dyck paths of length 2n
or the depth-first-search process of Catalan trees of size n.

1
— | —=1Tx, — T

V2n

In other words...

Scaled Catalan trees (interpreted as “real trees’) converge weakly to
the continuum random tree.



Galton-Watson Trees

Galton-Watson branching process

¢ ... offspring distribution, ¢, =P{{ =k}, oo >0

O



Galton-Watson Trees

Galton-Watson branching process

¢ ... offspring distribution, ¢, =P{{ =k}, oo >0

I\



Galton-Watson Trees

Galton-Watson branching process

¢ ... offspring distribution, ¢, =P{{ =k}, oo >0

%
fﬂ@%



Galton-Watson Trees

Galton-Watson branching process

¢ ... offspring distribution, ¢, =P{{ =k}, oo >0
Q/R Q
45 %



Galton-Watson Trees

Galton-Watson branching process

¢ ... offspring distribution, ¢, =P{{ =k}, oo >0

%
fﬂ 2

\ o

O O



Galton-Watson Trees

Galton-Watson branching process

¢ ... offspring distribution, ¢, =P{{ =k}, oo >0

%
fﬂ 2

A



Galton-Watson Trees

Galton-Watson branching process. (Zk)kzo

Zo=1,and for k> 1

N
&
|
bm/'\
o
N’

where the (¢*)), ; are iid random variables distributed as ¢.
Zy. ... number of nodes in k-th generation

Z=Zo+ 21+ Zo+--- ... total progeny



Galton-Watson Trees

Generating functions

yn = P{Z = n}, y(z) = > yna"
n>1

d(w) =Ewt = > gpkwk
k>0

—  |y(z) =z P(y(z))

Conditioned Galton-Watson tree

GW-branching process conditioned on the total progeny Z = n.



Galton-Watson Trees

Example. P{¢ =k} =2"%"1 o(w)=1/(2 —w)
= all trees of size n have the same probability

— conditioned GW-tree of size n is the same model as the Catalan
tree model (with the uniform distribution on trees of size n)

Example. ®(w) = %(1 + w)?2: binary trees with n internal nodes.
Example. ®(w) = (1 + w + w?): Motzkin trees

Example. ®(w) = e?~1: Cayley trees



Galton-Watson Trees

General assumption: |[E¢ = 1|, |0 < Varé = 0% < oo

Theorem (Aldous)

Xn(t) ... depth-first-search of conditioned GW-trees of size n

N (an@nt),o <i< 1) 9 (e®,0<t<1)|
mn

2v/n

Corollary

o d
T Ty, L T




Galton-Watson Trees

Corollary H,, ... height of conditioned GW-trees of size n:

— | Lg, 92 max e
1 a2 .
Jn o 0<t<1

Remark. Distribution function of max e(t):
0<t<1

21.2
P{max e(t) <z} =1-2 4222 _ 1)e— 2%k
{oétgle( ) < =} k21< L )e



Galton-Watson Trees

Profile
Lr(k) ... number of nodes at distance k£ from the root
(L7(k))g>0 ... profile of T

(L7(s),s > 0) ... linearly interpolated profile of T

K

L(K)




Galton-Watson Trees

Value distribution

> Lp(k) 6y

k>0

pp =
|T|

0 ... o-distribution concentrated at z



Galton-Watson Trees

Occupation measure: random measure on R

p(A) = [ 1aCe(t) de

measure how long e(t) stays in set A

1.6

.mu M b ok

0.8

1k
J\/‘r [
0.6 ‘ .

=
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Galton-Watson Trees

Theorem (Aldous)

(Ln(k),k > 0) ... random profile of conditioned GW-trees of size n

1 d
= | 2 Inlk) oo ppnyym — 1
k>0




Galton-Watson Trees

Local time of the Brownian excursion: random density of u

1
1
I(s) = lim = O/ 1y o1 (e(1)) dt

Theorem (D.4Gittenberger)

(Ln(s),s > 0) ... random profile of conditioned GW-trees of size n

— (%Ln(s\/ﬁ), s > O) SN (%l <gs> .8 > O)

Proof with asymptotics on generating functions (very involved)!!!



Galton-Watson Trees

Width

W = max L(k) = max L(t),
na (k) na; (t)

maximal number of nodes in a level.

Corollary

1
—Wh 4,2 sup ()

Vv 2 0<t<1

Remark. sup;>gl(t) = 2suppg<;<1e(t) (in distribution)



Stacked Triangulations

INANA A L

Theorem (Albenque+Marckert)

M, ... uniform stacked triangulations with 2n faces with graph distance
as metric:

— | =Mn > T

V6n

in the Gromov-Hausdorff topology.

Remark. The continuum random tree 75, seems to be a universal
continuous limiting object.



Quadrangulations

Bijection between 2-connected maps and quadrangulations




Quadrangulations

Bijection between 2-connected maps and quadrangulations




Quadrangulations

Bijection between 2-connected maps and quadrangulations




Quadrangulations

Bijection between 2-connected maps and quadrangulations




Quadrangulations

Bijection between 2-connected maps and quadrangulations

N

s

S




Quadrangulations

3-connected maps

In this bijection 3-connected maps correspond so simple quadran-
gulations (every circle different from the outer cirlce of length 4 de-
termines a face).

T his correspondence is important for the counting procedure of planar
graphs.



Quadrangulations

Schaeffer bijection: start with a quadrangulation

N

O/

/




Quadrangulations

Schaeffer bijection: calulate the distance to the root vertex




Quadrangulations

Schaeffer bijection: there are only two possible constellations

TN N

k+1 k+1 k+1 k+1

\\\ K /// K

k+2




Quadrangulations

Schaeffer bijection: include fat edges

| k+2

K+1

N\

/
/

k+1

N\

k + k+1




Quadrangulations

Schaeffer bijection: include fat edges

0
5 1
2
2——1

L




Quadrangulations

Schaeffer bijection: include fat edges




Quadrangulations

Schaeffer bijection: delete the dotted edges

0




Quadrangulations

Schaeffer bijection: a labelled tree occurs

2

AN




Quadrangulations

Schaeffer bijection: a labelled tree occurs

N

©




Well-Labelled Trees

Positive labels, root has label 1, adjacent labels differ at most by 1:

N

©




Well-Labelled Trees

Hp . ... number of vertices of distance k£ from the root vertex in a
quadrangulation of size n

Ank --- Number of vertices with label k£ from in a well-labelled tree with
n edges

Theorem (Schaeffer)

T here exists a bijection between edge-rooted quadrangulations with
n faces and well-labelled trees with n edges, such that the distance
profile (H,, ;)r>1 of a quadrangulation is mapped onto the label dis-
tribution (), ;)r>1 of the corresponding well-labelled tree.



Well-Labelled Trees

Counting

qn ... humber of well-labelled trees of size n:

2.3" 2
()

"= 1)+ 2)

T;(y) ... generating function of those generalised well-labelled trees
where the root has label 5 and where the exponent of y counts the
number of edges:

Ti(y) = . G > 1)
M T Ty ) + LW + T )| 2 =

with the convention TH(y) =0




Well-Labelled Trees

T heorem
B 1 11— YTy
T =13y = 6y
1 1
2D+ 2y T yrwy?

—
) = 1y, (L 20 = 26V )

(1 - Z(y)TH(A - Z(y)I+2)




Well-Labelled Trees

Counting

1-Z@)A - ZwH
(1—Z@Px;—zwﬁ>
- 14+ Z(y)
=TT 200 + 2002

= T(y)(1 —tT(y)?),

Th(y) =T(y)

— ao=["1T1(y) = (n+215?2+2)(2nn)-




Embedded Trees

Integer labels, root has label O, adjacent labels differ at most by 1:

Yn = 3npn_|_1 - n:i): 1 (2:),

(the number of embedded trees with n edges)



Embedded Trees

Interpretation as embedding




Brownian Snake

Discrete Brownian snake




Brownian Snake

g :[0,1] — [0,00) ... continuous, >0, g(0) =¢(1) =0

dg(s,t) = g(s) + g(t) — 2 min{&t}glggmax{&t}g(w = 0.

Gaussian process

(Wy(t), t > 0) | W,(0) =0,

B(Wy(D) =0, Cov(Wy(s), Wy = inf  g(u).

A Gaussian process (X (t),t € I) (with zero mean) is completely deter-
mined by a positive definite covariance function B(s,t). All finite di-
mensional random vectors (X (t1),..., X (tx)) are normally distributed
with covariance matrix (B(t;,t;))1<i j<k-

Brownian snake: W (t) = Ws.(t) |.




Brownian Snake

Theorem (Chassaing+Marckert)

Consider a conditioned GW-trees with offspring distribution £ and labels
given by independent increments following a distribution n with £n = 0.

Wn(s) ... discrete Brownian snake corresponding to these trees and
labels

— (#Wn(Qnt),O <t< 1) L (W(),0<t<1)

with v = (Varn)~2(Var£)3.



Integrated SuperBrownian Excursion (ISE)

Occupation measure of the Brownian snake: random measure

1
pse (A) = /O 1,(W (1)) dt

Density of the ISE: random density

1
.1
fise(s) = lim = O/ s e (W (1))

Remark. The ISE has finite support [Lisg, Rism]
(Its length Rigg — Ligg is @ random variable.)



Continuous Limits

Theorem (Aldous)

Consider a conditioned GW-trees with offspring distribution £ and labels
given by independent increments following a distribution n with £n = 0.

¢(v) ... label of vertex v

1 d
— | = Z 0 n—1/4¢(v) —  MISE

Y
" eV (Ty)

with ~ = (Varn)~2(Var£)3.



Continuous Limits

Theorem (Devroye-+Janson)
Suppose additionally that n is integer valued and aperiodic.
(Xn(Jj)) ez --- profile corresponding to n

(Xn(j) ... number of nodes with label j)
(Xn(t),—c0 <t < oo) ... the linearly interpolated process:

= | (n7¥* X (n!/*), —00 < t < o0) 9 (v fise (1), —oo < t < o0)




Continuous Limits

Theorem (Chassaing+Marckert)

Let (A, ) denote the height profile and r, the maximum distance
from the root vertex in random quadrangulations with n vertices:

1 d .
—> — Z An,k 5fyn—1/4k — HISE
" >0

and

_ d
— |y Y4, S Risg — Lisg

-

where v = 2-1/4,



T hank You!



