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Integer partitions, Young diagrams / tableaux §
w

ENZ fiir Algebra

/

A=A+ X+...+ N
Let A F n be a partition of the integer n
> |A| = n weight of the partition
» ((A) = | number of parts, length of the partition
> A= (A1,...,\) =[1™,2m2 . p™n]
additive and multiplicative representation

[]
> shape or (Ferrers) Young diagram of a partition

> B:D/ = @j A — X conjugation of partitions

3[4]

2
|7]
8]

(semi) standard Young tableau, box x = (i,j) € SYT

[o]o]a]~

(weakly) increasing rows, strictly increasing columns
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H(G) Hopf algebra (groups) a.
>

ENZ fiir Algebra

Group

» f,g,h,e € G group elements
> f(gh) = (fg)h

»fg=h ge=g=eg, g

exists with g~ lg = e
Representative functions

» ¢,9,1 € H(G) = {G — C} functions
> (vV9)(g) = ¥(g)p(g) pointwise product (assoc.)
» 1(g) =1 unit element
Maps:
A:H(G) — H(G) @ H(G); e: H(G) — C; S: H(G) — H(G)
» Coproduct: A(¢)(g, h) = ¢¥(g)y(h)

> Counit: e(y)) = ¢(e) =
> Antipode: S(v)(g) = (e ") !



H(G) Hopf algebra, cont. a.
.

ENZ fiir Algebra

Hopf algebra; CD version (counit; pentagon; antipode)
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Symm(X) Hopf algebra (outer HA) a

/

ww

Symm(X) ENZ fiir Algebra

>

Symm(X) is the sub-Hopf algebra Ko[Rep(GL(c0))] (i.e.
Grothendieck ring) of the repr. category Rep(GL(c0) )
(in formally infinite many variables to avoid syzygies).

Let A, B, C (A[X], B[X], C[X]) be in Symm(X):

» product: AB = C; SuSy = chﬂ,sk (cjﬂ, LR-coeff.)
> unit: Al=A=1A; suS0) = Su = S(0)Sk

» coproduct: (Sweedler index notation)

>

A(AIX]) = AIX + Y] = Ap [X]A(2 [Y]= Ay ® A
Asy =300 @ = pw S @Sy (¢, LR-coefF.)

counit: €(A) =da1; €(sy) = 011,(0)

Needs of course a proof to be a HA (Geissiger 77, Zelevinsky 81)
Symm(X) is a PSH (positive selfadjoint HA) | s



Symm(X) additional structure a.
V'

ENZ fiir Algebra

inner product (S, tensor product of characters)

» tensor product in R(S,) yields via Frobenius characteristics a
second product on Symm(X)

_ A
> S kS, =D ) & uSA

> gﬁ"y is symmetric in all three partitions, computable via the
Murnaghan-Nakayama rule

> §(s\[X]) = s\ [X®@ Y] = Z[)\] SAn [X]Sk[z] [Y]= Z[)\] A @ Sag

Scalar product (self duality)

{Sx}arn.nen basis of irreducibles = orthonormal (Schur’s lemma)

<|>/\®/\—>Z <SM‘S]/>:5M7V
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Symm(X) additional structure, cont. a

Schur functors (on R(G) = Rep(G)) Esz:,/ie.,,a

Let V, W be G-modules of R(G). Consider a the Schur functor
Sx: R(G) — R(G); Si(V)=W =: V} (Weyl module)
Sty (V) = Sym(VE") = V(")
San(V) = v = v

, s

Suo8,(V)=S,(V) = (V) U=V e w
Sp.oSy

Plethysm (composition on Symm(X) = Ky[Rep(G)])

suls] = Z a;\L,Vs)\
A

s X]=Y =n[X]+ylX]+ ...+ ymlX]
with m number of monomials (incl. multiplicities)
Su(V)=VY=W and S,(S,(V)) =S (W)= WH= (V")

h-Alexander-Uslverstit

su[s X1 = sulsu[X]] = su[YIX]] s



Symm(X) : summary of costructures a.

/

o (succ. map), HA (outer HA), Bl (bialgebra), HG (Hopf gebg,a)fieh,a

o a(sn)[X] = sa[xo + X] = Z c(’\n)’ys(,,) [x0]su[X]
()

= Zxé’ s, with v\ A horizontal strip with n boxes
ACv

HA:  A(s)X] = X + Y] = 53, [XIsrg, Y] = 3 ¢ sulX]su[ Y]
BL 6(s)X] = s\XY] = sy [X]sny [Y] = 3 g suX]s Y]

G A()IX] =YX = sy, KIsr, Y] = 3l sulXIs[Y]

| call this Arithmetic Complexity
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Plethysm properties

Let a,b,c,.. € Rand A, B, C,.. € Symm[X] 74
e"(sa(x1,x2,...)) =sxa(1,...,1,0,...) with n ones

defining rules :
(aA + bB)[C] = aA[C] + bB[C]

(AB)[C] = A[C]B[C]
A[B + C] = A(l)[B]A(z)[C]

Al-B] = (S(A))[B]
ABC] = Ap[BlA[C]
AlB* Cl = ALY, go Di]

= [T, <55 (Ayay) Ay D]
(A[B)[C] = A[B[C]]

)

/

ENZ fiir Algebra

left distributivity
left multiplicativity

right additivity

("+" convolution on Symm(X))
antipode (negative alphabets)
right multiplicativity

(" convolution on Symm(X))

right inner product expansion

associativity

I Fripdiich-Alexander-Uslversitit



Relating outer and inner coproducts '+’ a
>

We give two ways to compute the plethysm s,[ns,]: ENZ fiir Algebra
» Lemma [FJK] : (A® B)[C] = A[C] ® B[C]
> Lemma : A[B+ B] = An)[B]A«2)[B] = (m' o A1)(A))[B]
2 AlnB] =TT, A [B] = (m""1 o A1) (4)) [B]
Proof: additive version
sulnsy] = suls, +(n—1)s)] n>1

= Su(l)[S,,] S“(g) [(n — 1) Sl,]

= [Isuls]
i=1
= (m(" 0 AV (5,)]s,]

To stop the induction process we have to require: n € N m@1



Relating outer and inner coproducts '~/ a.
>

ENZ fiir Algebra

> e"(sq)) =1+ ... +1=dimg(sq)) is a Hom

> Lemma [FJKW] : A(A[B]) = A[A(B)]

» with m(A ® B) = AB and the HA axioms we get further
Lemma [FJK] : A[B ® C] = Ay[B] ® Ap[C]

2nd proof: multiplicative version

sulns,) = m(su[n®s,])
= m(su[e"(s1)) ® sv])
=mo(e"® Id)(su[s(l) ® sy])
= m(e"(sup)) @ Supz1[sv])
= &"(sup1)) Supz[sv]

= dimGL( n) (Su[l]) Sul2] [s]

| Freela-Biexane-talverstst
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Relating outer and inner coproducts A, a
V4

ENZ fiir Algebra

/

> A= Alsq)] for all A

> [1+ n](A) = (m"A")(A) = A[(1+ n) 5(1)]
[1 + nl(A[B]) = (m"A")(A[B]) = A[(1 + n) B]
[1+ n] is a scaling operator

> [1+ n](A[B]) = Al(1 + n) B] = dimg (n+1)(Aq1)) A [B]
[1+n] = (m"A") = (") @ 1d)§

Result : t-generalization

Since we have that € is a binomial expression in n it can be
generalized to arbitrary t € C, that is e” = &t :

[1+t]:= ("I (= (m'A) teN)
[1+t](A[B]) = A[(1 + t) B] = dimgy(t11)(Apy)Ap [B]

For t ¢ N generically non-recursive.

I Friedrich-Alexander-Unlversitat
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Other Homs and specializations a
Specializations (eg. g, t-case : no time ... — [sketch]) »

> Let Q[X] = M[X] =" ha(X) complete symmetrlc functions " """
[1+ t]Q[X] = Q[(1 + t)X] well known plethystic formula

» (A| B) =e}(Ax B) : counts 1-dim. GL irreps
!(sx) = 8),(n) : shows that the series M = Q is defined by &*

1+t

6
dulity : \" 7 ATz
M M1+t

> O(M[X]) = M[XY] = >, sxa[X]sa[Y] : Cauchy kernel
S(M[—X]) = LIXY] = 3, (~1)Msy[X] sy [Y] : Cauchy-Binet

» There are abundantly many further specializations and
homomorphisms available to generalize the above given result:
M[X] — M= X1 = MY 500" X] =[]0 MIq"X] =
[0 (Xn dlmGL(q )(sx) s))
AB] — A5 Bl = Tjs1 (dimergn (Apyy) Apz [B])
for a general A and a general “alphabet” B.

rlediich-Alexander-Unlversitat
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Applications: a

/

Computational benefits ENfofgehra
Timing of the iterated and directly evaluated plethysms
s@)[n sl

multiplicity recursive direct

n=1 0.01 0.02

n=10 0.08 0.02

n=100 0.89 0.01

n=1000 7.32 0.01

n=10000 — 0.01
SchurFkt Maple package [BF.,Rafal Ablamowicz]: Figures
obscured by Maple's garbage collection.
SCHUR cannot do the n = 100, 1000 cases in reasonable time
(Maple algorithm uses remember hash tables)
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Applications:

Jack symmetric function (eg. [Brenti98])

Define the scalar product
(A] B)ag = (Alas)] | B[Bsu)]) = e’ (AxB) = (A«B)|L,

Schur functions are no longer an orthonormal basis for (. | .),

el s S)
se) | 59°(¢*+1) 3¢%(¢® —1)
S(11) %qz(qz —-1) %qz(qz +1)

Jack symmetric functions can be defined as:

Ih(x;a) = HJAxa \ (X a) = Za

ukn

which results in: hy[1x] = I(x; @)

_1
FRY

)

ra

ENZ fiir Algebra

,1,0,..]
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Applications: a
)’/ﬂv’

ENZ fiir Algebra

Powers of Schur function series
let G be a group like Schur function series (M,L,...) i.e.
AG = G ® G. For such series we have:

G[ns(l)] =G"=GG---G

and of course with G* := G — s5(q)

log(1+ GT) = — Z (_r}) Z ( >(G+)k
n>1 n>1 k=0

1
log(1+ MT) = p(1) + 5P2 +

1
—ps+t ...

1+
P34

3

which can be generalized
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Applications: a
>

Powers of Schur function series (cont.) ENZ fir Agetra
We look at D = M([s»)], C = M[—5s12)], M3 = M([s3)] etc.

/

1 1 1
log(1+D%) = Z(p2+ pay)) + = (pPa + p2)) - - + 5= (P2n + P(an)) - - -
2 4 2n

1 1 1

log(1 + C+) = —§(P2 + P(11)) - Z(P4 + P(22)) e %(mn + p(nn)) .
1 1 1

log(1 4+ M5) = g(Ps + pa11)) + E(Pﬁ + P2)) -+ §(P3n + P(nnn)) - -

Of course : log(l1+ Ct)+log(l+Dt) =0« CD =1
Furthermore we have with © := )", s)s) and ©6 =1 that

D" = D[n S(l)]én_l
[14 n]D = (m"A")D = D[(1 + n) s)]©"

I Friedrich-Alexander-Unlversitat
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Thank you! a.
V4

b/

Thanks to the organizers !

ENZ fiir Algebra
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Peano axioms (NNO : natural number objects) §.
Mathematical induction (adding ‘41*) 74

ENZ fiir Algebra

0 : N — N successor map, R target ring of series coeff,
a: N — R series (actual a ring, dualizing gives co-structures):

N——N n—>1+n
0/ a a O/la a
N N

R——R dp ——> adn+1

Arithmetic complexity (of ordinary arithmetics)
» o(n) =1+ n successor map
> c™(n)=14+(1+...(1+n)...)=radd(m,n) =m+n
iteration of o : addition
» add(m,0)" = (¢™(0))" = ™" (0) =: mul(m, n) = mn
iteration of add(n, ) : multiplication

I Friedrich-Alexander-Unlversitat
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Peano axioms (NNO : natural number objects) §.
Mathematical induction (adding ‘41*) w

ENZ fiir Algebra

0 : N — N successor map, R target ring of series coeff,
a: N — R series (actual a ring, dualizing gives co-structures):

[

N—"—N n 14+n
0/ a a O/la a
N N

R—2>R an —% > apt1

Arithmetic complexity (of ordinary arithmetics)
» mul(m, 1)" = mul(m,s(0))" = (add(m,O)"(O))"

= [171 add(m, 0)"® = TT7; (c™(0))7®
= [1iL1(e™(0)) = ™ (0)

I Friedrich-Alexander-Unlversitat
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Peano axioms (NNO : natural number objects) §.
Mathematical induction (adding ‘+1*) ra

ENZ fiir Algebra
0 : N — N successor map, R target ring of series coeff,
a: N — R series (actual a ring, dualizing gives co-structures):

[

N——N n L+n
0/ a a O/la a
N N

R——R dp ——— dp+1

Arithmetic complexity (of ordinary arithmetics)

» o(n) =1+ n successor map

> c™(n)=14+(1+...(1+n)...)=radd(m,n) =m+n
iteration of o : addition

» add(m,0)" = (¢™(0))" = ¢™"(0) =: mul(m, n) = mn
iteration of add(n, ) : multiplication

» mul(m, 1)" = mul(m,1)" =: exp(m, n) = m" 'm@ﬁ
iteration of mul(n, ) : exponentiation



