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Noncrossing and nonnesting set partitions

A set partition of [n] = {1,...,n} is a collection of disjoint nonempty
subsets of [n], called blocks, whose union is [n].

m={{1,3,4},{2,6},{5}} is a partition of [6] of type (3,2,1)

1 2 3 4 5 6

op(n) = {1,2,5}, c(n) = {4,5,6}, tr(r)={3}
m(m) = (op(), cl(r), tr(m))

N
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A complete matching of [2n] is a set partition of [2n] of type (2,...,2)

A partial matching of [n] is a set partition of [n] of type
2,...,2,1,...,1)

The triple m(7) = (op(7), cl(7), tr(m)) encodes some useful information
about the set partition :

@ The number of blocks is |op(7)| = |cl(7)|;

@ The number of singleton blocks is |op(7) N c/();
@ 7 is a partial matching if and only if tr(7) = 0;

@ 7 is a complete matching if and only if tr(w) = () and
op(m) Ncl(m) = 0.
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Noncrossing set partitions

A set partition 7 of [n] is said noncrossing if whenever a < b < ¢ < d are

such that a, ¢ are contained in a block B and b, d are contained in a block
B’ of w, then B = B'.

The set partition {{1,4,5,6},{2,3}} is noncrossing:



Nonnesting set partitions

A set partition 7 of [n] is said nonnesting if whenever a < b < ¢ < d are

such that a, d are contained in a block B and b, ¢ are contained in a block
B’ of w, then B = B'.

The set partition {{1,3},{2,4,5,6}} is nonnesting:

1 2 3 4 5 6

while the set partition {{1,4,5,6},{2,3}} is not:



Absolute order

Let (W,S) be a finite Coxeter system with set of reflections T
Given w € W, the absolute length ¢1(w) of w is the minimal integer k
for which w can be written as the product of k reflections:

lr(w) =min{k:w =1t t, for some t; € T}.

Definition
Define the absolute order on W by letting

v <7 w if and only if £7(w) = £7(v) + £7(v w)

forall viw € W.
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Proposition

Given w,v € W, v <t w if and only if there is a shortest factorization of

w as a product of reflections having as a prefix such a shortest
factorization for v.

W=35;S={s=(12), %=(23)}
T = {s1,%,s15s1 = (1,3)}

515 = (1,2,3) S$HS51 = (1,3,2)

51 = (1,2) 515851 = (1,3) Sy = (2,3)
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(W, S) finite Coxeter system, with S = {s1,...,s,}
A Coxeter element of W is any element of the form
€ = 55(1) """ So(n)>

for some permutation o of the set [n].

Proposition

(a) Any two Coxeter elements of W are conjugate.

(b) The Coxeter elements are a subclass of maximal elements in WV.
(c) If ¢, c’ are Coxeter elements, then [e, c] = [e, c'].
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Noncrossing partitions
Definition
Let W be a finite reflection group and ¢ € W a Coxeter element. The

poset of noncrossing partitions of W is the interval

NC(W) :=[e,c]={weW:e<rw<7c}

Theorem (Reiner, Bessis-Reiner)
Let W be a finite reflection group. Then,
n n
di+h 1
INC(W)| = Cat(w) =[] = = v L1+ )
i i=1

i=1
where

(1) nis the number of simple reflections in W,
(ii) h is the Coxeter number, and

(iii) di, ..., d, are the degrees of the fundamental invariants.
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Cat(W) for the finite irreducible Coxeter groups

(3") | 2=2(>2)| m+2]| 32 | 280 | 105 | 833 | 4160 | 25080

n n—1
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Noncrossing partitions of type A, 1

c=(1,2,...,n) Coxeter element

m <7 c iff all cycles in 7 are increasing and pairwise noncrossing

NC(As_1) > 7 = (1456)(23) «—— 7 = {{1,4,5.,6}, {2,3}} € NC([6])
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Noncrossing partitions of type B,

B, group of sign permutations 7 of [+n] = {1,2,...,7,1,2,...,n} such
that w(i) = w(i)

7 =(5,1,2)(5, 1, 2)(3,4)(3,4) € Bs of type (3,2)

m(m) = (op(m) = {3}, cl(m) = {2,4,5}, tr(7) = {1})

Bnc_’A2nfl
i, if i € [n]
i—n—i ifiell,...,n]

NC(B,) is the subset of NC([£n]) = NC([2n]) consisting of all partitions
that are invariant under the map i+ i
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Noncrossing partitions of type B,

B, group of sign permutations 7 of [+n] = {1,2,...,7,1,2,...,n} such
that w(i) = w(i)

7 =(5,1,2)(5, 1, 2)(3,4)(3,4) € Bs of type (3,2)

m(m) = (op(m) = {3}, cl(m) = {2,4,5}, tr(7) = {1})

Bnc_’A2nfl
i, if i € [n]
i—n—i ifiell,...,n]

NC(B,) is the subset of NC([£n]) = NC([2n]) consisting of all partitions
that are invariant under the map i+ i
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The root poset

Let W be a Weyl group with crystallographic root system ®, and A C &+
a set of simple roots

Definition
e For o, 3 € d, we say that a« < § if and only if 8 — o € Z>oA. The
pair (®T, <) is called the root poset of W.

e An antichain in the root poset ($*, <) is called a nonnesting partition
of W. Let NN(W) denote the set of nonnesting partitions of W.

Theorem
Let W be a Weyl group. Then,

INC(W)| = [NN(W)| = Cat(W).
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Nonnesting partitions of type A, 1

{e1,...,en} canonical basis of R"
b={ej—e:n>i#j>1} ¢t ={ej—e:n>i>j>1}
A={n=e—e,n=6—e,....M-1=¢e —e-_1}

If i >j, then e —ej=ri+---+ri_1 < (i,j) € Sn

o+ re+r3try

/N

r+ro+r3 To+T3+1y

/N N

’l"1+’l"2 T2+T3 T3+7‘4

NSNS N\
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Lemma
let o =ri+---+rjand B =rc+---+ r, be two roots in ®*. Then,
{a, B} is an antichain if and only if i < k and j < /.

NN(Ag) 3 (1, n+r,rs+n) < (1,2)(2,4)(3,5) = (1,2,4)(3,5) € NN([5])

N 27N\
1 2 3 4 5

o supp(ri+---+r)=A{r,...,r}

e An antichain (aq,...,ax) is connected if supp(c;) N supp(ajt1) # O for
P=1,... k-1

e The connected components of an antichain 7 are the connected
sub-antichains of 7 for which the supports of the union of the roots in any

two distinct components are disjoint.
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Nonnesting partitions of type B,

d>:{:|:e,-,1§i§n}u{:|:e,-:|:ej:1§i7$j§n}
ot ={eg:1<i<nfU{exe:1<j<i<n}

A:{rl:el,r2:eg—el,...,r,,:e,,—e,,_l}
2ry + 2ry 413
i \
. 2r T T,
e,-:E re < (i, 1) RN

k=1 / \

; 2r1 + 1o ro+ry+rs

e—e= > re (i)77) NN

ry+ry ro + 173

I NN\

J
ei+ej :2Zrk+ Z rg < (Ia./)(la./)

k=1 k=j+1
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Lemma

o{ri+---+r,rn+---+n}isan antichain iff i < k and j </
o{2r+---+2ri+riy1+---+rj, e+ -+ rp} is an antichain iff
l<kandj</¢

e {2+ - +2r+riy1t o+ 0,2n 4+ 20+ g+ o+ ntis an

antichain iff k < iand j </
(2/’1 + 2 + rR,n+rn-+nm+rn, I’5) S NN(B5)

(2,3)(2,3)(5,3,4,5) € NN([£n])

/\%/\

543210123475

o supp(2ry + 2 + r3) = {r, rn, 3},
5upp(r1 +rn4+rr+ f4) = {f17 r,rs, r4}, 5UPP(r5) = {r5}

e Connected components: (2r; +2r + r3,r1 + 2+ r3+ry) and (r5)
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The bijection f : NN(W) — NC(W)
n=(n+nn+mnr+mnt+rrn+rn+rrns+re+rr)
= (153’6)(2?45 7)(558) € NN(A7)

f(m)=(n+---+r)f(r,rm,rm+r,rm+r)
=(n+-+r)nnf(ra+rs,rn+r)
=(n+-+r)rr(ra+rn+r)rs
= (

1 8)(2 3,4,7)(5,6) € NC(47),  m(n) = m(f())
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The bijection f : NN(W) — NC(W)
n=(n+nn+mnr+mnt+rrn+rn+rrns+re+rr)
= (153’6)(2?45 7)(558) € NN(A7)

f(m)=(n+---+r)f(r,rm,rm+r,rm+r)
=(n+-+r)nnf(ra+rs,rn+r)
=(n+-+r)rr(ra+rn+r)rs
= (

1 8)(2 3,4,7)(5,6) € NC(47),  m(n) = m(f())

Fs =(1<2<3<4<5), L =(2<3<5<6<7)
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= (f1+f27£2j‘£37f3+@i-f5_7@+f5+f67f5+f6+f7)
=(1,3,6)(1,3,6)(4,7)(4,7)(5,2,2,5) € NN(By)

76 5 4321012345867
=(n+-+r)f(ro,rm,r+rs,r+r)

(ri+ -+ r)rarsf(ra+ rs, rs + r6)
=(n+-+r)nn(n+rs+re)s

= (7, 7)(1 2)(1 2)(2 3)(2 3)(3 6)(3 6)(4 5)(4 5)
= (7, 7)( 2,3 6)(1,2,3 6)(4 5)(4 5) € NC(By)

m(r) = m(f(m)) = ({1,4},{5,6,7},{2,3})
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m=(1,3,6)(2,4,7)(5,8)

1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

S AN S A
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8

f(r)=(1,8)(2,3,4,7)(5,6)



The bijection f : NN(W) — NC(W)

T=2r +2r9+2r3+7ry, 2 +2r9+ 13+ T4 +7T5, rstratrstre, ra+rs+r6+77, T6+ T+ T8)
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The bijection f : NN(W) — NC(W)

7T:(27”1+21”2+2T3+7‘4, 2T1+2T2+7‘3+T4+T5, 7‘3+7‘4+r5+r’(,~, 7”4+7”5+7”5+7‘7., 7‘6+F7+’7‘3)
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The bijection f : NN(W) — NC(W)

N

= 2r1 4 2ra+2r3+ 1y, 2+ 2r9 13+ Ta+ 715, T3+ Ti+Ts+ 76, Ta+Ts T+, T+ T4 T8)
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The bijection f : NN(W) — NC(W)

! ! 1 1
T = (27”1 + 21y + 27’3 + T4, 2ry + 2ry + rs+7r4+715, T3+T4+T5+T6, Ta+T5+T6+ T, Te+T7 A+ T'g)
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The bijection f : NN(W) — NC(W)

! ! 1 1
T=(2r +2ro+2rs 414, 2+ 20+ F a5, T3 Fra s+ 76, Tat s+ 16+ 17, 76 77 T)

F(m) s (2ri+2rg+rs+ -+ rs, 2r + 219 + 2r3 + 21y + 25 + 16 + 77, 73, f(14,76))
— (27'1 +2rg+ 13+ + g, 2r 4 2r9 + 2r3 + 2ry + 2r5 + v+ 17, T3, T4, ’I‘ﬁ)
— (2,8)(2,8)(5,7)(5,7)(2,3)(2,3)(3.4)(3,4)(5,6) (5, 6)

—(2,3,4,8)(2,3,4,8)(5,6,7)(5,6,7) = f(m)
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flm) =1(2,3,4,8)(2,3,4,8)(5,6,7)(5,6,7)
— (2,8)(2,8)(5,7)(5,7)(2,3)(2,3)(3,4)(3,4)(5,6)(5,6)

—)(27’]+2T2+7’3+"'+T87 27"]+2T2+27‘3+27’4+27’5+7‘6+T’77 rs, T4, 7’6)

D=(3>2), F4+=(3<4<6)
Ly =(4<5<6<7<8)
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— (2r1+2ro+ 13+ -+ 15, 2+ 2r9 + 213 + 21y + 215 + 16 + 17, T3, T4, T6)

D=(3>2), F4+=(3<4<6)
Ly =(4<5<6<7<8)

Then

m=(2r1 +2ry+ 2r3 F 1y, 200 F 200 Fry ka5, T3 FTa b s b e, Tat s 6 F T o b7 )

with m(7) = m(f(r)) = ({1},{1,4,6,7,8},{2,3,5})
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Theorem
The map f is a bijection between the sets NN(W) and NC(V¥), for
¥ = A,_; or ¥V = B, that preserves the number of blocks and the triples

(op(m), cl(m), tr(m)).
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Theorem
The map f is a bijection between the sets NN(W) and NC(V¥), for
¥ = A,_; or ¥V = B, that preserves the number of blocks and the triples

(op(m), cl(m), tr(m)).

Corollary
The map f establishes a bijection between nonnesting matching partitions
of [2n] and noncrossing matching partitions of [2n].
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