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representations V# and V" of the general linear group GL4(C) into
irreducible representations of GL4(C)

VEQ VY= 3 o, VN
I\ <d

@ Schubert classes o) form a linear basis for H*(G(d, n)), the
cohomology ring of the Grassmannian G(d, n) of complex
d-dimensional linear subspaces of C",

ouoy, = Z cﬁ Lo
ACdx(n—d)

@ There exist d x d non singular matrices A, B and C, over a pid, with

Smith invariants y, v and X respectively, such that AB = C iff
A
v > 0. 6/96



Partitions and 0-1 strings

Fix 0 < d < n. Partitions which fit a d x (n — d) rectangle are in bijection with 0-1-strings of
n—dO0'sand d 1's.

n=10

A1=(4,2,1,0) « 0010010101

1'=(3,2,1,1,0,0) 0101011011

2 = (6,5,4,2) < 1010100100 (V)'=(4,4,3,3,2,1) 1101101010

[m] = -

z 9ac
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Littlewood-Richardson rules

AV .
(] Cuu_' Cuv

@ Each Littlewood-Richardson coefficient ¢, , ) is a non-negative
integer that may be evaluated by counting combinatorial objects with
boundary data (p, v, A):
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Littlewood-Richardson tableaux
@ C, . ) is the number of semistandard Young tableaux with shape
AV /u and content v, with the following property:
> |If one reads the labeled entries in reverse reading order, that is, from
right to left across rows taken in turn from bottom to top, at any
stage, the number of i's encountered is at least as large as the number
of (i +1)'s encountered, #1's > #2's....

643
C210,532,320—C§13,532—C000010101 010010100 000101001
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Knutson-Tao-Woodward puzzle rule

@ A puzzle of size n is a tiling of an equilateral triangle of side length n with puzzle pieces
each of unit side length such that wherever two pieces share an edge, the numbers
(colours) on the edge must agree.

@ Puzzle pieces may be rotated in any orientation but not reflected.
o (Knutson-Tao-Woodward) ¢, , » is the number of puzzles with p, v
and A\ appearing clockwise as 01-strings along the boundary.

=
<
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2. Littlewood-Richardson coefficient Z, x S3-symmetries

@ (Benkart-Sottile-Stroomer, 96) Littlewood-Richardson coefficients ¢, ,, » are invariant
under the action of the dihedral group Z; x S3 as follows: the non—identity element of Z,

transposes simultaneously p, v and A, and S3 permutes p, v and A
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@ (Benkart-Sottile-Stroomer, 96) Littlewood-Richardson coefficients ¢, ,, » are invariant
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@ S3-symmetries

Cuvd=CQpuv=CAyu Cuvd=Cp
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Cuvd=CQuwp

I. Pak, E. Vallejo, Combinatorics and geometry of Littlewood-Richardson cones, Europ. J.

Comb, 2005
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@ 7Zp X S3-symmetries
Cuvd=CQpuv=Cxyu Cuv = Cut yt )t

Cuv = Cxt pt pyt
Cuvd = Cut Xt pt

Cuvd=Cuu Cuvd = Cut pt )\t
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Littlewood-Richardson coefficient Z, x S3-symmetries

@ Six of the twelve Zy x S3-symmetries, in particular, three of the six
S3-symmetries, can be easily exhibited in the Littlewood-Richardson
rules

Cuvd=CQpuv =CAyu Cuv X = Cpt yt )t
CMV)\:C/\tVt’LLt
Cuv X = Cut X\t pt

Either for the conjugation symmetry or for the commutativity no
simple means are known to exhibit them in the Littlewood-Richardson
rules.

CuvX=Cpux Cuv = Cut pt )t
Cuvd=Curv Cuv = Cxtptpt
Cuv X =Cuwyp Cuvd = Cut )\t pt
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Linear time reductions

o Let 6 : A — B be an explicit map. ¢ has linear cost if § computes
d (A) € B in linear time O ((A)) for all A € A, where (A) is the
bit—size of A.
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> A tableau A is encoded through its recording matrix (¢;;), where ¢;; is
the number of j's in the ith row of A.
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Linear time reductions

o Let 6 : A — B be an explicit map. ¢ has linear cost if § computes
d (A) € B in linear time O ((A)) for all A € A, where (A) is the
bit—size of A.

> A tableau A is encoded through its recording matrix (¢;;), where ¢;; is
the number of j's in the ith row of A.

@ A function f reduces linearly to g, if it is possible to compute f in
time linear in the time it takes to compute g; f and g are linearly
equivalent if f reduces linearly to g and vice versa. This defines an
equivalence relation on functions.

Igor Pak, Ernesto Vallejo, Reductions of Young tableau bijections, SIAM J. Discrete
Mathematics, 2009, also available at arXiv:math/0408171
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3. An index 2 subgroup of Z, x S3-symmetries easy to
exhibit

@ » 7 the non—identity element of Z, transposes simultaneously u, v and A
> 51 € S3 switches the first and the second partition p and v
> s, € 53 switches the second and the third partition v and A.
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3. An index 2 subgroup of Z, x S3-symmetries easy to
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@ » 7 the non—identity element of Z, transposes simultaneously u, v and A
> 51 € S3 switches the first and the second partition p and v
> s, € 53 switches the second and the third partition v and A.

o (Pak-Vallejo 05) The subgroup of symmetries of index two
{1,515, 5251} in S3 may be exhibited by maps of linear cost.

@ Claim: The subgroup of symmetries
H =< 781,789 >= {1,7’51, 7‘525152,7'52,5152,5251} with index two of

Zy x S3, may be exhibited by maps of linear cost.

@ H7 = Hs; = Hsy = Hsysps; = Hrsyso = Hrsosy
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3. An index 2 subgroup of Z, x S3-symmetries easy to
exhibit

@ » 7 the non—identity element of Z, transposes simultaneously u, v and A
> 51 € S3 switches the first and the second partition p and v
> s, € 53 switches the second and the third partition v and A.

(Pak-Vallejo 05) The subgroup of symmetries of index two
{1,515, 5251} in S3 may be exhibited by maps of linear cost.

Claim: The subgroup of symmetries
H =< 781,789 >= {1,7’51, 7‘525152,7'52,5152,5251} with index two of
Zy x S3, may be exhibited by maps of linear cost.

Hr = H51 = H52 = HS]SgS] = H7'5152 = H’TSzS]_

Conjugation and commutative symmetry maps are linearly reducible
to each other
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¢, & and & involutions of linear cost

o LR-tableaux
> & < TS558 = TSHS1Sy, the involution showing the symmetry
Cuvd = Gttt
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¢, & and & involutions of linear cost

o LR-tableaux
> & < TS558 = TSHS1Sy, the involution showing the symmetry
Cuvd = Gttt
> & < 751, the involution showing the symmetry ¢, , x = Gyt ¢t At
> & < Tsp, the involution showing the symmetry ¢« x¢ ¢
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¢ involution

o LR(y, v, \)-HLR(OE, vt, ut)

@ Cuvr = Crtyptpyt
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¢ involution

o LR(p, v, \)-HLR(AE, vt, pt)

@ Cuvr = Crtyptpyt

5
4
2|3
111[3]3 112]3
2122 1(2
T = L[1]1] ¢, qe_ 1

1112223311 L, 1231231245
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® Involution

o LR(u,v,\) &5 LR(v!, ut, AY)

4 Cuv = Gttt
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® Involution

o LR(u,v,\) &5 LR(v!, ut, AY)

@ Cuuvx =Gttt

1]3 1]3
223 al2[2]3
1[2]2 albl1]2]2
T - 1[1]1] . [alblcldlz]1]1] _,
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® Involution

o LR(u,v,\) &5 LR(v!, ut, AY)

@ Cuuvx =Gttt

1|3 113

21213 al2]2]|3

1122 alb|1]2]2
T — 1111 _, |a]|b di1|1]1] _,
alb
a|3]|c|3
al2(2]2]2
1|b|1]|d|1]|1]|1
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® Involution
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4 Cuv = Gttt

1|3 113

21213 al2]2]|3

1122 alb|1]2]2
T — 1111 _, |a]|b di1|1]1] _,
alb alb
a|3]|c|3 3|3]alc
al2(2]2]2 2(2(2(2]a
1|bfl|d|1|1|1]|_,|1|1|1]|1|1|b]|d

37/96



® Involution

o LR(u,v,\) &5 LR(v!, ut, AY)

4 Cuv = Gttt

1|3 113
21213 al2]2]|3
1122 alb|1]2]2
T — 1111 _, |a]|b di1|1]1] _,
d
b
a
alb alb =T
a|3]|c|3 3|3]alc a
al2(2]2]2 2(2(2(2]a
1(b|1|d|1|1|1| (1)1 [1]1|1]|b|d]|_, a
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M is a shortcut

—~ t ~
T — T S5 Tt T4
standardization transposition  tableau—switching

5
4
319
113 1110 d|8]11
al2]|2]|3 al6|7]|11 cl|2|7
alb|1]2]2 a|lb|2[8]9 b|b[6]10
alb d{1|1|1|_|a|b|c|d|3]|4]|5|_]|a]ala]l
5 5 d d
4 4 b b
319 319 5|a a
d[{8]11 d[8]11 419]c C
2|c|7 2|7]c 3[(8]a a
b|b|6[10 b|6[10[b 2|7]11]b
|1l]lajala|_|1l]a]ala||1]|6]10la|_, aj— e
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& involution
o LR(ji,v, ) 2 LR(ut, At )
[*] CMV)\ = Cut>\tl,t

=l ||

—_

N

N

=

N
N |0
=0 |

@

(@]

[o5]
[uy
N

HIN|W|o
LT
TN

[ 5)

N
=lToIN|
=IN|O |W
O [RINW
D (=IN|W

o
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& involution
o LR(u, v, \) 25 LR(ut, A, vt)
@ Cuv = Cutatyt

1(3 1|3|a|b|c|d]|e
21213 2(2(3]a|b]c
11212 1|12]|2]al|b
T = 1(1(1]|_, 1(1(1|_,
e
c
b|d
alb|l]|c|d|3]e a 112(2]3]|3 C
a 2(2(c|3 albl1|1|2]2 alb
all|b|2]|2 alc|d|1]|1 a
1111, blcle|_, aj— 1%

@ & is a shortcut of
T — T 5 Tt — T

standardization transposition  tableau—switching
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¢, ¢& bijections of linear cost

o LR(u,v, \) *& LRO\, 1, v)
@ Cuv) = Qv
° &¢
hd T* The

— —
180°rotation  tableau—switching
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& (M), ¢ generate a linear time subgroup of index 2 of
Ly X 53

@ LR-tableaux

Claim:

{1,0.6. 86,05 &08 = 456 =4} ~ 55

form a linear time subgroup of index 2 of Z x S3.
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Puzzle mirror reflections with 0's and 1's swapped

@ Cuvi = Cutptxt ‘
@ Cuvi=Crtyptpyt ‘

O Cua=Curst  d= AOA = A

‘& &

[ LN/ NAVANAN
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Puzzle 27 /3-rotations
@ Cuvr=Cuv L X}
@ Cuvr=GCip

¢

DA
45 /96



Action of an index 2 subgroup of Z, x S3 on
KTW-puzzles/LR-tableaux

@ The group generated by the puzzle mirror reflections with the 0's and
1's swapped /LR-tableau simple involutions &, 4 form a linear time
subgroup of index 2 of Zy x S3

< puzzle mirror reflections & 0 < 1 >~ S3

<0 0>={1& ¢ 50 =056, 54,0} ~ S5
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Action of an index 2 subgroup of Z, x S3 on
KTW-puzzles/LR-tableaux

@ The group generated by the puzzle mirror reflections with the 0's and
1's swapped /LR-tableau simple involutions &, 4 form a linear time

subgroup of index 2 of Zy x S3

< puzzle mirror reflections & 0 < 1 >~ S3
<05 (1,5, 6,508 = 036,56, 08} ~ S;
< puzzle 27/3 rotations >

{1, %6, ¢&}
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Action of an index 2 subgroup of Z, x S3 on
KTW-puzzles/LR-tableaux

@ The group generated by the puzzle mirror reflections with the 0's and
1's swapped /LR-tableau simple involutions &, 4 form a linear time
subgroup of index 2 of Zy x S3

< puzzle mirror reflections & 0 < 1 >~ S3
<05 (1,5, 6,508 = 036,56, 08} ~ S;
< puzzle 27/3 rotations >

{1, %6, ¢&}

o Conjugation and commutative symmetry maps are linearly reducible
to each other
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Action of an index 2 subgroup of Z, x S3 on
KTW-puzzles/LR-tableaux

@ The group generated by the puzzle mirror reflections with the 0's and
1's swapped /LR-tableau simple involutions &, 4 form a linear time
subgroup of index 2 of Zy x S3

< puzzle mirror reflections & 0 <~ 1 >

|
<O 0>= {1,856, 505 = 026 26 68} ~ S;
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I
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Puzzles and LR tableaux are in bijection: Tao's bijection

—

=N
B

(W]

(W]
=[N
(N
(N
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Purbhoo mosaics

A mosaic is a tiling of an hexagon, with angles and side lengths as below, by the following three

shapes of unitary triangles, unitary squares, and unitary rhombi with angles 30° and 150° such
that all rhombi are packed into the three 150 nests A,B, and C.
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Mosaics are in bijection with puzzles

A mosaic is a tiling of an hexagon, with angles and side lengths as below, with unitary triangles,
unitary squares, and unitary rhombi with angles 30° and 150° all packed into the three 150°
nests.
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Migration/jeu de taquin

@ Migration is an operation that take the rhombi from one nest to a
new one The rhombi must move in the standard order.(The standard
order in a tableau is the numerical ordering of the entries with priority by the rule
left=smaller, right=larger, in case of equality.)

@ Choose the target nest. Rhombi move in the chosen direction of
migration, inside a smallest hexagon in which ¢ is contained:

The move is such that the rhombus is either in its initial miagion,
or its final orientation.
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Purbhoo mosaics are in bijection with puzzles and LR
tableaux

o Jle3

o = = = = 9ace
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Migration (= j.t.)

ole||n
Njw
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Migration(= j.t.)

oo (0l
w|h
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Migration(= j.t.)

2[1]1]2 I
3[4]1 /
1|5 2
/| 4
1
C 1
1 3
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Migration(= j.t.)

64 /96



jt)

1

o|e|1|5

Migration(

65 /96



jt)
-
1

1

o|e|1|5

Migration(

66 /96



jt)
-
1

1

o|e|1|5

Migration(

67 /96



jt)
-
1

1

o|e|1|5

Migration(

68 /96



jt)
-
1

1

o|e|1|5

Migration(

69 /96



Migration(= j.t.)

. 5

[2[314]2 7

11 L

“[-11[5) 2
4

1

3 1
2 1
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Migration(= j.t.)

_ 5
[2][3[4]2
Cl1[1]1 /
[o [o ]1]5] 2
4
1
3 1
2 1
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Migration(= j.t.)

N
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NE

Nl
a1
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Migration(= j.t.)
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Migration(= j.t.)
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1 1
8 1
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Migration(= j.t.)
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8 1
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Migration(= j.t.)

2[3[4T5]
112
CL13l1] 5
4
1 1
8 1
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Migration(= j.t.)

BNk
1) :
4
3 1 1
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Migration(= j.t.)

C1121]
CL12l1] 5
4 1 /
1
3 2 1
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Migration(= j.t.)
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Migration(= j.t.)
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Mosaic 120° clockwise rotation

L X}
o4| o)<|o )
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Linear reductions and the Schutzenberger involution

@ Pak-Vallejo Theorem(SIAM Dis. Math. 09) The following maps are linearly equivalent:
(1) RSK correspondence.
(2) Jeu de taquin map.
(3) Littlewood—Robinson map.
(4) Tableau—switching map.
(5) Schiitzenberger involution E for normal shapes.
(6) Reversal e.
(7) (Fundamental) commutative symmetry map p1 : LR(p, v, A) — LR(v, 1, \).
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Linear reductions and the Schutzenberger involution

@ Pak-Vallejo Theorem(SIAM Dis. Math. 09) The following maps are linearly equivalent:

(1) RSK correspondence.

(2) Jeu de taquin map.

(3) Littlewood—Robinson map.

(4) Tableau—switching map.

(5) Schiitzenberger involution E for normal shapes.

(6) Reversal e.

(7) (Fundamental) commutative symmetry map p1 : LR(p, v, A) — LR(v, 1, \).

@ (A.08; Danilov-Koshevoy 05) The LR-commutative symmetry maps are identical.
Theorem(A., C., M, DMTCS Proceedings, 09)
@ The LR-conjugation symmetry maps are identical.
t Tt
o= [Y(W)]kN[T]ak = M p1 = &p = p2.

@ The LR-commutative and transposition symmetry maps are linearly equivalent to the
Schiitzenberger involution E,

=ceo
T 2o Teo Y. Tees
1 Tl
p eva{cu_aflon PE.
E
@ p1=4Abce
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Action of Z; x S3 on LR-tableaux/KTW-puzzles

Ty x S3=< 0, ,p: %> =02 = (%8)> = (hp)> = (#p)> =1>

@ p=c¢ce
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Remarks/Further links

@ Why the involutions exhibiting a specific LR-symmetry always
coincide?
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Remarks/Further links

@ Why the involutions exhibiting a specific LR-symmetry always
coincide?

jeu de taquin:

(Purbhoo, 09) " Jeu de taquin and a monodromy problem for Wronskians of polynomials”

o Why is it difficult to exhibit the commutative symmetry in either
Littlewood-Richardson rule?

96 /96



